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1. Introduction

L. Ou-lang P] studied the boundedness of solutions for some nonautonomuous sec-
ond order linear differential equations by means of a nonlinear integral inequality.
This integral inequality had been frequently used by authors to obtain global exis-
tence, uniqueness and stability properties of various nonlinear differential equations.
A number of generalizations and discrete analogues of this inequality and their new
applications have appeared in the literature. See, for example, B.G. Pachp@tte ([
—[12]) and the present authot3|[ 14] and the references given therein.

In 1996, A. Constantin] established the following interesting alternative result
for a generalized Ou-lang type integral inequality given by B. G. Pachp}e [

Theorem A. LetT > 0,k > 0, andu, f,g € C([0,7],R,),R, = [0,00). Further,
letw € C(R,,R,) be nondecreasingy(r) > 0 for » > 0 and fi)" wd(i) = oo hold
for some number, > 0. Then the integral inequality

) <2 [ {0 [a) + [ oo @) ac| bas, v o)
implies
wn <k [ foe{ew [+ ol i} as tepT
whereG~! denotes the inverse function@fand

Applying the above result and a topological transversality theorem, A. Grdhas [
proved a nonlocal existence theorem for a certain class of initial value problems of

r>rg, 1>mryg>0.

Integral Inequality and
Its Discrete Analogue

En-hao Yang and Man-chun Tan

vol. 8, iss. 2, art. 57, 2007

Title Page
Contents
44 44
< >
Page 3 of 20
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:tanmc@jnu.edu.cn
http://jipam.vu.edu.au

nonlinear integrodifferential equations. We refer to D. O’'Regan and M. Medjan [
for more existence results obtained by means of topological transversality theorems.
The purpose of the present paper is to obtain a new generalization of Constantin’s
inequality and its discrete analogue. The integral inequality obtained can be used to
study some more general initial value problems by following the same argument as
that applied in Constantir®]. A discrete analogue of W.Okrasinsky’s mathematical
model for the infiltration phenomena of a fluid (s@gdnd [8]) is discussed to convey
the usefulness of the discrete inequality given in the paper.
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,.\,

2. Nonlinear Integral Inequality

Theorem 2.1.Letu,c € C(R,,R,) with c nondecreasing, angg € C*(R,,R,)
with ¢’ nonnegative and nondecreasing. LEt, &), g(t, &), h(t,&) € C(R, x
R, ,R,) be nondecreasing infor every¢ fixed. Further, letw € C(R,,R,) be
nondecreasingy(r) > 0forr > 0 andfOO ds- — oo hold for some number, > 0.

w(s)
Then the integral |nequa|lty Integral Inequality and
Its Discrete Analogue
t , En-hao Yang and Man-chun Tan
(1) elu®)] <ec(t) + /0 {f(t,S)SD [u(s)] vol. 8, iss. 2, art. 57, 2007
< [uto+ [ ot w @) + s sl fas, e o) —
implies Contents
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(2.2) u / f t S p >
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(2.4) G(r) :—/ (—S, r>rg, 1>ry>0. .
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Note that, by Constatinl] the above functior is positive, strictly increasing
and satisfies the conditia#(r) — co asr — oo.

Proof. Letting¢t = 0 in (2.1), we observe that inequality? (2) holds trivially for
t = 0. Fixing an arbitrary numbey, € (0, T"),we define o0, ¢,] a positive function
z(t) by

@5) =)= et +e+ [ {10095 luts)
< [ute)+ [ ott0. 0w u(©)) de] + ) uio) f s

wherees > 0 is an arbitrary small constant. By inequali®y. ) we have
(2.6) u(t) < ¢t [(1)], t [0t

From (2.5) we derive by differentiation
Z(t) = f(to, t) [u(t)] {u(t) + /0 9(to, S)w [u(g)] dé} + h(to, t)¢ [u(t)]

< ¢ [o7 0] {f(tmt) [so-l[z@)] v glt0.&)w (¢ =(6)) dg] n h(tm)} ,

fort € [0, ], sincey’ is nonnegative and nondecreasing. Hence we obtain

d e 2O
a? PO = SAEn

< [(to,) [sol[z@)] v gt ) (97 [+()) dg] T hlto,t), £ € [0, to],
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Integrating both sides of the last relation from G tave get
to
o O]+ [ b, s)ds

(] <o 0
+Aﬂm@@4wm+fmmwwww@mm@»emm

Define a function(t),0 < t < t,, by the right member of the last relation, we have

2.7) p (] < olt), te0to],
where
(2.8) v(0) = ¢ '[2(0)] + /0 0 h(tg, s)ds.

By differentiation we derive
(2.9) V() = f(to, 1) [sol[z(t)] + /O g(to, Ow (¢~ [2(6)]) df]

< f(to,t) [U(t) + /Otg(to,ﬁ)w (U(f))df} = f(to,t)2), t € [0,10].

where .
0(0) = [v(0)+ [ oltn Eu(v(6) ]

Hence we have(t) < Q(t),

(2.10) Q(0) = v(0) = ¢ z(0)] + /0 i h(to, s)ds,
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and

Y(t) ='(t) + g(to, hw (v(t))
Because€(t), and hencev (2(¢)), is positive on|0, to], the last inequality can be
rewritten as
(1)
Qt) +w (Q(t))
Integrating both sides of the last relation from @ @@and in view of the definition
of G, we obtain

(2.11)

< f(to,t) +g(to,t), te(0,t).

Gl - Gloo) < | Fltor )+ glto, 9 ds, £ € [0,to].

By (2.10) and the fact thaf:(r) — occasr — oo,the last relation yields

Q1) < G—l{G [wl[zm)w/oto h(to,s)ds} +/0t F(to, s) + g(to, s)] ds}, £ [0, 0]

Substituting the last relation int@ ©), then integrating from O t®, we derive for
t € [0, o] that

u(t) < o e(to) + €] + /0 0 h(to, s)ds

+/Otf(t0,s)G {G [¢—1[c(to)+a]+/oto h(to,s)ds}
[ 10,6 + att0 )l s,

Integral Inequality and
Its Discrete Analogue

En-hao Yang and Man-chun Tan

vol. 8, iss. 2, art. 57, 2007

Title Page
Contents
44 44
< >
Page 8 of 20
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:tanmc@jnu.edu.cn
http://jipam.vu.edu.au

where we used the relatiar{t) < o 1[z(t)] < v(t) < Q(2).
Takingt = ty and lettinge — 0, from the last relation we have

ulto) < K(to) + / " Flto,5)G! { G K ()] + / (0. €) + g(t0,€)] dé} s

whereK (t) is defined by £.3). This means that the desired inequality/j is valid
whent = t,. Since the choice of, from (0, T is arbitrary, the proof of Theoreth 1
is complete. O

If w(r) = r holds in Theoren?.1, the inequality £.11) can be replaced by the
following sharper relation
V() _

Q(t)

and functiong7,G~! can be replaced b¥ (r) = In (r/rq), H () = roe", respec-
tively. Hence we derive the following:

Corollary 2.2. Under the conditions of Theorernl, the integral inequality

@212) ol <)+ | { F(t, )¢ [u(s)

< f(to,t) + g(to,t), t €[00,

a4 [ ot 0] o s, ee o)

implies

(2.13) wu(t) < < )] +

oo

h t s)ds>

e [ | t€+g(t§)]d§})

/—MC\

t€0,7T].
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If o(n) =nP,p>1,c(t) =k > 0andf(t,s),g(t,s),h(t,s) do not depend on
the variablet, by Theoren?.1we have the following:

Corollary 2.3. Letp > 1,k > 0 be constants and, f, g € C (|0, T],R,). Then the
integral inequality

vy <k p [ t {f(s)up‘l(S) [u<s> + [ gt uie) ds] }ds, te0,T] ———

Its Discrete Analogue
implies En-hao Yang and Man-chun Tan
vol. 8, iss. 2, art. 57, 2007

w <+ | e {ew+ [[U©+aora as tep
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Remarkl. Clearly, Constantin’s Theorem is the special casg = 2 of the last e
result.
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3. Discrete Analogue

In this section we will establish a discrete analogue of ThedrénDenote byN the
set of nonnegative integers and &t = {n €N: n < M} for some natural number
M. For simplicity, we denote by<' (P, Q) the class of functions defined on Jet
with range in set). For a functionu € K(N,R), R = (—o0, c0), we define the
forward difference operatak by Au(n) = u(n + 1) — u(n).

As usual, we suppose that the empty sum and empty product are zero and one,
respectively . For instance,

ip(s) =0 and Hp(s) =1

hold for any functiorp(n), n € N.

Theorem 3.1. Let the functionsw, ¢ be as defined in Theoret1l and u,c €
K (N, R, ) with ¢(n) nondecreasing. Further, lef(n, s), g(n, s), h(n,s) € K(N x
N, R, ) be nondecreasing with respectitdfor everys fixed. Then the discrete in-
equality

(8.1) ¢plu(n)] < c(n) + Z{ f(n, s)@'lu(s)]

implies

(3:2) u(n) <L)+ f(n,5)G! {Gwm] 3 0,6) +g<n,s>1}, ne N,

s=0 £=0

Integral Inequality and
Its Discrete Analogue

En-hao Yang and Man-chun Tan

vol. 8, iss. 2, art. 57, 2007

Title Page
Contents
44 44
< >
Page 11 of 20
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:tanmc@jnu.edu.cn
http://jipam.vu.edu.au

whereG, G~! are as defined in Theorem1 and

(3.3) L(n) == ¢ ' [e(n)] + > h(n,s).

Proof. Fixing an arbitrary positive integen € (0, M), we define on the sef :=
{0,1,...,m} apositive functiorz(n) € K(J,(0,00)) by

Integral Inequality and
Its Discrete Analogue
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z(n) = C(m) +e+ Z{ f(m> S)SD,W(S)] vol. 8, iss. 2, art. 57, 2007
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X |u(s) + Z g(m, &)w (u(&))| + h(m, s)@’[u(s)]}, Title Page
§=0 Contents
wheres is an arbitrary positive constant, thef0) = ¢(m) + ¢ > 0 and by ¢.1) we <« >
have 5 ,

(3.4) u(n) < ¢ 'z(n)], neJl

Using the last relation, we derive
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By the mean value theorem and the last relation, we obtain
Az(n)

' [p~z(n)]]

< f(m,n) [so‘l[Z(n)] +> g(m,s)w (¢ [2(s)))

s=0

Ap~z(n)] <

+ h(m,n), ne€J,

Integral Inequality and
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By (3.5 we easily derive

Av(n) = fmn) [ )] + 3 glm, o) (so‘l[z(s)])]

< f(m,n) |v(n) + ig(m, s)w (v(s))] , meEJ,
or _ )
(3.6) Av(n) < f(m,n)y(n), neJ,
where

n) + Zg(m, s)w(v(s)), mneEJ
Clearly,y(0) = »(0) holds and by$?.6) we have

Ayfn) < Do) + gom.mh (o(m) < [£(m, ) + gm )] [y() + 0 w(m))],
. Ay(n)
)+ w0 (y)

Becausey(n), w(r) are positive and nondecreasing, we have

y(n) —! —!
/ STl Z ) Z (m, s) + g(m, s)],

(0)

< f(m,n) +g(m,n), ne.

or
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SinceG(r) — coasr — oo, the last relation yields

m—1

y(n) <G~ {G [sol[C(m) tel+ Y h(m,€)

£=0

n—

S=

Substituting this relation into3(6), settingn = s and then summing over =
0,1,...,n— 1, we have

xG 1 {G o e(m) + €] + 2 h(m,&)| + i [f(m, &) —|—g(m,§)]} , n € J.
=0 =0

Becauseu(n) < ¢ ![z2(n)] < v(n), n € J, by lettingn = m ande — 0 in the last
relation, we obtain

u(m) < Lom) + 3 f(m, 5)G™! {G[L(m)] £y [f(m,£)+g(m,€)]}-
s=0 £=0

This means that the desired inequalityd) is valid whenn = m. Sincem € (0, M)
is chosen arbitrarily and by3(1), inequality ¢.2) holds also forn = 0. Thus the
proof of TheorenB.1is complete. O

The following result is a special case of Theoremwheny(n) = n?, w(r) = r:

+ ) [f(m,s) + g(m, s)]}, neJ.
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Corollary 3.2. Under the conditions of Theoretnl,the discrete inequality

(3.7) w(n) < (n)
+p {f(n,s)U(S) u(s) + Y g(s, u()| + h(n, S)u(s)}, n € Ny,
s=0 §=0

X {l—l—if(n,s)expi[f(n,g) —|—g(n,§)]}, n € Np.

Note that, the particular case of Theoré€m wheny(n) = 1%, ¢(n) = k? > 0
and the functiong(n, s), g(n, s), h(n, s) are independent of the variableyields a
discrete analogue of the Constantin integral inequality.
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4. Discrete Model of Infiltration

The mathematical model of the infiltration phenomena of a fluid due to Okrasinsky
[7] was studied in2] (see, also§]):

t

(4.1) u?(t) = L +/ P(t —s)u(s)ds, teR,,
0

whereL > 0is a constantP € C (R, R, ) andu denotes the height of the percolat-
ing fluid above the horizontal impervious base, multiplied by a positive number. This
model describes the infiltration phenomena of a fluid from a cylindrical reservoir into
an isotropic homogeneous porous medium. Under the condiftas differentiable
and nondecreasing”, Constantin obtained the existence and uniqueness of a solution
u € CY(R,, (0,00)) of equation ¢.1). Some known results for equation.{) are
also given in Constantir8] and Lipovan p].

We note here that, although the conclusions given therein are correct, the deriva-
tion of them has a small defect. Actually, since functiddepends on both variables
t, s, the integral inequality given in the lemma d [is not applicable. However,
using our Theoren?.1 and by following the same argument as usedZhthese
conclusions can be reproved very easily.

Now we consider the discrete analogue of equatiom) (vithout a differentiabil-
ity requirement on the functiof? :

(4.2 u*(n) = L+ Z P(n,s)u(s), mn €N,

where L > 0 is a constanty, P € K(N,R,) with P nondecreasing. The unique
positive solution to equationt(2) can be obtained by successive substitution. For
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instance, by letting. = 0, 1, 2 successively in4.2), we obtain

w(0) = VL, u(l) = /L+ P1)u(0), u(2)=+/L+ P1)u(l)+ P(2)u(0).

An application of Corollary?.3with f(n,s) = g(n,s) = 0,h(n,s) = P(n — s)
to (4.1) yields an upper bound ann) of the form

u(n) < \/E—i-niP(n— s), mneN.
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