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Abstract

This paper introduces a new subclass and investigates the sufficiency condi-
tions for a function to belong to this subclass. Certain types of inequalities are
also studied exhibiting the well-known geometric properties of multivalently an-
alytic functions in the unit disk. Several interesting consequences of the main
results are also mentioned.
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Let 7 (p) denote the class of functiorf§z) of the form:

(1.1) =2+ Z apz”

_p—‘,-l

(peN={1,23,.1}),

which areanalyticandmultivalentin the open disk/ = {z : z € C and |z| <

1}. Afunction f(z) belonging to7 (p) is said to beanultivalently starlike order

a in U if it satisfies the inequality:

(1.2) %{Z;;i§>}>a (zel; 0<a<p;, peN),

and, a functionf(z) € 7 (p) is said to bamultivalently convex of ordet in U
if it satisfies the inequality:

2f"(2)
f'(z)
For the aforementioned definitions, one may referlidgee also]1]). Fur-

ther, a functionf(z) € 7 (p) is said to be in the subclassSK! (p; a) if it
satisfies the inequality:

zf’(z)+)\z2f’ ’
-4 §R{(< RS >)}

(zeU; §#£0; 0<A<1; 0<a<p, peN).

(1.3) §R{1+ }>a (zelUd; 0<a<p;, peN).
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Here, and throughout this paper, the value of expressions like

( () + A2(2) )5
A=XNf(z) +Azf'(z) )
is considered to be its principal value. We mention below some of the sub-

classes of the function&(p) from the families of function SK3 (p; o) (de-
fined above). Indeed, we have

Some Inequalities Exhibiting

(1.5) Tsé(p; a) = TSIC?)(p; a) (5 #0,0<a<p,pe N)v Certain Properties Of Some
(1.6) TK(p;) = TSKY(p;a) (5 #0, 0< a<p, peN), M e
(L7)  T(p;a) =TSK\(pia) (0< A<, 0<a<p, peN)(seef)).

Huseyin Irmak and R.K. Raina

The important subclasses in Geometric Function Theory such as multivalently
starlike functionsS,(«) of ordera (0 < o < p; p € N) in U, multivalently Title Page
convex functionsC,(«) of ordera (0 < a < p; p € N) in U, multivalently

starlike functionsS, in &/, multivalently convex functionk’,, in i/, starlike func- contents
tions S(«) of ordera (0 < a < 1) in U, convex functionsC(«) of ordera 4 4
(0 < a < 1) inU, starlike functionsS in ¢/ and convex functioni in U, are < >
seen to be easily identifiable with the aforementioned classg$4] and [11]).

Go Back

By introducing a subclasg SK3 (p; a)of functionsf(z) € 7 (p) satisfying
the inequality {.4), our motive in this paper is to obtain sufficient conditions Close
for a function to belong to the above subclass. The other results investigated Quit
include certain inequalities for multivalent functions depicting the properties of
starlikeness, close-to-convexity and convexity in the open unit disk. Several Page 4 of 16
corollaries are deduced as worthwhile consequences of our main results.
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Before stating and proving our main results, we require the following assertion
(popularly known as Jack’'s Lemma).

Lemma 2.1 ([7]). Letthe functionu(z) be non-constant and regular in the unit
discU such thatw(0) = 0. If |w(z)| attains its maximum value on the circle
|z| = r < 1 at the pointz,, then

(2.2) 2ow' (29) = ¢ w(zo) (c=1).

We begin now to prove the following:

Theorem 2.2. Letd € R\{0},0 < a < p,p € Nand f(z) € T(p). Ifa
function F'(z) defined by

(2.2) F(z) = (1= Nf(z) +X2f'(z)  (0<A<]),

satisfies the inequality:

1+z<f;”<z) _F’(Z>> < 3 whené >0

'(2) F(z)

2.3) % - (z €U),
1—p <Z§(S)> > Lwhens < 0

thenf(z) € TSK3(p; 3), where 3 = p° — (p — a)°.
Proof. Let f(z) € 7 (p)andF(z) be defined byZ.2) . From (L.1) and @.2), we
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have

(2.4) Z]f é(;)) _

2f'(2) + A 227(2)
(L=XN)f(z) +Azf(z)
b + Zlio:pﬂ k[ffﬁf:f))]

oo 1+A(k—1) —p
1 + Zk:p-i-l 1+)\(p71) ak;zk p

apz®P

(zeU; 0< A< 1;peN)
Now, define a functionw(z) by

y 5
(2.5) (ﬁ(())) = (=) wlz), (z €U 5£0; 0<a<ppe),

then the functionu(z) is analytic ini/ andw(0) = 0. Differentiation of @.5)
gives
2F"(z)  2F'(2) ( (p—a)’ > zw'(2)
2.6 1+ — = :
29 Fio) P \pt
Hence, 2.5 and @.6) yields
1 + . FF”(Z
"(2)  F(2)
(2.7) ( T
-1 ()
We claim thatw(z)| < 1inU. For otherwise (by Jack’s Lemma), there exists
a pointz, € U such that

|
!
O
N———
I
g\
—
N
~—

<%
~g
g
—~
N
~—

zow'(20) = c w(zp), Where |w(z)| =1
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Therefore, 2.7) yields

F'(z) _ F'(2)
14z (F/(z) - F z)) 1 zow'(20)
(2.8) R — = RN —2~
1= <zF'<z>> 6 w(zo)
F(z) =20

> : whend > 0

J

1
< 5 whené < 0,

which contradicts our assumptiod.) . Therefore|w(z)| < 1 holds true for
all z € U, and we conclude fron2(5) that

(7))

which evidently implies that

/ 1)
(2.10) é)%{(zg(g)) }>p5— (p— ),

and hencef(z) € TSKS(p; ). O

Theorem 2.3.Letd e R\ {0};0< a<p;n,m,peN; g=n—m; f(z) €
T (n)andg(z) € T (m). If f(z) satisfies the inequality:

o (£5)

(2.9) =(p—a)|wz)|<(@-a),

<g+a+3 when §>0 andg(z) € S,(a)

>q+a+5 when § <0 andg(z) ¢ Sn(a),
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then
é
(2.12) R { (z—qgég) } >0,

é
where the value o(z*q’gcgjn Is taken to be its principle value.

Proof. Let f(z) € 7 (n) andg(z) € T (m) withn —m € N. Since

f(z) _ q g+1 a+2 . —n—m
E_Z + 127 4 2+ e T (q) (¢ = eN),
we definew(z) by
5
(2.13) (qu(t;) =14+ w(z) (zeU;d#0).

It is clear that the functionu(z) is an analytic function i/ and w(0) = 0.

Differentiating .13, we have

2f'(z) zw'(z) z9'(2)
2.14 =q+ + .
(244 1@ TS eE) )
If we suppose that there exists a poigt< U such thatzo
where|w(z)| =1 (¢ > 1), i.e.w(z) = € (0 € [0, 27) —

(=
m}), th
S SR e R }

1+ 'LU(ZO

5
(2.15) SRS (CC U
| B SR g(z()) '

) w(zo)
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From .15 it follows that

20f"(20) 1
(2.16) 3%{ o) }>q—|—a+% (6 > 0),
provided that
ETCII
9(z0) ’
and
20f"(20) 1
(2.17) 3%{ o) }éq—i—a-i—% (0 <0),
provided that
R { 209'(20) } <«
9(z0) h

But the inequalities in4.16 and @.17) contradict the inequalities ir2(11).
Hence|w(z)| < 1, for all z € U, and therefore4.13) yields

- f(Z))5
z71 -1
( 9(2)
which evidently implies .12, and this completes the proof of Theoréng.

]

Theorem 2.4.Letd € R\ {0};0 < a<pn,mpeN;q=n—m; f(z) €
T(n),andg(z) € T (m). If f(z) satisfies the inequality:

Zf”(Z)>{< q+ o+ 2—15 whend > 0 andg(z) S ICm(a)

(2.18) = |w(2)| < 1,

(2.19) R (1 +

F'Z) | > g+a+ L whens < 0andg(z) ¢ Ko (a),
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then

(2.20)

i { (“gf/g)))é} -0

/ 6 - - . .
where the value o(z*qu (Z)> is taken its principle value.

ng'(z)

Proof. Let f(z) € T(n) andg(z) € 7 (m) withn —m € N. Since

TZ;C,/((ZZ)) =20+ k2 F k2 € T (q) (g=n—-meN),
and if we defineu(z) by
, )
(2.21) (z—qZ;((j))) —1tw(z)  (zel),

then by appealing to the same technique as in the proof of Thedrémve
arrive at the assertior2(20) of Theorem2.4 under the conditions stated with
(2.19. N
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Among the various interesting and important consequences of The@réms
2.4, we mention now some of the corollaries relating to the clagsés o),
Ti(a),Sy(a), Ky(a), Sy, K,y S(a), K(a), which are easily deducible form the

main results. Inequalities concerning analytic and multivalent functions were

also studied in4] — [6], and in [3] = [10].
Firstly, if we takeé = 1, then Theoren®.2 by virtue of (1.7) gives the
following:

Corollary 3.1. Let a functionF'(z) defined by Z%.2) satisfy the condition:
F'(z F'(z
1+2 (7 - 7))

F(z)
1 -p (zF’(z))

(zeU;0<a<ppeN;f(z)eT(p)

(3.1) R

<1,

thenf(=) € T3(p; o).

Next, if we taked — 1 = A = 0in Theorem2.2, so thatF'(z) = f(z), then
we get

Corollary 3.2. If F(z) = f(z) satisfies the condition in3(1), then f(z) €
Sy(), i.e. f(z) is p—valent starlike of orden(0 < o < p;p € N) inU.

If we taked = A = 1in Theorem2.2, so thatF'(z) = zf’(z), then we obtain
the following:
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Corollary 3.3. If f(z) satisfies the condition

1+204vw_xde>

(zf'(2)) zf'(z)
- ()
then f(z) € K,(a), thatis f(z) is p—valent convex of the order (0 < o <
ppeN)InU.

Forp = 1 in Corollaries3.1— 3.3 give the following:
Corollary 3.4. Let a functionF'(z) defined by %.2) satisfy the condition

142 (58 - 58)
F'(2) F(z) <1

_ F() ’
1 zF'(z)

(zelU; 0<a<]; f(z)eT)

(3.2) R

<1 (zeU;0<a<p;peN),

(3.3) R

thenf(z) € 7T, ().
Corollary 3.5. If F'(z) = f(z) satisfies the conditiorB(3), thenf(z) € S(«),
i.e. f(z) is starlike of ordera (0 < v < 1) inU.

Corollary 3.6. If f(z) satisfies the condition

G GG
1+Z(@ﬂd¥ #%))

zf'(2)
(2f'(2)

(3.4) R <1 (zelU; 0<a< ],

thenf(z) € K(a), i.e., f(z) is convex of ordety (0 < a < 1) inU.
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Let us take) = 1 in Theorems2.3and?2.4, then we get the following:

Corollary 3.7. Letz € U; 0 < a < p; n,m,p € N; f(z) € T(n) and a
functiong(z) € 7 (m) belong to the class,,(«) withg =n—m e N. If f(z)
satisfies the inequality:

(3.5) %{ﬁé?}<q+a+;
then
(3.6) %{zﬂﬁ3}>0.

Corollary 3.8. Letz € U; 0 < a < p; n,m,p € N; f(2) € T(n) and a
functiong(z) in 7 (m) belong to the clask’,,,(«) withg =n—m € N. If f(2)
satisfies the inequality:

2f"(2) 1
(3.7) 9%{1+ ) }<q+a—|—§,
then
m f'(z)
(3.8) %{z w0 } > 0.

Lastly, settingd = —1 in Theorem<2.3and2.4, we obtain the following:
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Corollary 3.9. Letz € U; 0 < a < p; n,m,p € N; f(z) € T(n)
suppose a function(z) € 7 (m) does not belong to the clags,(a) with ¢ =
n—m € N. If f(z) satisfies the inequality:

(3.9) m{Z}f(S)} >q+a—%,
then
(3.10) R {zq%} > 0.

Corollary 3.10. Letz € U; 0 < « < p; n,m,p € N; f(z) € T(n) and
suppose a functiop(z) in 7 (m) does not belong to the class, () with ¢ =
n—m € N. If f(z) satisfies the inequality:

(3.11) 3%{1+Z;;(;)')} >q+a—%,
then

L 9'(2) }
(3.12) é)%{ m F(2) > 0.
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