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ABSTRACT. The aim of this note is to establish a new integral inequality involving two functions
and their derivatives. Our result for particular cases yields the well known Ostrowski inequality
and its generalization given by Milovan@vand Péaric.
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1. INTRODUCTION

In 1938, Ostrowski[4] (see [3, p. 468]) proved the following integral inequality.
Let f : [a,b] — R be continuous offu, b and differentiable ora, b) , and whose derivative
f": (a,b) — Ris bounded ora, b) , i.e., || f'|| . = sup,e(ap) |/ (t)| < oo. Then
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forall z € [a,].

In 1976, Milovanovt and Péaric [2] (seel[3, p. 469]) proved the following generalization of
Ostrowski’s inequality.

Let f : [a,b] — R be ann—times differentiable function, > 1 and such thaf| f"|| =

SUDte (a,b) | £ (t)] < oo. Then
n—1

(1.2) ‘% (f(:c)Jan];k

k=1
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forall z € [a,?].

The main purpose of this note is to establish a new generalization of Ostrowski’s integral
inequality involving two functions and their derivatives by using fairly elementary analysis. Our
result in special cases yield the inequalities giver in|(1.1) (1.2). For some other extensions,
generalizations and similar results, sele [3] and the references cited therein.

2. MAIN RESULT

In what follows,R andn denote the set of real numbers and a positive integer respectively.
Thenth derivative of a functiory : [a,b] — R is denoted byf™ (¢), t € [a,b]. For n—times
differentiable functionsf, ¢ : [a,b] — R, we use the following notation to simplify the details
of presentation:

ok f4) (@) (@ =) = £ (8) (0 — )}

k! b—a ’

=k g% (a)(@—a)* = g* D (b) (@ —b)"
b—a
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Fy. (z)

b
=1 | 9P W=y dy, = / 9(y)dy,
for 1 < k <n — 1. We use the usual convention that an empty sum is taken to be zero.

Our main result is given in the following theorem.

Theorem 2.1.Let f, g : [a,b] — R be continuous functions da, b] andn—times differentiable
on(a,b), and whose derivative™, ¢ : (a,b) — R are bounded offa, ) , i.e.,

1™ = sup [f7 @] <00, g™ = sup ¢ ()] < oo,
te(a,b) t€(a,b)
Then
@) 1)o@ - g lo) o+ 1 @) 4
1 n—1 n—1
T3 —a) g (z) ;Ik + f (2) 2 Jk]
- n+1 b . n+1
< s Lo @I+ o] [ S 0=,

forall z € [a, b] .
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Proof. Letz € [a,b], y € (a,b). With the stipulation orf, g and using Taylor’s formula with
the Lagrange form of the remainder (sek [2, p. 156]) we have

22) F@) = F)+ 319 W) @ =)+ PO (@)
k=1
(2.3) g(z)=g(y) + ;g(k) ) (—y)* + %g(”) (o) (x—y)",

where¢ = y+a(z—y) (0 <a < 1l)ando =y+pG(z —y) (0 < 8 < 1). From the definitions
of I, J, and integration by parts (se€ [2]) we have the relations

n—1 n—1

(2.4) [O+Z[k:n10_<b_a)ZFk<x)>
k=1 k=1

(25) Jo—i—iJk:nJo—(b—a)in(m)
k=1 k=1

Multiplying (2.2) and [(2.B) by (x) and f () respectively, adding the resulting identities and
rewriting, we have

(2.6) f(x)g(x)=

Integrating[(2.5) with respect tpon (a, b) and rewriting, we obtain

@T) 1)) = 35— 1@ I+ S @) h] + 55— [g (@Z_:IkJrf(ﬂ?)Z_:Jk]

Faga |90 [ 1@ @ dy

#1607 0) =) ]

From (2.7) and using the properties of modulus, we have

F@)9 @) - g lo @) I+ @) 4
=] EDNENE)S Jk]
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y [(x —a)" (b x)"“] |

b—a
which is the required inequality ifi (2.1). The proof is complete. O

Corollary 2.2. Let f.g : [a,b] — R be continuous functions da, b and differentiable orta, b)
and whose derivativet, ' : (a,b) — R are bounded offa, b) ,i.e.,|| f'|l ., = suPie(ap) |/ ()] <
o0, Hg/Hoo = Supte(a,b) |g, (t)| < oo. Then

@8) |1 @@~ 55— lg(@) o+ f (@)

<
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forall z € [a, b] .

We note that in the special cases, if we take

(i) g (z) = 1and hencg™ (z) = 0in (2.1) and

(i) g(x) =1andhence’ (z) =0in (2.8),
we get the inequalitie$ (1.2) and ([L.1) respectively. Further, we note that, here we have used
Taylor’'s formula with the Lagrange form of remainder to prove our result. Instead of this, one
can use as in[1] the Taylor formula with integral remainder to establish a variant of Theorem A
in [1] in the framework of our main result given above. Here we omit the details.

REFERENCES

[1] A.M. FINK, Bounds on the deviation of a function from its averag€bechoslovak Math. J42
(1992), 289-310.

[2] G.V. MILOVANOVI C AND J.E. PEEARIC, On generalization of the inequality of A. Ostrowski and
some related applicationgniv. Beograd Publ. Elek. Fak. Ser. Mat. Fiklgp. 544 — No. 576 (1976),
155-158.

[3] D.S. MITRINOVIC, J.E. PEARIC AND A.M. FINK, Inequalities for Functions and Their Integrals
and DerivativesKluwer Academic Publishers, 1994.

[4] A. OSTROWSKI, Uber die Absolutabweichung einer differentiebaren Funktion van ihrem Inte-
gralmittelwert,Comment Math. Helv10(1938), 226—-227.

J. Inequal. Pure and Appl. Mathb(2) Art. 36, 2004 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

	1. Introduction
	2. Main Result
	References

