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Abstract

In the present investigation, we obtain some subordination and superordination
results involving Dziok-Srivastava linear operator H [a1] for certain normalized
analytic functions in the open unit disk. Our results extend corresponding pre-
viously known results.
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Let H be the class of functions analytic ik := {z : |z|] < 1} andH(a,n)
be the subclass dff consisting of functions of the forni(z) = a + a,z" +

an 12" + - - Let A be the subclass @ consisting of functions of the form
f(2) = z+az®>+---. Letp,h € Hand letg(r, s, t;2) : C* x A — C. If p
ando(p(z), zp'(2), 2p”( ); z) are univalent and ip satisfies the second order
superordinatlon

(1.1) h(z) < 6(p(2), 2/ (), 2°p"(2); 2),

thenp is a solution of the differential superordinatiah ). (If f is subordinate
to F', thenF is superordinate tg.) An analytic functiony is called a subordi-
nantif ¢ < p for all p satisfying (L.1). A univalent subordinanj that satisfies

q < ¢ for all subordinants; of (1.1) is said to be the best subordinant. Re-
cently Miller and Mocanu 4] obtained conditions oh, ¢ and¢ for which the
following implication holds:

h(z) < ¢(p(2), 20/ (), 2°p"(2); 2) = a(2) < p(2).

Using the results of Miller and Mocan(i4], Bulboa@ [5] considered certain

classes of first order differential superordinations as well as superordination-

preserving integral operatoré][ Ali et al. [1] have used the results of Bulbdac

[5] and obtained sufficient conditions for certain normalized analytic functions

f(z) to satisfy
2f'(2)
f(2)

qi(z) < < q2(2),
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whereq; andg, are given univalent functions iA with ¢;(0) = 1 andg,(0) =
1. Shanmugam et al.1}] obtained sufficient conditions for a normalized ana-
lytic function f(z) to satisfy

2 £
a(z) < zi‘(’z) < q2(z) and ¢ (z) < %Z()Z}g < @(2)
whereq; andg, are given univalent functions i with ¢;(0) = 1 andg,(0) =

L . Differential Subordinations and
In [2], for functionsf € A such thaty > 0, Superordinations for Analytic
Functions Defined by the

f ,( ) f( ) J Dziok-Srivastava Linear
° - © Operator
R ( ) > 0, z € A’
f(Z) : G. Murugusundaramoorthy and
N. Magesh

a class of Bazilevic type functions was considered and certain properties were
studied. In this paper motivated by Liu1], we define a class

Title Page
B(\, 4, A, B) Contents
FEON 2 (FN 1+ Az «“« 3
= (1= A N A2 LA
{fE.A ( >( z i f(2) z <1—|—Bz ’ < >
whered > 0, A > 0, -1 < B < A < 1 and studied certain interesting EYIEES
properties based on subordination. Further we obtained a sandwich result for Close
functions in the clas®(\, d, A, B). Quit
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For our present investigation, we shall need the following definition and results.

Definition 2.1 ([14, Definition 2, p. 817]). Denote by, the set of all functions
f(2) that are analytic and injective o\ — E(f), where

B() = {ce0n: 1 1(:) = oo}

Differential Subordinations and

and are such thaf’(g‘) # 0 for ( € 0A — E(f) Superordinations for Analytic
Functions Defined by the
Lemma 2.1 ([L3, Theorem 3.4h, p. 132]).Let¢(z) be univalent in the unit Dziok-sgva:rt:t\g: el
disk A and# and ¢ be analytic in a domairD containingg(A) with ¢(w) # 0 P
whenw € g(A). SetQ(z) = 2¢/(2)9(a(2)), h(z) = 6(a(2)) + Q(). Suppose & Munausundaramoorty and
that '
1. Q(z) is starlike univalent iM\, and Title Page
2. &E{Zg(g)} > 0 forz € A. Contents
It 44 44
0(p(2)) + 2p'(2)¢(p(2)) < 0(q(2)) + 24 (2)d(q(2)), , d
thenp(z) < ¢(z) andq(z) is the best dominant. Go Back
Lemma 2.2 ([LY)]). Letqg be a convex univalent function ik and, v € C with Close

Quit

2q"(z) ¥
%{1—’_ q’(z) +’y}>0' Page 5 of 20
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If p(2) is analytic inA and

Up(2) +72p'(2) < ¥a(z) + 724 ()
thenp(z) < ¢(z) andq(z) is the best dominant.

Lemma 2.3 ([]). Letq(z) be convex univalent in the unit digkand« and
be analytic in a domairD containingg(A). Suppose that

1. R[V(q(2))/e(q(2))] > 0for z € A,

2. z2q'(2)p(q(2)) is starlike univalent inA.

If p(z) € H[q(0), 11N Q, with p(A) C D, andd(p(2)) + 2p/(2)p(p(2)) i
univalent inA, and

(2.1) 9(q(2)) + 2¢'(2)(q(2)) < D(p(2)) + 2p'(2)(p(2)),
theng(z) < p(z) andq(z) is the best subordinant.

Lemma 2.4 ([L4, Theorem 8, p. 822]).Let ¢ be convex univalent ilh and
v € C. Further assume thak [y] > 0. If p(z) € H[q(0),1]NQ, p(2) +v2zp'(2)
is univalent inA, then

q(2) +72q'(2) < p(z) +v2p'(2)

impliesq(z) < p(z) andgq(z) is the best subordinant.
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For two functionsf(z) = z + > ", a,z" andg(z) = z + >, b,2", the
Hadamard product (or convolution) ¢fandg is defined by

(f*9)(z) =2+ ) anbpz" =: (g% f)(2).

n=2
Fora; e C (j=1,2,...,0)andg; e C\{0,—-1,-2,...} (j =1,2,...,m),
the generalized hypergeometric functief,,, (a1, ..., a; 01, ..., Om; 2) IS de-

fined by the infinite series

. e (@) () 2"
lFm(Ckl,...,al,/617~--7ﬁm72) _;(ﬁl)n(ﬁm)”n'

(<m+1;l,meNy:={0,1,2,...})

where(a),, is the Pochhammer symbol defined by

(n=0);
Nl a@+1)@+2)--(a+n—1), (neN:={1,2,3...}).
Corresponding to the function

h(alu"wal;ﬁl?""ﬁm;z) ::ZlFm(alu"'7al;ﬁ17"'7ﬁm;z>7
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the Dziok-Srivastava operatof][(see also{, 20]) H! (a1,...,a1; 51, .., Bm)
is defined by the Hadamard product
(2.2) H(an, a6, Bn) f(2)

= h(ah' B 7al;617 t 7ﬁm;z) * f(Z)

— (al)n—l T (al)n—l anz"
et Z (B)n-1 (Bm)n (n =1

n=2
For brevity, we write Differential Subordinations and
I I Superordinations for Analytic
Hm[oq]f(Z) = Hm(Oéla g B >6m)f(z) Functions Defined by the
Dziok-Srivastava Linear
It is easy to verify from 2.2) that Operator
(23)  z(HL[]f(2)) = arHylon +1]£(2) = (an = D) HL[a] f(2). o e ageon
Special cases of the Dziok-Srivastava linear operator include the Hohlov lin-
ear'opgrator {l, the Carlson-Shaffer Iingar operatb(ra,_c)'[ 1, the'R.uschewcl—:‘yh Title Page
derivative operatoP™ [1¢], the generalized Bernardi-Libera-Livingston linear Content
ontents

integral operatordf. [3], [1(], [17]) and the Srivastava-Owa fractional deriva-

tive operatorsdf. [16], [17]). <« >
The main object of the present paper is to find sufficient conditions for cer-

tain normalized analytic functiongz) to satisfy ¢ >
Go Back
Hi o] f(2)\"
q(z) < - . < qa2(2) Close
whereg; andg, are given univalent functions iA. Also, we obtain the number Quit

of known results as special cases. Page 8 of 20



http://jipam.vu.edu.au/
mailto:
mailto:gmsmoorthy@yahoo.com
mailto:
mailto:
mailto:nmagi_2000@yahoo.co.in
http://jipam.vu.edu.au/

We begin with the following:

Theorem 3.1.Let¢(z) be univalentinA; A € C'anda; > 0, > 0. Suppose
q(z) satisfies

2q"(z) A
(31) %{1—|— q/(2> +g}>0.

If f € A satisfies the subordination,

(32) (1- ) <M)5

z

o (1 (5

) <ae)+ 3a46),

then

(M)é < q(2)

z

andq(z) is the best dominant.

Proof. Define the functiom(z) by

(3.3) p(z) = (Mf
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Then

7O, (an[@jﬂz))ﬁ (H’iﬁf[ﬁa} ]1}({;@ - 1) ,

hence the hypothesi8.Q) of Theorem3.1yields the subordination:

p(e) + M) gz 20D

Now TheorenB.1follows by applying Lemm&.2with ¢) = 1 andy = % O

Whenl =2, m =1, a1 = a, ap = 1, and3; = cin Theorem3.1, we have
the following corollary.

Corollary 3.2. Letg(z) be univalentinA; A € C'anda; > 0,0 > 0. Suppose
q(z) satisfies 8.1). If f € A and satisfies the subordination,

(3.4) (1—a) <M>5 D (L(a,c)f(z))‘S (L(a + 1,c)f(z))

z z L(a,c)f(z)
<a(z) + 5o (2),
then S
EEIC e

andq(z) is the best dominant.

By taking/ = 1, m = 0 anda; = 1 in Theorem3.1, we get the following
corollary.
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Corollary 3.3. Letg(z) be univalentinA; A € C'anda; > 0,0 > 0. Suppose

q(z) satisfies 8.1). If f € A and satisfies the subordination,

(35)  (1—-)) (%Z))é + A <f(j)>§ (ZJ{(i’;)) < q(2) + %zq’(z),

(@)5 < q(z)

andg(z) is the best dominant.

Corollary 3.4. Let—1 < B< A< 1land@.1) hold. If f € A and

Hylaf()\"  \ (Hulolf()\ (Hilon +11f(2)
) o () (B
AMA—B)z 14 Az
S S1+B:) 14B2

then

(1 - Aay) (

then

(Hin[al]f(Z))é L L+4e
z 1+ Bz

and }I—gj is the best dominant.

Theorem 3.5. Letq(z) be univalentinA, A, 6 € C. Suppose(z) satisfies

«'(2) 2q(2)
(3.6) R {1 + 70 a02) } > 0.
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If f € A satisfies the subordination:

mla z 2q'(z
@0 i (S - e 5
then .

CCIC)

andg(z) is the best dominant.
Proof. Define the functiomp(z) by
H [ f(2)\°

It is clear thatp(0) = 1 andp(z) is analytic inA. By using the identity Z.3),
from (3.3) we get,

- zﬂ@)zaﬁ(ﬂzmy+uﬂ@__)_
59 »e) Hlolfz)
Using 3.9) in (3.7), we see that the subordination becomes
zp'(2) 2q'(2)
1+7p<z) <1+’yq(z).

By setting
O(w)=1 and ¢(w)= 1,
w
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we observe thap andd are analytic inC \ {0}. Also we see that

) = 2d (2 2)) — 724 (2)
Q) = etz = 21

and )
2q'(2)

q(2)

h(z) = 0(q(2)) + Q(z) = 1+
It is clear thatQ(z) is starlike univalent im\ and

2l (2) 2q"(z)  2q(?)
=R|1 - > 0.
Q(z) ¢(z)  q(z) |~
By the hypothesis of Theoref5, the result now follows by an application of
Lemma2.1 [

R

Specializing the values df= 1, m = 0, a; = 1 andq(z) = ﬁ (b €
C —{0}), v = ; andé = 1 in Theorem3.5 above, we have the following
corollary as stated in’[1].

Corollary 3.6. Letb be a non zero complex number.flE A and

1 [zf'(2) 1+2
g <
then (=) .
z
z 4(1—2)2”

and W is the best dominant.
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Choosing the values df= 1, m = 0, oy = 1 andq(z) = W (b €
C —{0}),y = ; andd = a # 0 in Theorem3.5above, we have the following
corollary as stated inl[].

Corollary 3.7. Letb be a non zero complex number.flEe A and

SIFERR

() <=

wherea # 0 is a complex number anﬁﬁ is the best dominant.

then

Similarly forl =2, m = 1,01 = 1,y = 1, ; = 1 andq(z) = m
(b e C—{0}),y = ¢ andd = 1 in Theorem3.5 above, we get the following

result as stated ir’[].

Corollary 3.8. Letb be a non zero complex number.flE A and

1 [zf"(2) 1+2
HE{f’(Z) —1}%_2

I

then
1

f'(z) = %

and @ is the best dominant.
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Next, applying Lemma.3, we have the following theorem.

Theorem 3.9. Let ¢(z) be convex univalent i\, A € C and0 < § < 1.
Suppose € A satisfies

(3.9) Re {;} >0

and (M)a € H[q(0),1] N Q. Let
z ’ ) Differential Subordinations and
Superordinations for Analytic

i fined by th
(= ray) (Halalf Y (Halaalf ()Y (Hloa +117(2) ey
1 - 1 H,,ln [Oél]f(Z) Operator
. . Lo i . G. Murugusundaramoorthy and
be univalent inA. If f € A satisfies the superordination, N. Magesh
l 4 _
(310) C](Z) + %zq’(z) ~ (1 _ )\041) (M) Title Page
B o) f(2)\’ ( Hblon + 1)£(2) sonens
a1l f(z a1 + z
+ A & m
: ( 2 ) ( HL o] £ (2) ) Wi »
4 4
then )
H! Go Back
q(z) =< ( m[al]f(z))
z Close
andq(z) is the best subordinant. Quit
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Proof. Define the functiomp(z) by

1 6
(3.12) p(z) = (M) :
Using 3.11), simple computation produces

o (B (B0

Differential Subordinations and
Superordinations for Analytic

then Functions Defined by the
A , A , Dziok-Srivastava Linear
Q(Z) + ng (Z) = p(z) + gZp (Z) Operator

G. Murugusundaramoorthy and

By setting?(w) = w and ¢(w) = %, it is easily observed that(w) is N. Magesh
analytic inC. Also, ¢(w) is analytic inC\{0} and¢(w) # 0, (w € C\{0}).
Sinceq(z) is a convex univalent function, it follows that

Title Page
,19/
3%{¢(<q((z))))}=m{§}>o, 2N, SAEC, 5 N0 CeniEs
z
1 «“ S
Now Theorenf.9follows by applying Lemma.3. ] < >
Concluding the results of differential subordination and superordination, we Go Back
state the following sandwich result.
Close
Theorem 3.10.Letg; and g, be convex univalentih, A € Cand0 < § < 1. Quit

é
Supposey, satisfies §.1) and ¢, satisfies 8.9). If (M) € H[q(0),1] N Page 16 of 20
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Q,

e ( M )6 e (Hﬁl[a;]f(z))d (HLEI[:[O; }](J;gw)

is univalent inA. If f € A satisfies

l 0
@12) m(e) + G (2) < (1= da) (T2 )

o (B2 (5

A
< @a(2) + 520(2),

0(2) < (M) <a(2)

andq;, ¢o are respectively the best subordinant and best dominant.

then
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