Journal of Inequalities in Pure and
Applied Mathematics

A NOTE ON THE TRACE INEQUALITY FOR PRODUCTS
OF HERMITIAN MATRIX POWER

volume 3, issue 5, article 70,

2002.
OLIVIER BORDELLES Received 30 August, 2002;
22 rue Jean Barthélemy accepted 16 October, 2002.
43000 Le Puy-En-Velay, Communicated by: L. Toth
FRANCE.

EMail: borde43@wanadoo.fr
Abstract
Contents
44
4
Home Page
Go Back
Close
(©2000Victoria University .
ISSN (electronic): 1443-5756 Quit

092-02


Please quote this number (092-02) in correspondence regarding this paper with the Editorial Office.

mailto:ltoth@ttk.pte.hu
http://jipam.vu.edu.au/
mailto:borde43@wanadoo.fr
http://www.vu.edu.au/

Abstract

We use the recent theory of integer points close to a smooth curve developed
by Huxley-Sargos and Filaseta-Trifonov to get an asymptotic formula for short
sums of a class of multiplicative functions.
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Letk > 2 be an integer. A positive integeris said to be:—free (resp.k—full)
if, for any primep | n, the p—adic valuationv, (n) of n satisfiesv, (n) < k
(resp.v, (n) > k), and we use the ternssjuarefreeor squarefullwhenk = 2.
We denote by, the multiplicative function defined by

1

, ifnisk —free

pre (n) =
0, otherwise. On Short Sums of Certain
Multiplicative Functions

Obtaining gap results far—free (ork—full) numbers is a very famous prob-
lem in analytic number theory (seé Jand the references). The best estimation
in this direction has been obtained by Filaseta and Trifonoly {fho showed
that, forz sufficiently large, any interval of the typer; z + ca/**™ log x| Title Page
(c := ¢ (k) > 0) contains &—free number. Contents

A dual problem is to get an asymptotic formula fef. This requires es-
timations for short sums of multiplicative functions, but such results are still « dd
relatively rare in the literature (se&,[6]). In this paper, we are motivated by < >
finding asymptotic results for short sums of the following class of arithmeti-
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cal functions: defineM to be the set of multiplicative functions verifying Go Back
0 < f(n) < 1 for any positive integer. and f (p) = 1 for any prime number Close
p. If f € M, we set out

P(f)ZIH(l—}) <1+Zf](5)>. Page 3 of 12
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Theorem 1.1.Lete > 0 andx,y > 2 be real numbers such that® < y < .
If f € M, we have ag — 400 :

Y. f()=yP(f)+0 &/ +y'?).

r<n<r+y

Moreover, ify < z'/3, then:

Z f (n) _ yP (f) +0 <I1/7+€ + x1/21+€y2/3) _

z<n<x+y

For example, using this, we get:

Z 11 (n) = % L0 (x1/6+5 + y1/2)

r<n<z+y

with 2% < y < z. The proof of this theorem uses a convolution argument,

and the new theory of integer points close to a curve (5e& []) arises as the
crucial point to estimate the difference of integer parts.

In what follows,a, b, d, k,1,m,n,q, B, N will always denote positive inte-
gers,p will be a prime number angt] is the integral part of. ForanyX,Y > 0,
the notationX < Y means there exists > 0 such thatX < CY. the notation
X <Y meansX <« Y andY < X simultaneously.

If f, g are two arithmetical functions, the Dirichlet convolution prodgiety
is defined by

(fg)(n):=>_f(d)g(n/d).

dn
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f(n) is the Mobius functions (n) := >, 1 the classical divisor function,
and, more generally;) (n) is the arithmetical function defined by

If © is any smooth function and i > 0 is any real number, we set
R(p,N,6) = {n € IN;2NINZ, Im € Z, |p (n) —m| < 6}

Thus, ifd is sufficiently small;R (¢, N, §) counts the number of integer points
close to the curvg = ¢ (z) whenN < z < 2N, and then

Rp, N6y = > ([p(n)+3] —lp(n)—d]).

N<n<2N

We will therefore use the following principléet M be a large real number,
¢ (n) and o (n) two functions such that := max, <)/ 6 (n) satisfies) < § <
1/4. Then we have

@D Y (e () +6 )~ o () < pax R (o, N,6) log M.

n<M

On Short Sums of Certain
Multiplicative Functions

Olivier Bordellés

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 5 of 12

J. Ineq. Pure and Appl. Math. 3(5) Art. 70, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:borde43@wanadoo.fr
http://jipam.vu.edu.au/

We collect here the lemmas we will use to show the theorem. The first was
proved by Huxley and Sargos ir3,[4] using divided differences and the re-
duction principle, and the second is due to a remarkable work by Filaseta and
Trifonov ([1, Theorem 7]) who used divided differences and a very useful poly-

nomial identity:

Lemma 2.1. Letd > 0 be areal number ang € C* (]

N;2N] +— R) such that
there exists a real numbey;, > 0 such that

| ()] = A
for any real number: € |[N;2N]. Then:

(i) If k> 2

R(gp,]\f 5) < N)\k(k"'l) —|-N5k(k 0 (5}\ )1//€ 1

(ii) Moreover, ifk > 5 and [~V (z

)| < A1 = N, for any real number
x € |N;2N], then:

R (¢, N, 8) < NAFT 4 N§T=09 4 (5A71,)77 + L.

Lemma 2.2. Letk > 2 be an integer and;, ¢y > 0, 6 > 0 be real numbersH,
sufficiently small) satisfying/*~16 < ¢, and N < z'/*. Then we have:

6k2+k—1

’R( N5) <:I;2k+1 +x6k+35N 6k+3 |
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Lemma 2.3.Let f € M andz > 1 any real number. Then:

(4) '
1 1/2 - -1/2
> 1<3? and > ~ <8
n<z n>z
n squarefull n squarefull
(i)

Z‘ frp) (n)] <422 and ZM <812

n<z n>z

Proof. (i) Since every squarefull numbercan be written in a unique way as
n = a?b?® with b squarefree, we have:

SREDYDS 1<z1/22b3/2—§<)

n<z b<z1/3 a<Vzb—3
n squarefull

and the well-known inequality (¢) < o/ (0 — 1) gives the first part of
the result. In the same way, |18t > > be any real number. We have:

1 1 1 1 1
)R- D - I D~ LD D - D DR~

2<n<Z b<2/3 Vb 3<a<VZb—3 2V/3<b<Z 3 ag<V/Zb3
n squarefull
1 72 1
—1/2
<272y e Y
B2 6 b
b<<z1/3 b>z1/3

2
< 6212 4+ EZ_Q/?’ < 82712
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(17) We setg := f = u. The hypothesig (p) = 1 implies|g (p)| = 0 and,
using multiplicativity,|g (n1)| = 0 for any positive squarefree integer >
1. Since any positive integer can be written in a unique way as =
niny With n; squarefreen, squarefull andn,,ny) = 1, we deduce that
lg (n)| # 0 if eithern = 1 orn > 1is squarefull. The result follows by
using(z) and the fact thaly (n)| < 1 for any positive integen.

O
Lemma 2.4. Letk > 1 be an integer and > 0 be a fixed real number. Then, _
" . On Short Sums of Certain
for any positive integeti, we have: Multiplicative Functions
9 21/e Olivier Bordellés
d) < ae'k,
o) () (ee log 2)
Title Page
Proof. We setc (¢) := 22"/ (eslog 2) " . The boundr (d) < ¢ (¢) & is well- Contents
known (see {]). Since any positive integet can be represented in a unique X o
way asn = gm”* with ¢ a positivek—free integer, we have
< | 2
100 (d) = 7 (m) < c(e)m® < c(e) de/®.
w (@) =7(m) <cle)m <) o Bk
L Close
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Page 8 of 12

J. Ineq. Pure and Appl. Math. 3(5) Art. 70, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:borde43@wanadoo.fr
http://jipam.vu.edu.au/

Lete > 0 be a fixed real numbe¥Ve takeg := f * 1, again, and we have:

Yo fm= ) Y 9@

r<n<z+y z<n<r+y dln
Tr+y x
= > g(d) - H
d d
d<z+y
On Short Sums of Certain
= E + g =2 + Mo, Multiplicative Functions

d< <d<z+
Y ysaseTy Olivier Bordellés

1. Using Lemma2.3, we have:

Title Page
d
Y=y Z % +0 (Z lg (d)]) Contents
d<y d<y
10 (@) D
_ g g 1/2
=Y 74‘0(?/27)4‘0@ ) < »
d=1 d>y
. l) f ( 171) Go Back
:yH <1+Zf(p ] z ) +O(3/1/2) Close
D =1 p .
- Quit
:yH 1+(1_1>Zf(];l)_1 +0 (y'?) Page 9 of 12
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2. Writing againd = a0 with p, (b) = 1, we have:

D)<Y WN(W%‘ED

y<d<z+y
d squarefull

(x+y)b°]  [ab™?
bs(:%)”:’ \/g£¢?<{ ayz ] { a? D

= 2 D 2. !

b<(z+y) /3 wb~3<d<(a+y)b—3 a?|d
Vo
< D > @

b<(z4y) /3 wbT3<dL(z+y)b—?

<cle) @) Y ([a:;;y] - [%D

N

b<(z+y)'/?
X
<z max R(—g,B,%> ,
1<B<(aty)/? NP B

where we used!.1) , Lemma2.4 (with £ = 2) and the inequalityog = <
2 (ee)”" 25/*. Now Lemma2.1(i) with k = 3 and\; = B¢ gives

13| < 2° (x1/6 +y1/3) < pl/ote +y1/2

sincey > z%.
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3. We suppose now that < z'/2. One can improve the former estimation

by using Lemma2.2 instead of Lemm&.1. The hypothesisV*~1§ < ¢,
compels us to be more careful:

> (%)

b<(z+y)

R (CED)

b<cy 'y co ty<b<(z-+y)

T Y T Y
< { max R(—,B,—) + max R(—,B,—) log x.
{Bgcgly b B3 g ly<B<(z+y)'/? b 3 s

Lemmaz2.1(i7) with k£ = 6 for the first sum and Lemm& 2 with £ = 3 for
the second yield:

> (55D

b<(z+y)

< {m—1/5y6/5 + y4/5 + 217 + x1/21y2/3} log =
and one easily checks that
x—1/5y6/5 +y4/5 < xl/21y2/3

if y < 2'/3. The proof of the theorem is complete.

On Short Sums of Certain
Multiplicative Functions

Olivier Bordellés

Title Page
Contents
44 44
< | 2
Go Back
Close
Quit
Page 11 of 12

J. Ineq. Pure and Appl. Math. 3(5) Art. 70, 2002

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:borde43@wanadoo.fr
http://jipam.vu.edu.au/

[1] M. FILASETA AND O. TRIFONOQV, The distribution of fractional parts
with applications to gap results in Number TheoRypc. London Math.
Soc, 73(1996), 241-278.

[2] A. HILDEBRAND, Multiplicative functions in short intervalsCan. J.
Math., 3 (1987), 646-672.

[3] M.N. HUXLEY AND P. SARGOS, Points entiers au voisinage d’une courbe
plane de class€™, Acta Arith, 69 (1995), 359-366.

[4] M.N. HUXLEY AND P. SARGOS, Points entiers au voisinage d’une courbe
plane de class€™ Il, | es prépublications de I'lnstitut Elie Cartan de Nancy
(2997).

[5] D.S. MITRINOVIC AND J. SANDOR (in cooperation with B. Crstici),
Handbook of Number TheagriKluwer Academic Publisher (1996).

[6] P. SHIU, A Brun-Titchmarsh theorem for multiplicative functiodsReine
Angew. Math.313(1980), 161-170.

On Short Sums of Certain
Multiplicative Functions

Olivier Bordellés

Title Page

Contents
44
<
Go Back
Close
Quit
Page 12 of 12

J. Ineq. Pure and Appl. Math. 3(5) Art. 70, 2002
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:borde43@wanadoo.fr
http://jipam.vu.edu.au/

	Introduction and Notation
	Auxiliary Results
	Proof of the Theorem

