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Abstract

Let o be a positive linear functional on the algebra of n x n complex matrices
and p, q be positive numbers such that /i - 1/ = 1. We prove that if for any pair
A, B of positive semi-definite n x n matrices the inequality

(AP)  o(B?)
T\ + T
p q

p(|AB]) <

holds, then ¢ is a positive scalar multiple of the trace.
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In what follows, M,, stands for the *-algebra of x n complex matrices,
M stands for the cone of positive semi-definite matrigesndg are positive
numbers such thépt+ é = 1. ForA € M,, |A] is understood as the modulus
|A| = (A*A)Y2,

T. Ando proved in [] that for any pairA, B € M,, there is a unitary/ €
M,, such that

AlP B|?
iy < B2 120
p q
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It follows immediately that for any paid, B € M the following trace version
of Young's inequality holds:

Tr(AP) N Tr(BY)
p q

The aim of this note is to show that the latter inequality characterizes the
trace among the positive linear functionals.bf,.

Tr(|AB]) <

Theorem 1. Lety be a positive linear functional oM, such that for any pair

Characterization of the Trace by

A, B e Mj; the inequality Young’s Inequality
AP B9 A.M. Bikchent d

o) p(jAB)) < P& | 2B o
p q

holds. Thenp = k Tr for some nonnegative numbker Title Page

Proof. As is well known, every positive linear functionalon M,, can be rep- Contents

resented in the fornp(-) = Tr(S,-) for someS, € M;. Itis easily seen

that without loss of generality we can assume that= diag(aq, as, ..., ay), « dd

and we have to prove thal; = «; forall i, = 1,...,n. Clearly, it suffices < >

to prove thatv; = ay. Inequality () must hold, in particular, for all matrices Go Back

A= [aij];szl, B = [bij]?,jzl in M: such that) = Qijj = bz’j if3<i<nor 0 Bac

3 < j < n. Thus the proof of the theorem reduces to the following lemma. Close

Lemma 2. LetS = diag (3 + 5,2 — s), where0 < s < 1. If for every pair Quit

A, B € M3 the inequality Page 3 of 6
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holds, therns = 0.

Proof of Lemm&. Let0 <e < 1,6 = ; —¢?. Letus consider two projections

e Vs Lie VO
P: 2 P: 2 .
S VA R (Y Y

2

Calculate| P, P, |:

26 (1+2e)V/6

Reby = ((1 — 210 26

) : PP Py = 40P,

hence

‘P1P2|:2\/5P2:\/1—4€2P2.

SubstituteA = aP;, B = P, with o, > 0 into (2) and perform the calcula-
tions. Then the left hand side if)(becomes

afV1 — 4e? (% + 253)

and the right hand one becomes

P (% — 255) N JoX (% + 2&?8)

p q
1
Now, takex = 1, § = (15322 *. Then we obtain as an implication df)(
1 1
5(1 — 453)5(1 + 458)%\/1 —4e?2 < 5(1 — 4des),
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which implies

3) (1—4e)

By the Taylor formulas,

(1—4e2)5 =1-2p> +o(c?) =1+0(c) (¢ —0),

1 —4es
1+ 4es

=1-8s+o(e) (¢—0).

Since we have supposed tlilaf s, the inequality 8) can hold for alk € (O, %}

only if s = 0.
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