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Abstract

In this paper we present an integral inequality and show how it can be used
to study certain differential equations. Namely, we will see how to establish
(global) existence results and determine the decay rates of solutions to ab-
stract semilinear problems, reaction diffusion systems with time dependent co-
efficients and fractional differential problems. A nonlinear singular version of
the Gronwall inequality is also presented.
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Our purpose here is to survey the recent works of the present author together
with some of his collaborators on the role of an integral inequality in developing
certain results in the prior literature.

In this section we present the integral inequality in question together with its
proof from [21]. Then, we prepare some material which will be needed later.
Since we will be dealing with different results and applications published in
different papers, it will also be our task here in this section to unify the notation. The Role of an Integral

We denote byX := L* (), p > 1andW™? (Q), p > 1, m > 1, where Inequality in the Study of
Q is a bounded domain iR", the usual Lebesgue space and Sobolev space, e Differental Equations
respectively. The spac&” (Q2), v > 0, is the Banach space pf|-times contin- Nasser-eddine Tatar
uously differentiable functions it whose[v]-th order derivatives are Holder
continuous with exponent — [v], so thatC? () = C () andC* (Q) are
the Banach spaces of continuous and continuously differentiable functions in
(), respectively.

We designate by- A a sectorial operator (se€]Jwith Reo (A) > b > 0 <44 >
whereRe o (A) denotes the real part of the spectrumAf We may define < >
the fractional operatord®, 0 < « < 1 in the usual way orD (A%) = X°.

The spaceX“ endowed with the normjz||, = ||A%z|| is a Banach space. The Go Back
operator— A generates an analytic semigroip 4}, in X.

Title Page

Contents

Close
Our key inequality in this paper is the following (se&]).
Quit
Lemma 1.1.If \, v, w > 0, then for anyt > 0 we have
T ’ y Page 4 of 31
t
— —1 X1 —
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where(' is a positive constant independenttofn fact,
C =max {1,2"7"} T(A) (1 + A/v)w™™.

Proof. Let I(¢) denote the left-hand side of the relation in the lemma. By a
change of variables we find

1
I(t) — tA/ (1 _ g)u—lgk—le—wtgdé
0
Notice that,

max(L, 2 )PA e, 0 < €< L
t)\(l _ f)ll*lf)\*lefwtf S
21 =" 'T(A + Hw ™,

Therefore,
I(t) < max(1,2"") (A (1 + A/v)w™.

We will also need the lemmas below (ségfpr the proofs)
Lemma1.2.1f 0 < o < 1, thenD (4*) C C¥ (Q) for0 < v < 2a — i

Lemma 1.3.1f0 < a <1, then||A°‘e—tAHp < et e >0
for some positive constant.
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Lemma 1.4.Leta € [0,1) and 3 € R. There exists a positive constafit=
C(a, B) such that

Ce’, if3>0
¢
/ s7%Pds < { C(t+1), if3=0
0
C, if 3 <0.

Lemma 1.5. Leta(t), b(t), K(t), ¥ (t) be nonnegative, continuous functions
on the intervall = (0,7) (0 < T < o0), ® : (0,00) — R be a continuous,
nonnegative and nondecreasing functidr)) = 0, ®(u) > 0 for « > 0 and

The Role of an Integral
Inequality in the Study of
Certain Differential Equations

let A(t) = maxo<s<t a(s), B(t) = maxo<s<; b(s). Assume that
Nasser-eddine Tatar

W) < a(t) + b(t) /0 K(s)®((s))ds, te€l.

Title Page
Then
t Contents
Yty < Wt [W A(t)) + B(t)/ K(S)ds] , te(0,1), o S
whereW (v) = [* @d(") v > vo > 0, W~!lis the inverse of andT; > 0 is < >
such thati?/ ( A( fo s)ds € D(W~1) forall t € (0,T7). Go Back
This result may be found in [for instance. Close
We caution the reader that due to space considerations we are unable to dis- _
cuss all the prior literature on the different problems presented in this paper. Quit
Our main objective is to emphasize and highlight the role played by the inte- Page 6 of 31

gral inequality (Lemma..1) in improving and extending previous results for a
variety of problems.
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Let us consider the problem

(2.1)

u+ Au= f(t,u), ue X
u(0) = up € X,

where A is a sectorial operator witReo(A) > b > 0. The functionf (¢, u)
satisfies

The Role of an Integral
Inequality in the Study of

(2.2) ||f(t7 u)” < t”n(t) HAO‘u”m, m>1, k>0, Certain Differential Equations

. . . . . . . Nasser-eddine Tatar
wheren(t) is a nonnegative continuous function. Solutions of the differential

problem @.1) coincide with solutions of the integral equation

Title Page
t
(2.3) u(t) = e My +/ e~ A9 (s, u(s))ds, 0<t<T Contents
’ «“« b
with continuousu : (0,7) — X® andf : t — f(t,u(t)). < >
In [19], Medved’ considered this problem and proved a global existence re-
sult. He also proved thaim, . ||u(t)||, = 0 provided that Go Back
. Close
(2.4) t— t’"q“/ n(s)raera=mbimels g Quit
0
Page 7 of 31

is bounded or{0, o) for some positive real numbetsq andr. This has been
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found to be exponential. The idea was to takedheorm||-|| , of both sides of
the equation.3) and use the hypothesi8.p) and Lemmal.3to obtain

t
U(t) < d||luol + dt“/ (t — 5)"@bUmms grmmap () (5)™ds
0

for a certain function(¢). Medved’ then appealed to a nonlinear singular ver-
sion of the Gronwall inequality which he proved earlierin] This latter result
gives bounds for solutions of inequalities of the type

(2.5) () <alt)+ b(t)/o (t — 8P L7 R (s)Y™(s)ds, B>0,v>0

wherem > 1 (the linear casent =
Medved’ used the decomposition

(2.6) /

1) can be found, for instance, i?]).

§)P LT R (5)W(s) s

“(/ (t_‘g)Q(B_l)e%st)é ([ o nmpe =umas)

and Lemmal.5. In [15], Kirane and Tatar improved considerably the latter
and the former results by using the above inequality in Lendimdaand the
decomposition

(2.7) /

$)P LT R (5)W(s) s

1 ¢
< (/ (t — 3)2(6_1)82(7_1)6_2%5) (/ F(s)2e25\11(s)2mds>
0 0

N|=
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instead of the decompositio.g). The assumption2(4) has been relaxed and
the range of values af has been enlarged. In fact, the gap which was &) [
was filled. We established an exponential decay and a power type decay for
those values ofr which were not considered irn§]. The estimates are proved
in the spaceD (A%), then using the Lemma.2 we pass to the spadg (),
0<p<2a— %.

Then, in the same papet ], these results were extended to the case of
abstract semilinedunctionaldifferential problems of the form

Z—qj + Au = f(t,u(t+6)), ue X, 0 €[—r,0]
u(O) =uy € X
andintegro-differentialproblems of the form

{ fo k(t — s)Au(s)ds + f(t,u), u e X
u(0) = ug € X.
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The results stated in the previous section were extended to other differential
problems with different nonlinearities. I2{], the present author considered
the following abstract problem

2y Au=F (tult), [y 10,9) (s, uls)ds) , t € T =[0,7]

u(0) = up € X,
The Role of an Integral
. . . Inequality in the Study of
wheref : I x X — X andF : [ x X x X — X satisfy Certain Differential Equations

(H1) There exist continuous functiogs: I — [0,00) andq : I — [0, c0) such SRS TR

that
£l <e®)o(ull), veX, tel Title Page
for some continuous nondecreasing functiion|0, co) — [0, co) satisfy- Contents
ing
44
0o (1)) < a0 (1)) “
< >
(H2) There exists a continuous functign: I — [0, co) such that
Go Back
1w, )| < (@) (lull + [lol]), w,ve X, tel Close
Quit

After proving quite a general well-posedness result, we established an expo-

nential decay result for singular kernels of the form Page 10 of 31

l(t, S) = l(t — S) = (t — S)iﬂeiv(tis), ﬁ S (O, 1), v > 0 J. Ineq. Pure and Appl. Math. 6(5) Art. 136, 2005
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and ford of polynomial typef(r) := r™. Observe here that the nonlinearity
we are dealing with is somewhat different from the previous one. If we take
X = L7(Q), p> 1, thenitis theL?-norm we are considering here instead of
thea—norm, that is,

1t wll, < #x(@) [l p=0.

This improves several results in the prior literature for= 1 and time inde-
pendent (or boundegd(t)) nonlinearities.

Then, we can cite the work iri[] dealing with the integro-differential prob- The Role of an Integral
Inequality in the Study of
lem Certain Differential Equations
du + Au = )+ fO (t s, u(s fos K(s,T, u(T)) dr, tel=10,T] Nasser-eddine Tatar
u(0) =up € X Title Page
and where again an exponential decay result was proved using the integral in- Contents
equality in Lemmad..1 The global existence is proved, in a more general setting
in [16] for a problem with non-local conditions of the form « dd
>
w(0) + h(ty, ..., tp, u) = ug ¢
. . . Go Back
and with delays in the arguments of the solutioMNamely, the problem treated
there was Close
du i Au Quit
= F (tu(@n(), fy g (t.5,ulo2(5)), J; K (5,70 (03())) d) ds) Page 11 of 31

w(0) + At ooty u()) = up € X.
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In this part of the paper we consider the following integral inequality

t m
4.1)  o(t,x) < k(t,z) + (¢, x)/ / Fls)o™(s,y) — dyds,
oo (t—=5)'Flz—y|""
e t>0
where(? is a domain inR” (n > 1) (bounded or possibly equal &R"), the
functionsk(t, x), I(t, =) and F'(t) are given positive continuous functionstin The Role of an Integral
The constant8 < a < n, 0 < 3 < 1 andm > 1 will be precised below. B g ey

The interest in this inequality which is singular in both time and space is

motivated by the semilinear parabolic problem (in c@se R") Nassereddine fater

u(t, ) = Au(t,x) + u™(t,x), c € R", t >0, m > 1 -
(4.2) { Title Page
u(0,x) = ug(x), x € R™ Contents
This problem (and also on a bounded domain) has been extensively studied by <« >
many researchers, see for instance the survey paper by Levihe $everal % N

results on global existence, blow up in finite time and asymptotic behavior have
been found. These results depend in general on the dimension of thengpace Go Back
the exponenin and the initial datai(x). In particular, global existence has

. . L . . Cl
been proved for sufficiently small initial data (together with an assumption on ose
n andm). Using the fundamental solutiaf(¢, «) of the heat equation we can Quit
write this problem in the integral form Page 12 of 31
t
(43) U’(ta .Z') = / G(t7 €T — y)UO(y)dy+/ / G(t - 57 T — y)um(87 y)dyds J. Ineq. Pure and Appl. Math. 6(5) Art. 136, 2005
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Recalling the Solonnikov estimates]
C
+ |z — yl)

1/2

(1t

it is clear that we can end up with a particular form of the inequadit§)(

Notice here that the integral inequality.{) is not merely an extension of the
singular nonlinear Gronwall inequality ©) discussed above to the case of two
variables. This case has been treated by Medved”ih [Namely, the author
considered an inequality of the form

u(z,y) < alz,y) + /Om /Oy(x — S)Q—l(y _ t)ﬁ—lF(s7t)w(u(s, t))dsdt,
wherew : Rt — R satisfies
e "w(u)]? < R(t)w(e "uf)

for someq > 0 and R(¢) a continuous nonnegative function. His results, in
turn, may be improved by applying a similar decompositiort@)(twice.

The inequality 4.1) is different and the technique previously mentioned is
not applicable in this situation. P[], we have been forced to combine this
technique with the Hardy-Littlewood-Sobolev inequality.

Lemma 4.1 (see [1, p. 117]). Letu € LP(R™) (p > 1),0 < v < n and
I>1— ., then(l/[z|") xu € LYR") with - = T + - — 1. Also the mapping
fromu € LP(R") into (1/ |x|") * w € LY(R™) is continuous.

The Role of an Integral
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We found sufficient conditions involving sonmie-norms ofl andk with F
yielding existence and estimations of solutions on some intervals.

Theorem 4.2. Assume that the constants andm are such that < o < (n,
0<p<landm > 1.

(m=1)n

() If Q = R", then for anyr satisfyingmax (T, %) <r < ™ we have

le(t, )l < Uparp(t)

with
m(p—1) 1
Upmp(t) =2 K(t)p

t (1—7771)76
x |1 =2~ D(m — DCP ' CYVK ()™ 1 L(t)e?! / espSFp(s)ds} :

0
where K (t) = maxo<s<; [|k(s, )|}, L(t) = maxocs<: [1(s, )7, p =
r/mandp = W{l)n for somes > 0. Here(C, and C, are the best
constants in Lemma.4 and Lemmai.1, respectively. The estimation is
valid as long as

t
(4.4) K(t)m_lL(t)egpt/ e P FP(s)ds < 1/2mP Y (m — 1)CP'CL.
0

(ii) If © is bounded, then
[t )| < Uprp(t)
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for anyr < r wherep, r andp are as in (i). If moreover < n/(nf — «)

n

(but not necessarily

> (m—1)n/a), thatis, <r < mm(
then this estimation holds for ar%y< p< L prowded thap >

(nﬁ
From (@.4) it can be seen that the growth &f(¢) may be “controlled” by

a’nﬁa’

ayr’

L(t) and F'(t). That is, if K(¢) is large then we can assunigt) and/or F'(t)

small enough to get existence on an arbitrarily large interval of time. In fact, for

the case of the semilinear parabolic (heat) problérf) (it is known that

[ Gt = vuntwiy < ' @)

whereu)! (x) is themaximalfunction defined by

M
Uy

1
(@) = sup e / ()] dy.

Thesup is taken over all cubeR centered at and having their edges parallel
to the coordinate axes. Moreover, the-norm of u}! is less than a constant

times theLP-norm of uy. This means that if,, € LP(R™), we will be left with

a condition involvingu}! (=

Moreover, it is proved

Corollary 4.3. Suppose that the hypotheses of Theotrethhold. Assume

) only (see ¢.3)).
in47] that

further thatk(¢,z) and (¢, z) decay exponentially in time, that ig¢,z) <
e Fk(z) and I(t,z) < e "i(x) for some positive constants and /.
©(t, z) is also exponentially decaying to zero i.e.,

le(t, z)|l, < Cse™™, t>0

Then
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for some positive constant$ and i provided that

et e o0 1 _
@7 i@, | Fre)s < g m = et e,

where(} is the best constant in Lemmad and the other constants are as in (i)
and (ii) of Theoremt.2.

Finally, for the nonlinear singular inequality

The Role of an Integral

(S, y) Inequality in the Study of
o(t,z) < k(t,z) + U(t,x / / T - ﬁ| —dyds, x€Q,t>0 Certain Differential Equations
- 3 T —

yl"

we can prove an interesting result yielding power type decay without imposing
a power type decay fdf(t, z).

Nasser-eddine Tatar

Title Page
Corollary 4.4. Suppose that the hypotheses of Theofethold. Assume fur- TaTETE
ther thatk(t,z) < ¢t *k(z) and1 + 6p — mp' min{k,1 — 3} > 0. Then any
©(t, ) satisfying the above inequality is also polynomially decaying to zero b dd
< >
ot z)||, < Cst™, Cs5,w>0
Go Back
provided that Close
1 Quit

t
1. m—1 eps -
| k()| L(t)/ eP FP(s)ds < 1) (m —1)CP'CY
0 Page 16 of 31

where(y is the best constant in Lemmal
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In this section we are interested in systems of reaction-diffusion equations of
the form

w = diAu — ri(t) fr(u)w? — ro(t) fo(u)2", re, t>0
wy = doAw + 11 (t) fr(uw)w? + ro(t) fo(u) 2" —aw, € Q, t>0
vy = diAv — r3(t) f3(v)wT — ry(t) fa(v)2?, re t>0
The Role of an Integral
zr = diAz 4+ r3(t) fs(v)w? + 14(t) fa(v)2P —az, x€Q, t>0 Inequality in the Study of
Certain Differential Equations
Ou _ Odw _ Ov _ 0z __
v v T v ov =0, z €00, ¢t >0 Nasser-eddine Tatar
L (u, w, v, 2)(z,0) = (up, wo, vo, 20)(T), x €N
where() is a bounded region iiR" with smooth boundary(2, the diffusion Ve FEEE
coefficientsd;, i = 1,2,3,4 anda are positive constants and the exponents Contents
v,n, 0, p are greater than one. Itis also assumed that « b
() [luolly s [lwolly , llvolly s [[zolly > 0; < >
(i) fi, ¢ =1,2,3,4 are nonnegative —functions onj0, co); Go Back
(iii) f;(0) =0,andf;(y) > 0ifand onlyify > 0,7 =1,2,3,4; Close
(iv) 1<n<pandl <o <~. Quit
There are very few papers dealing with systems involving time-dependent Page 17 of 31
nonlinearities and probably the only paper which treated the question of asymp-
totic behavior for reaction diffusion systems is the one by Kahang [The 3. Ineq. Pure and Appl. Math. 6(5) Art. 136, 2005
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author considered the system
—uy + Lu = f(x,t,u,v), inQx(0,00)
—v + Mv = g(z,t,u,v), inQx(0,00)

with boundary conditions of Robin type and wheteand M are uniformly
elliptic operators. He proved that the solution converges to the stationary state
provided that

f(iC, t,u, U) - f(:E, u, U) The Role of an Integral
Inequality in the Study of
and Certain Differential Equations

g(z,t,u,v) — g(z,u,v) Nasser-eddine Tatar

uniformly in 2 and(u, v) in any bounded subset of the first guadranRinand
the matrix formed by the partial derivatives, f,, g, andg, satisfies a column

Title Page
diagonal dominance type condition. This cannot be applied in our present case ?
as we are going to consider unbounded coefficients Contents

ra(t) == thigs(t), k>0, i=1,2,3,4 S Al
< >
whereg;(t) are continuous and square integrablg @rmo).

Go Back

By standard arguments it can be seen that the operators in the system are sec-
torial and that they generate analytic semigroup&/4i(f2). Then, these semi- Close
groups are shown to kexponentially stabléen the sense of Lemm&a3. Also,

using the existing methods (fixed points theorems, a priori boundedness, maxi- SEL

mum principle, Lyapunov functionals), one can easily show that for nonnegative Page 18 of 31
continuous (orf2) initial data there exists a unique nonnegative global solution
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in case ofu andw, respectively). Making use of this and the fact thfatare
bounded, it is shown inlf]] that solutions of the weak formulation

w(t) = e Pru + /0 -, {ri(7) fr(w)w” + 7o(7) fo(u) 2"} dr
and

2(t) = e %z + /Ot e~ G Lrg (1) fa(v)w + 74(7) fa(v) 2P} dr
whereB, andG), defined by

D(Bp) = D(Gp) = {y € WQ’p(Q) : _y ‘(‘QQ = 0}

By == —(dA —a)y
Gpy = —(dsA —a)y
are exponentially decaying to Then, we prove that the componentgndv

converge exponentially to,, andv,, (the equilibrium state), respectively. Here
again, our integral inequality in Lemnial plays an important role in the proof.
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Another problem where we can see the efficiency of the integral inequality of
Lemmal.1lis the following initial value problem which appears in thermal con-
vection flow

ov+(v-Viv=~Av—719g+h—Vr, 2€Q,t>0,
(6.1)

V.-v=0, re t>0,
T+ (- V)r=A1, 2€Q, t>0,
v(x,t) =0, 7(x,t) =E&(x,t), ze€l,t>0,
v(x,0) = vo(x), 7(z,0) = 10(x), €,

where(2 is a bounded region iR (N > 2) with smooth boundary.
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This problem has been studied by Hishida in][ A quite general well- e P
posedness result has been established there. However, the global existence re- Contents
sult and the exponential decay were proved only for sufficiently small initial > o
data and for satisfying the condition

< 4
\Y = O(e ") withw > 0
V6], = O(e™) o B
where the functior = ¢(z, t) is solution of Close
Orp = A, x €N, t>0, Quit

oa.1) = (), wET, 150,
gb(l‘,O) - QbO(x)? z €
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and¢g = ¢o(z) is defined by

{A%zo, in O
¢o(z) = &(x,0), onT.

In [5], the present author with Furati and Kirane improved these results in at

least two directions. First, the class of functiopgs enlarged to functions
satisfying
Vo[, = O(e™") withw >0

and further to functions such that
IVl = O(t™) withw > 0.

Next, combining the Gronwall-Bihari inequality (Lemmzab) and the integral
inequality (Lemmal.1), we were able to considérge initial data. To this end
one has to reduce probler®.{) to an abstract Cauchy problem of the form

© 4 A= F(v,0), t>0,v(0)
# + B0 =G(v,0), t>0,000) =6

Vo

with
F(v,0) = —P,(v-V)v —P,0g,
G(v,0)=—(v-V)v—(v-V)o.
HereP,, is the projection froni?(Q)" onto L2 (2) = the completion o, (2)
{p e CE(O)N, V- =0}in LP(Q)N, 1 < p < oo via the Helmholz decom-
position LP(Q)N = L2(Q) & G,(Q) with G,(Q) = {Vr, 7 € W'P(Q)}. The
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operatorsB, and A, are defined by
B, = —A with domainD(B,) = W>%(Q) N W, ()
and
A, = —P,A with domainD(A,) = D(B,)" N L2(Q).
—B, and—A, generate then bounded analytic semigrolups(—tB,),t > 0}

on L4(Q2) and{exp(—tA,), t > 0} on L2(£2) respectively. These semigroups
are exponentially stable, that is

Lemma 6.1. For each)\, € (0,A;), « > 0 andj > 0, we have
HAO‘e_tAUHp < Cyp e [v]l, forv € LE($2)
and
[B%e50|| < Gyt~ Pe M |6]], for 6 € L9(0)
with some positive constants, ,, and ég,)\l.
The problem can then be tackled via the formulation
u(t) = e Moy + [ e F(v, 0)(s)ds,

0(t) = e~tBay + [ e =BG (v,0)(s)ds.

The technique mentioned in Sectidapplies for these mild solutions and gives
better results than the argument used!ir] [
It is worth mentioning here that our argument works even for functipns
such that
Vo)l =O(7), 720

but with sufficiently small-. We refer the reader ta] for the details.
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In this section we would like to present another type of differential problem
where our integral inequality has proved to be very efficient. Let us consider
the weighted Cauchy-type problem

Du(t) = f(t,u), t>0
(7.1)
tr=u(t) |=0 = b,

. . . . . . . . The Role of an Integral
where D is the fractional derivative (in the sense of Riemann-Liouville) of Inequality in the Study of
order0 < o < 1 andb € R. Certain Differential Equations

The functionf (¢, v) satisfies the hypothesis: Nasser-eddine Tatar
(F) f(t,u) is a continuous function oR™ x R and is such that
Title Page
()] S el m =1, p20, )
Contents
wherep(t) is a differentiable function oR ™ with ¢(0) # 0. « Y
For the reader’s convenience, we recall below the definition of the derivative
of non-integer order. 4 >
Definition 7.1. The Riemann-Liouville fractional integral of order > 0 of a Go Back
Lebesgue-measurable functifn R™ — R is defined by Close
I . Quit
50 = I'(«) /0 (t =)™ fls)ds, Page 23 of 31
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Definition 7.2. The fractional derivative (in the sense of Riemann-Liouville) of
order0 < a < 1 of a continuous functiorf : R* — R is defined as the left
inverse of the fractional integral of

d

Def(t) = L)),

That is . P
Df(t) = ma/{) (t—s)""f(s)ds,

provided that the right side exists.

The Role of an Integral
Inequality in the Study of

. . . . . Certain Differential Equations
The reader is referred tG{] for more on fractional integrals and fractional q

derivatives. Nasser-eddine Tatar
Forh > 0, we define the space

) o Title Page
C%([0,R]) = {v € C°((0,h]) : lim t"v(t) exists and is flnlt% :
t—0+ Contents
HereC?((0, 1)) is the usual space of continuous functiong @m]. It turns out < >
that the space?([0, z]) endowed with the norm p R
lvll, = max ¢" |u(t)]
<t< Go Back
is a Banach space. Close
The well-posedness has been discussed by Delbosco and Rodifj@imd| _
for a weighted fractional differential problem with a nonlinearity involving a Quit
nonlocal term of the form Page 24 of 31
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in [6]. But, it seems that the appropriate space to work on (introduced)irs|

h)) :={v e C]_,([0,n]) : there exist € R
andv* € C}_,([0,2]) such thaw(t) = ct " + I*v*(t)} .

Cra ([0,

Sufficient conditions guaranteeing the existence of a fractional derivative

D* f and the representability of a function by a fractional integral of order
can be found ing4]. In particular, when

/Ot(t — §)"f(s)ds € AC([0,h])

(the space of absolutely continuous functions), th&ry exists almost every-
where. Moreover, iff (t) € L*(0,h) andf,_, := I'"f € AC([0, h]), then

f(t) = flr(aof))ta L 1D f(t).
See P4, Theorem 2.4, p. 44].
Proposition 7.1. If a > 1/2, then the spac€'{ ([0, h]) endowed with the
norm

[0lh g = M[0lh o + D0l g

is a Banach space.

In the space&? ([0, h]), it can be proved (se€]) that the problem.1) is
equivalent to the integral equation

1

(7.3) u(t) = bt* ' + m/o (t—8)* 1 f(s,u(s))ds.
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Having this equation?q.3) we can use the argument in Sectidmo inves-
tigate the asymptotic behavior of solutions @f1). Some power type results
have been established i#|] In particular, we state

Theorem 7.2. Suppose thaf (¢, u) satisfieqF), u — (m — 1)(1 — «) > 0 and
a > 1/2. If A > 0then|u(t)| < Ct*~', C > 0 on [0, T] whereT is fixed such
that, for some (fixed and determined) constdkitsi = 1,2, 3

1[0 (s

2.7 < 1andf
(b)T > 1and

s)exp(egs)ds < K, for somes > 0, or

s)ds < Ky, or

T s
/ s” exp (m/ b(T)dT) ds < K,
0 0

'y::qB—l—u—m(l—a)} and

b(#) ::%(%—F%—l—u—(l—c@m).

In this last case we assume thatt) > d > 0 for all ¢ > 0.
The constant”' is estimated b)QHl(fn;—n}) |b| in (1) and (2) (a) and by
2d71/™ || p1/™(0)x exp (fo dT) in the case (2) (b).

with
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Corollary 7.3. If instead of the assumptidi') we have:
(F)' f(t,u) is continuous ofR* x R and is such that

)] < oo ™, @20, 050, m>1

then the solution of problen (1) exists globally and decays as a power function
of non integer order oiR™ provided thatp € L?(R™) and||¢||, < K.

For the same problem with the nonlinearity of the form2], some other
results have been proved in a recently submitted paper [
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