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ABSTRACT. Let φ be a holomorphic self-map of the open unit polydiskUn in Cn andp, q > 0.
In this paper, the generally weighted Bloch spacesBp

log(U
n) are introduced, and the bounded-

ness and compactness of composition operatorCφ from Bp
log(U

n) to Bq
log(U

n) are investigated.
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1. I NTRODUCTION

Suppose thatD is a domain inCn andφ a holomorphic self-map ofD. We denote byH(D)
the space of all holomorphic functions onD and define the composition operatorCφ onH(D)
by Cφf = f ◦ φ.

The theory of composition operators on various classical spaces, such as Hardy and Bergman
spaces on the unit diskU in the finite complex planeC has been studied. However, the mul-
tivariable situation remains mysterious. It is well known in [3] and [5] that the restriction of
Cφ to Hardy or standard weighted Bergman spaces onU is always bounded by the Littlewood
subordination principle. At the same time, Cima, Stanton and Wogen confirmed in [1] that the
multivariable situation is much different from the classical case (i.e., the composition operators
on the Hardy space of holomorphic functions on the open unit ball ofC2 as well as on many
other spaces of holomorphic functions over a domain ofCn can be unbounded, even when
n = 1 in [6]). Therefore, it would be of interest to pursue the function-theoretical or geometri-
cal characterizations of those mapsφ which induce bounded or compact composition operators.
In this paper, we will pursue the function-theoretic conditions of those holomorphic self-maps
φ of Un which induce bounded or compact composition operators from a generally weighted
p−Bloch space to aq−Bloch space withp, q > 0.
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Forn ∈ N, we denote byUn the open unit polydisk inCn :

Un = {z = (z1, z2, . . . , zn) : |zj| < 1, j = 1, 2, . . . , n},
and

〈z, w〉 =
n∑

j=1

zjwj, |z| =
√
〈z, z〉

for anyz = (z1, z2, . . . , zn), w = (w1, w2, . . . , wn) in Cn. α = (α1, α2, . . . , αn) is said to be
ann multi-index if αi ∈ N, written byα ∈ Nn. For α ∈ Nn, we writezα = zα1

1 zα2
2 · · · zαn

n

andz0
i = 1, 1 ≤ i ≤ n for convenience. Forz, w ∈ Cn, we denote[z, w]j = z whenj = 0,

[z, w]j = w whenj = n, and

[z, w]j = (z1, z2, . . . , zn−j, wn−j+1, . . . , wn)

whenj ∈ {1, 2, . . . , n − 1}. Then [z, w]n−j = w whenj = 1, and [z, w]n−j+1 = w when
j = n + 1, for j = 2, 3, . . . , n,

[z, w]n−j+1 = (z1, z2, . . . , zj−1, wj, . . . , wn).

For anya ∈ C andz′j = (z1, z2, . . . , zj−1, zj+1, . . . , zn), we write

(a, z′j) = (z1, z2, . . . , zj−1, a, zj+1, . . . , zn).

Moreover, we adopt the notation(z[j′])j′∈N for an arbitrary subsequence of(z[j])j∈N.
Recall that the Bloch spaceB(Un) is the vector space of allf ∈ H(Un) satisfying

b1(f) = sup
z∈Un

Qf (z) < ∞,

where

Qf (z) = sup
u∈Cn\{0}

|〈∇f(z), ū〉|√
H(z, u)

, ∇f(z) =

(
∂f

∂z1

(z), . . . ,
∂f

∂zn

(z)

)
and the Bergman metricH : Un × Cn → [0,∞) onUn is

H(z, u) =
n∑

k=1

|uk|2

1− |zk|2

(for example see [9], [15]). It is easy to verify that both|f(0)|+ b1(f) and

‖f‖B = |f(0)|+ sup
z∈Un

n∑
k=1

∣∣∣∣ ∂f

∂zk

(z)

∣∣∣∣ (1− |zk|2)

are equivalent norms onB(Un). In [10], [12] and [8], some characterizations of the Bloch space
B(Un) have been given.

In a recent paper [2], a generalized Bloch space has been introduced, thep−Bloch space:
for p > 0, a functionf ∈ H(Un) belongs to thep−Bloch spaceBp(Un) if there is some
M ∈ [0,∞) such that

n∑
k=1

∣∣∣∣ ∂f

∂zk

(z)

∣∣∣∣ (1− |zk|2)p ≤ M, ∀z ∈ Un.

The references [13] to [7] studied these spaces and the operators in them.
Dana D. Clahane et al. in [2] proved the following two results:

Theorem A. Let φ be a holomorphic self-map ofUn andp, q > 0. The following statements
are equivalent:

(a) Cφ is a bounded operator fromBp(Un) to Bq(Un);
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(b) There isM ≥ 0 such that

(1.1)
n∑

k, l=1

∣∣∣∣∂φl

∂zk

(z)

∣∣∣∣ (1− |zk|2)q

(1− |φl(z)|2)p
≤ M, ∀z ∈ Un.

Theorem B. Letφ be a holomorphic self-map ofUn andp, q > 0. If condition (1.1) and

(1.2) lim
φ(z)→∂Un

n∑
k, l=1

∣∣∣∣∂φl

∂zk

(z)

∣∣∣∣ (1− |zk|2)q

(1− |φl(z)|2)p
= 0

hold, thenCφ is a compact operator fromBp(Un) to Bq(Un).

Now we introduce the generally weighted Bloch spaceBp
log(U

n).

Forp > 0, a functionf ∈ H(U) belongs to the generally weightedp−Bloch spaceBp
log(U

n)
if there is someM ∈ [0,∞) such that

n∑
k=1

∣∣∣∣ ∂f

∂zk

(z)

∣∣∣∣ (1− |zk|2)p log
2

1− |zk|2
≤ M, ∀z ∈ Un.

Its norm inBp
log(U

n) is defined by

‖f‖Bp
log

= |f(0)|+ sup
z∈Un

n∑
k=1

∣∣∣∣ ∂f

∂zk

(z)

∣∣∣∣ (1− |zk|2)p log
2

1− |zk|2
.

In this paper, we mainly characterize the boundedness and compactness of the composition
operators betweenBp

log(U
n) andBq

log(U
n), and extend some corresponding results in [2] and

[11] in several ways.

2. M AIN RESULTS AND THEIR PROOFS

First, we have the following lemma:

Lemma 2.1. Letf ∈ Bp
log(U

n) andz ∈ Un, then:

(a) |f(z)| ≤
(
1 + n

(1−p) log 2

)
‖f‖Bp

log
, when0 < p < 1;

(b) |f(z)| ≤
(

1
2 log 2

+ 1
2n log 2

) ∑n
k=1 log 4

1−|zk|2
‖f‖Bp

log
, whenp = 1;

(c) |f(z)| ≤
(

1
n

+ 2p−1

(p−1) log 2

) ∑n
k=1

1
(1−|zk|2)p−1‖f‖Bp

log
, whenp > 1.

Proof. Let p > 0, z ∈ Un, from the definition of‖ · ‖Bp
log

we have|f(0)| ≤ ‖f‖Bp
log

and

(2.1)

∣∣∣∣ ∂f

∂zk

(z)

∣∣∣∣ ≤ ‖f‖Bp
log

(1− |zk|2)p log 2
1−|zk|2

≤
‖f‖Bp

log

(1− |zk|2)p log 2

for everyz ∈ Un andk ∈ {1, 2, . . . , n}. Notice that

f(z)− f(0) =
n∑

k=1

f([0, z]n−k+1)− f([0, z]n−k)

=
n∑

k=1

zk

∫ 1

0

∂f([0, (tzk, z
′
k)]n−k+1)

∂zk

dt
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and then from the inequality (2.1), it follows that

|f(z)| ≤ |f(0)|+
n∑

k=1

|zk|
log 2

∫ 1

0

‖f‖Bp
log

(1− |tzk|2)p
dt

≤ ‖f‖Bp
log

+
‖f‖Bp

log

log 2

n∑
k=1

∫ |zk|

0

1

(1− t2)p
dt.(2.2)

Forp = 1, we have:

(2.3)
n∑

k=1

∫ |zk|

0

1

(1− t2)p
dt =

n∑
k=1

1

2
log

1 + |zk|
1− |zk|

≤
n∑

k=1

1

2
log

4

1− |zk|2
.

If p > 0 andp 6= 1, then

(2.4)
n∑

k=1

∫ |zk|

0

1

(1− t2)p
dt ≤

n∑
k=1

∫ |zk|

0

1

(1− t)p
dt =

n∑
k=1

1− (1− |zk|)1−p

1− p
.

Now for (a), from (2.4),

(2.5)
n∑

k=1

∫ |zk|

0

1

(1− t2)p
dt ≤ 1

1− p
.

From (2.2) and (2.5), it follows that

|f(z)| ≤
(

1 +
n

(1− p) log 2

)
‖f‖Bp

log
.

For (b), Sincelog 4
1−|zk|2

> log 4 = 2 log 2 for eachk ∈ {1, 2, . . . , n}, then

(2.6) 1 <
1

2n log 2

n∑
k=1

log
4

1− |zk|2
.

Combining (2.2), (2.3) and (2.6) we get

|f(z)| ≤
(

1

2 log 2
+

1

2n log 2

) n∑
k=1

log
4

1− |zk|2
‖f‖Bp

log
.

For (c), from (2.4) we have

(2.7)
n∑

k=1

∫ |zk|

0

1

(1− t2)p
dt ≤

n∑
k=1

1− (1− |zk|)p−1

(p− 1)(1− |zk|)p−1
≤

n∑
k=1

2p−1

(p− 1)(1− |zk|2)p−1
.

By (2.2) and (2.7), we obtain

|f(z)| ≤ ‖f‖Bp
log

+
2p−1

(p− 1) log 2

n∑
k=1

1

(1− |zk|2)p−1
‖f‖Bp

log

≤
(

1

n
+

2p−1

(p− 1) log 2

) n∑
k=1

1

(1− |zk|2)p−1
‖f‖Bp

log
.

�

Lemma 2.2. For p > 0, l ∈ {1, 2, . . . , n} andw ∈ U , the functionf l
w : Un → C,

f l
w(z) =

∫ zl

0

1

(1− wt)p log 2
1−wt

dt

belongs toBp
log(U

n).
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Proof. Let k, l ∈ {1, 2, . . . , n} andw ∈ U , then

(2.8)
∂f l

w

∂zk

= 0, ∀z ∈ Un, k 6= l

and

(2.9)
∂f l

w

∂zl

(z) =
1

(1− wzl)p log 2
1−wzl

, ∀z ∈ Un.

An easy estimate shows that there is0 < M < +∞ such that

(1− |wz|)p log 2
1−|wz|

|1− wz|p log 2
|1−wz|

≤ M, ∀z, w ∈ U.

Therefore, by (2.8) and (2.9), we have

|f l
w(0)|+

n∑
k=1

∣∣∣∣∂f l
w

∂zk

(z)

∣∣∣∣ (1− |zk|2)p log
2

1− |zk|2

=
(1− |zl|2)p log 2

1−|zl|2

|1− wzl|p| log 2
1−wzl

|

≤
(1− |zl|2)p log 2

1−|zl|2

(1− |wzl|)p log 2
1−|wzl|

·
(1− |wzl|)p log 2

1−|wzl|

|1− wzl|p log 2
|1−wzl|

≤ 2p

pe log 2
·M < +∞

and thus{f l
w : w ∈ U, l ∈ {1, 2, . . . , n}} ⊂ Bp

log(U
n). �

Theorem 2.3.Letφ be a holomorphic self-map of the open unit polydiskUn andp, q > 0, then
the following statements are equivalent:

(a) Cφ is a bounded operator fromBp
log(U

n) andBq
log(U

n);
(b) There is anM > 0 such that

(2.10)
n∑

k,l=1

∣∣∣∣∂φl

∂zk

(z)

∣∣∣∣ · (1− |zk|2)q

(1− |φl(z)|2)p
·

log 2
1−|zk|2

log 2
1−|φl(z)|2

≤ M, ∀z ∈ Un.

Proof. Firstly, assume that (b) is true. By Lemma 2.1, there is aC > 0 such that for all
f ∈ Bp

log(U
n),

(2.11) |f(φ(0))| ≤ C‖f‖Bp
log

.

Then for allz ∈ Un,
n∑

k=1

∣∣∣∣∂(Cφf)

∂zk

(z)

∣∣∣∣ (1− |zk|2)q log
2

1− |zk|2

≤
n∑

l=1

∣∣∣∣∂f

∂ξl

(φ(z))

∣∣∣∣ (1− |φl(z)|2)p log
2

1− |φl(z)|2

×
n∑

k=1

∣∣∣∣∂φl

∂zk

(z)

∣∣∣∣ (1− |zk|2)q

(1− |φl(z)|2)p
·

log 2
1−|zk|2

log 2
1−|φl(z)|2

≤ M‖f‖Bp
log

,

and (a) is obtained.
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Conversely, letl ∈ {1, 2, . . . , n}, if (a) is true, i.e. there is aC ≥ 0 such that

(2.12) ‖Cφf‖ ≤ C‖f‖Bp
log

, ∀f ∈ Bp
log(U

n),

then, by Lemma 2.2 and (2.12), there is aQ > 0 such that
n∑

k=1

∣∣∣∣∣
n∑

l=1

∂f l
w

∂ξl

(φ(z)) · ∂φl

∂zk

(z)

∣∣∣∣∣ (1− |zk|2)q log
2

1− |zk|2
≤ CQ, ∀w ∈ U, z ∈ Un.

Lettingw = φ(z), and using (2.8) and (2.9), we have
n∑

l,k=1

∣∣∣∣∂φl

∂zk

(z)

∣∣∣∣ · (1− |zk|2)q

(1− |φl(z)|2)p
·

log 2
1−|zk|2

log 2
1−|φl(z)|2

≤ CQ.

�

Lemma 2.4. Let φ : Un → Un be holomorphic andp, q > 0, thenCφ is compact from
Bp

log(U
n) toBq

log(U
n) if and only if for any bounded sequence(fj)j∈N in Bp

log(U
n), whenfj → 0

uniformly on compacta inUn, then‖Cφfj‖Bq
log
→ 0 asj →∞.

Proof. Assume thatCφ is compact and(fj)j∈N is a bounded sequence inBp
log(U

n) with fj → 0
uniformly on compacta inUn. If the contrary is true, then there is a subsequence(fjm)m∈N and
a δ > 0 such that‖Cφfjm‖Bq

log
≥ δ for all m ∈ N. Due to the compactness ofCφ, we choose a

subsequence(fjml ◦ φ)l∈N of (Cφfjm)m∈N = (fjm ◦ φ)m∈N and someg ∈ Bp
log(U

n), such that

(2.13) lim
l→∞

‖fjml ◦ φ− g‖Bq
log

= 0.

Since Lemma 2.1 implies that for any compact subsetK ⊂ Un, there is aCk ≥ 0 such that

(2.14) |fjml(φ(z))− g(z)| ≤ Ck‖fjml ◦ φ− g‖Bq
log

, ∀l ∈ N, z ∈ K.

By (2.13),fjml ◦φ−g → 0 uniformly on compact subset inUn. Sincefjmlφ(z) → 0 asl →∞
for eachz ∈ Un, and by (2.14), theng = 0; (2.13) shows

lim
l→∞

‖Cφ(fjml)‖Bq
log

= 0,

it gives a contradiction.
Conversely, assume that(gj)j∈N is a sequence inBp

log(U
n) such that‖gj‖Bp

log
≤ M for all

j ∈ N. Lemma 2.1 implies that if(gj)j∈N is uniformly bounded on any compact subset in
Un and normal by Montel’s theorem, then there is a subsequence(gjm)m∈N of (gj)j∈N which
converges uniformly on compacta inUn to someg ∈ H(Un). It follows that ∂gjm

∂zl
→ ∂g

∂zl

uniformly on compacta inUn for eachl ∈ {1, 2, . . . , n}. Thusg ∈ Bp
log(U

n) with ‖gjm −
g‖Bp

log
≤ M+‖g‖Bp

log
< ∞ andgjm−g converges to0 on compacta inUn, so by the hypotheses,

gjm◦φ → g◦φ in Bq
log(U

n). ThereforeCφ is a compact operator fromBp
log(U

n) toBq
log(U

n). �

Lemma 2.5. If for everyf ∈ Bp
log(U

n), Cφf belongs toBq
log(U

n), thenφα ∈ Bq
log(U

n) for each
n-multi-indexα.

Proof. As is well known, every polynomialpα : Cn → C defined bypα(z) = zα is inBp
log(U

n).
Thus, by the assumptionCφ(z

α) = φα ∈ Bq
log(U

n). �

Theorem 2.6. Suppose thatp, q > 0, φ : Un → Un is a holomorphic self-map such that
φk ∈ Bq

log(U
n) for eachk ∈ {1, 2, . . . , n} and

(2.15) lim
φ(z)→∂Un

n∑
k,l=1

∣∣∣∣∂φl

∂zk

(z)

∣∣∣∣ · (1− |zk|2)q

(1− |φl(z)|2)p
·

log 2
1−|zk|2

log 2
1−|φl(z)|2

= 0,
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thenCφ is a compact operator fromBp
log(U

n) to Bq
log(U

n).

Proof. Let (fj)j∈N be a sequence inBp
log(U

n) with fj → 0 uniformly on compacta inUn and

(2.16) ‖fj‖Bp
log
≤ C, ∀j ∈ N.

By Lemma 2.4, it suffices to show that

(2.17) lim
j→∞

‖Cφfj‖Bq
log

= 0.

Notice that if‖φm‖Bq
log

= 0 for all m ∈ {1, 2, . . . , n}, thenφ = 0 andCφ has finite rank.
Therefore, we can assumeC > 0 and‖φm‖Bq

log
> 0 for somem ∈ {1, 2, . . . , n}. Now let

ε > 0, from (2.15), there is anr ∈ (0, 1) such that

(2.18)
n∑

k,l=1

∣∣∣∣∂φl

∂zk

(z)

∣∣∣∣ · (1− |zk|2)q

(1− |φl(z)|2)p
·

log 2
1−|zk|2

log 2
1−|φl(z)|2

<
ε

2C

for all z ∈ Un satisfyingd(φ(z), ∂Un) < r. By using a subsequence and the chain rule for
derivatives, (2.16) and (2.18) guarantee that for all suchz andj ∈ N,

n∑
k=1

∣∣∣∣∂(Cφf)

∂zk

(z)

∣∣∣∣ (1− |zk|2)q log
2

1− |zk|2

≤
n∑

l=1

∣∣∣∣∂f

∂ξl

(φ(z))

∣∣∣∣ (1− |φl(z)|2)p log
2

1− |φl(z)|2

×
n∑

k=1

∣∣∣∣∂φl

∂zk

(z)

∣∣∣∣ · (1− |zk|2)q

(1− |φl(z)|2)p
·

log 2
1−|zk|2

log 2
1−|φl(z)|2

≤ C · ε

2C
=

ε

2
.

To obtain the same estimate in the cased(φ(z), ∂Un) ≥ r, let Er = {w : d(w, ∂Un) ≥
r}. SinceEr is compact, by the hypothesis,(fj)j∈N and the sequences of partial derivatives(

∂fj

∂zl

)
j∈N

converge to0 uniformly onEr, respectively. Then

n∑
k=1

∣∣∣∣∂(Cφfj)

∂zk

(z)

∣∣∣∣ (1− |zk|2)q log
2

1− |zk|2

≤
n∑

k=1

∣∣∣∣∂fj

∂ξl

(φ(z))

∣∣∣∣ · n∑
k=1

∣∣∣∣∂φl

∂zk

(z)

∣∣∣∣ · (1− |zk|2)q log
2

1− |zk|2

≤
n∑

l=1

∣∣∣∣∂fj

∂ξl

(φ(z))

∣∣∣∣ · ‖φl‖Bq
log

≤
n∑

l=1

sup
w∈Er

∣∣∣∣∂fj

∂ξl

(w)

∣∣∣∣ · ‖φl‖Bq
log
≤ ε

2
(asj → +∞).

Since{φ(0)} is compact, we havefj(φ(0)) → 0 asj → ∞, and‖Cφfj‖Bq
log
→ 0 asj → ∞,

thusCφ is a compact operator fromBp
log(U

n) to Bq
log(U

n). �

Theorem 2.7. Let φ be a holomorphic self-map ofUn andp, q > 0. If conditions (2.10) and
(2.15) hold, thenCφ is a compact operator fromBp

log(U
n) to Bq

log(U
n).
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Proof. If (2.10) is true, thenCφ is bounded fromBp
log(U

n) to Bq
log(U

n) by Theorem 2.3, and
φk ∈ Bq

log(U
n) for eachk ∈ {1, 2, . . . , n} by Lemma 2.5. The proof follows on applying (2.15)

and Theorem 2.6. �
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