journal of inequalities in pure and
applied mathematics

http://jipam.vu.edu.au
issn: 1443-5756

Volume 10 (2009), Issue 2, Article 50, 5 pp. © 2009 Victoria University. All rights reserved.

TURAN-TYPE INEQUALITIES FOR SOME ¢-SPECIAL FUNCTIONS
KAMEL BRAHIM

INSTITUT PREPARATOIRE AUX ETUDES D'I NGENIEUR DE TUNIS
kamel710@yahoo.fr

Received 24 March, 2008; accepted 10 April, 2009
Communicated by S.S. Dragomir
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1. INTRODUCTION
In [Q], P. Turan proved that the Legendre polynomiglgz) satisfy the inequality
(1.1) P2 () — Py(x)Pyia(x) >0, x€[-1,1, n=0,1,2,...

and equality occurs only it = +1.

This inequality been the subject of much attention and several authors have provided new
proofs, generalizations, extensions and refinemenis df (1.1).

In[[7], A. Laforgia and P. Natalini established some new Turan-type inequalities for polygamma
and Riemann zeta functions:

Theorem 1.1.For n = 1,2,... we denote by),(z) = ™ (z) the polygamma functions
defined as the — th derivative of the psi function

["(x)
with the usual notation for the gamma function. Then

Yo ()00 () > Vg (1),

x>0

where™™ is an integer

Theorem 1.2. We denote by(s) the Riemann zeta function. Then

() o Ls+1)

(st = s b

(1.2) (s+1)
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The main aim of this paper is to give some new Turan-type inequalities forplodygamma
andg-zeta [2] functions by using @analogue of the generalization of the Schwarz inequality.

To make the paper more self contained we begin by giving some usual notions and notations
used ing-theory. Throughout this paper we will fix €]0, 1] and adapt the notations of the
Gasper-Rahman bookl[4].

Let a be a complex number, theshifted factorial are defined by:

n—1

(1.3) (@;qo=1  (aiq)n=[](1—ag") n=12,...
k=0

(1.4) (@;9)oc = lim (a;g)n = ﬁ(l —aq").

For x complex we denote -

(1.5) 2], = 11__qq .

Theg-Jackson integrals froito a and fromo0 to oo are defined byi [4,]5]:

(1.6) [ s = (=00 sty

and -

(L.7) /0 i@ = 1-a) S )"

provided the sums converge absolutely.
Jackson([b] defined thganalogue of the Gamma function as:

(¢ 9) -
1.8 Ly(z)= 1— v x#0,—1,-2,....
(1.8) q( ) (qf”;q)oo< q) #
It satisfies the functional equation:
(1.9) Fo(z+1) = [z]Iy(x), Ty(1) =1

and tends td'(z) wheng tends to 1.
Moreover, it has the-integral representation (see [1, 3])

Ly(s) = Kq(s)/0 " e, Mdyw,

where

and
o W k) RN G k) 1172 Gl T
I 0-97 CO-0@ Q1 0) T )

Lemma 1.3. Leta € R, U {occo} and letf and g be two nonnegative functions. Then

o) ([ s <x>dqx)2 < ([ swr@ae) ([ storaie).

wherem andn belong to a sef of real numbers, such that the integrdls (1.10) exist.
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Proof. Lettinga > 0, by definition of the;-Jackson integral, we have

(1.11) [ a@s ™ @y = (1= 90 3 e @)
p=0

tn o pyop
N—+o00 ’ (aq )q

= lim (1-q)ay _glag’)f

By the use of the Schwarz inequality for finite sums, we obtain

(1.12) (Zg ag”) =" (aq?) ) (Zg ag”) f™ (aq’) >(Zg ag”) f"(aq”) )

The result follows from the relatioh (1.11) and (1.12).
To obtain the inequality fou = oo, it suffices to write the inequality (1.1.0) far = ¢~V
then tendV to oco. O

2. THE ¢-POLYGAMMA FUNCTIONS

The g-analogue of the psi function(z) = F((‘” is defined as the logarithmic derivative of
the g-gamma functiony, (z) = ?Zg;

From [1.8), we get fox > 0

> qn—l—m
o) =~ Log(1 =) + Loga Y L
n=0

e qnx
= — Log(1 — L
og(1—q) + ogq; -
The last equality implies that
Logq [? t*!
2.1 = —Log(1 — d,t.
@) ia) = ~Log(1 =)+ 752 [ T,
Theorem 2.1.Forn =1,2,..., puty,, = zpé”) then-th derivative of the functiog,. Then
(22) 77Z)q,n(l‘)7/)q,m(m) Z w;w(l‘%

where™ is an integer.

Proof. Let m andn be two integers of the same parity.
From the relation(2]1) we deduce that

Logq [9 (Logt)"t®!
Vg () 1—¢q / 1—¢ q

Applying Lemm' withy(t) = & tl, f(t) = (— Logt) anda = ¢, we obtain

2

thfl qtmfl qtzfl
2.3 — Logt)"d,t — Logt)™d t > Logt > dt
(2.3) /0115( Og)q/01t< Og)q—[/01t( ogt) 2" ,

which gives, sincen + n is even,

(2.4) Yon(EVbym(@) > U2 e ().
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Takingm = n + 2, one obtains:
Corollary 2.2. For all z > 0 we have

7vZ)q,n (I) ¢q,n+1<x)
(25) Dot (@) = Vpsal®)’

3. THE ¢- ZETA FUNCTION

n=12....

Forz > 0, we put

Logl) . (Log()
) = Toe@ E<L0g<q>>
and

[z

{I’}q I_A,_a( [%]q)”’

Log(q)
In [2], the authors defined theZeta function as follows

Z q (n+a([n]q)

They proved that it is g-analogue of the classmal Riemann Zeta function and we have for all
s € C such thatr(s) > 1

whereE (LL(‘T)> is the integer part Ofi(q)'

(3.1)

Ca(s) = = / T Z,(0d,t,

where for allt > 0,

t) = ieq{”}qt and T,(t) = f{q(é))

n=1

Theorem 3.1.For all s > 1 we have

Ga(8) (s +1)

Proof. Fors > 1 the functiong-zeta satisfies the following relation
1 o0
(3.3) Co(s) = T /O 517, (t)d,t.
Applying Lemmd 1.B withy(t) = Z,(t), f(t) = ¢ we obtain
00 00 00 2

3.4 51 Z, ) dt | T Z,(H)dt > t5Z,(t)d,t| .
34 [ ez [Tenzie | [T ez
Further, using[(3]3), this inequality becomes
(3.5) G Ta(5)(s + 2)Ty5 +2) 2 [l + 1P [Fy(s +1)]
So, by using the relatioR, (s + 1) = ¢~*[s],I,(s), we obtain
(3.6) [s =+ 1]4Cq(8)Cq (s +2) > gfs]g [Co(s + 1>}2
which completes the proof. O
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