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ABSTRACT. We determine the best constarfor the |nequallty5+§+;+; 2_ TIT60 16 7yt
wherez,y, z,t > 0; x +y + z + ¢t = 1. We also consider an analogous inequality with three

variables. As a corollary we establish a refinement of Euler’s inequality.
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1. INTRODUCTION

Recently the following inequality was proved [1, 2]:

1 1 1 25
1.1 S
(1.1) :B+y+z_1+48xyz’
wherez,y,z > 0; z + y + z = 1. This inequality is the special case of the inequality
1 1 1 A
1.2 L
(1.2 x—i_y—i_z_1+3(/\—9)9Uyz7
where)\ > 0. Substituting in this inequality = y = 1, = = 1 we obtain0 < X\ < 25. So
A = 25 is the best constant for the inequalify (1.2). As an immediate application one has the
following geometric inequality [3]:

R (a—b)*+(b—c)*+ (c—a)?
1.3 —>2+ A
(1.3) r + (a+b+c)?
whereRR andr are respectively the circumradius and inradius, @rtdc are sides of a triangle,
and\ < 8. Substitutingz = b = 3, ¢ = 2 and the corresponding valués= %5 andr = \/%

in (I.3) we obtain\ < 8. So\ = 8 is the best constant for the inequalify (1.3), which is a
refinement of Euler’s inequality.
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It is interesting to compar.3) with other known estimate§oﬂ:or example, it is well
known that:

R S (a+b)(b+c)(c+a)

r - 4abe '

For the triangle with sides = b = 3, ¢ = 2 inequality [1.B) is stronger thaf (1.4) even for
A = 3. But for A\ = 2 inequality [1.4) is stronger thah (1.3) for arbitrary triangles. This follows

from the algebraic inequality:

(+y)ly+2)(z+2) 3" +y°+27)
8ryz T (r4+y+2)?

wherez, y, z > 0, which is in turn equivalent t¢ (1.1).

The main aim of the present article is to determine the best constant for the following ana-
logue of the inequality] (1]2):

1 1 1 1 A

1.6 — -
(1.6) x+y+ +zf_1+16()\—16)9cyzt’
wherez,y,z,t >0,z +y+2z+t=1.

It is known that the best constant for the inequality

11 1 1 16 — A

1.7 — - <A+ —=—
(3.7) +y+ +t_ +256%yzt7

(1.4)

(1.5)

wherez,y,z,t > O;x+y+2+t =1,IS\ = % (see e.g. [[4, Corollary 2.13]). Inl[4]
the problem on the determination of the best constants for inequalities similar]to (1.7}, with
variables was also completely studied:

n

1 n?— A
SIS
— 1 n [T,

wherexl,xg,.. ,x; > 0, > " x; = 1. The best constant for this inequality \s = n? —
W In particular ifn. = 3 then the strongest inequality is
1 1 1 9 1

-+ - +— < -+ ,
r vy — 4 dxyz

wherex,y, 2 > 0, x + y + z = 1, which is in turn equivalent to the geometric inequality
102 > 16Rr — 57“2,

wherep is the semiperimeter of a triangle. But this inequality follows directly from the formula
for the distance between the incenfeand the centroids of a triangle:

1
1G] = (p + 5r° — 16Rr).
For some recent results séé [4], [6] - [8] and especially [9].

2. PRELIMARY RESULTS

The results presented in this section aim to demonstrate the main ideas of the proof of Theo-
rem[3.1 in a more simpler problem. Corollaries have an independent interest.

Theorem 2.1.Letz,y,z > 0 andz + y + z = 1. Then the inequality (11) is true.
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Proof. We shall prove the equivalent inequality

1 1 1
—+—+—+48(xy+yz+zx) > 25.
Y
Without Ioss of generality we may suppose thaty < -~ Indeed ifr+y > = = y+z> éf
z+x> 3f then by summing these inequalities we Obl%ll]ﬂ f, which is false
Let

1 1 1
flx,y,2) = —+ — + - + 48(zy + yz + 2x).
Ty oz

We shall prove that

flz,y, )>f(x+y m;ry >225.

The first inequality in this chain obtains, after simplifications, the f%mj xy(z + y), which
is the consequence of+ y < f Denoting™}¥ = ¢ (= = 1 — 2¢) in the second inequality of
the chain, after some simplification, we obtain

1440* —1680° + 730 — 1404+ 1> 0 < (3¢ — 1)*(40 — 1) > 0.

Corollary 2.2. Letz,y, z > 0. Then inequality{ (1]5) holds true.

Proof. Inequality (1.5) is homogeneous in its variableg, . We may suppose, without loss
of generality, that: + y + z = 1, after which the inequality obtains the following form:

TY + Yz + 2x — Y2
TYZ

> 24(1 — 2(xy + yz + zx))

1 1 1

= —+ -+ - —12>24—48(zy +yz + 2x).

r Yy =z
By Theoren 2.]1 the last inequality is true. O
Corollary 2.3. For an arbitrary triangle the following inequality is true:

AY: ERAY 2

522—1—8(@ b)? + (b—c¢)*+ (c—a) .

r (a4 b+ c)?
Proof. Using known formulas

S =plp—a)p—0b)(p—o), R:%’ T:%’

where S and p are respectively, the area and semiperimeter of a triangle, we transform the
inequality to

2abc - 18(a® + b* + ¢) — 12(ab + be + ca)
(a+b—c)b+c—a)lc+a—b) ~ (a+b+c)?
Using substitutions = =z +y, b = y + z, ¢ = z + x, wherex, y, z are positive numbers by the
triangle inequality, we transform the last inequality to
(+y)y+2)(z+7) 240" +y" +2%)
TYz T~ (r4y+2)?
which follows from Corollary 2.p. O
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3. MAIN RESULT

Theorem 3.1. The greatest value of the parameterfor which the inequality
1 i 1 " 1 N 1 S A
r oy z t 1+16(\—16)zyzt’
wherezx,y,z,t >0,z +y+z+t=1,istrueis
N\ = 5824/97 — 2054
B 121 ’
Proof. Substituting in the inequality (1.6) the values
_ 5V 19— VOT
T2 24

T=yY=2z

we obtain,
58297 — 2054
AS Ao = 121

We shall prove that inequality (1.6) holds far= .
Without loss of generality we may suppose thak y < z < t. We define sequences

{zn}, {yn}, {zn} (n > 0) by the equalities

To = T, Yo =Y, 20 = %,

1 1
Tok+1 = 5(90% +Yok),  Yok41 = §($2k +Yor),  Zoky1 = 2ok,
and
Tokt2 = T2k+1,  Y2kt2 = §(y2k+1 + Zokt1),  Zokt2 = %(y2k+1 + Zok41),
wherek > 0. From these equalities we obtain,

_a:+y+z+22—:c—y \"
Yn =773 3 2)
wheren > 1. Then we have,

lim g, — x—i—g—i—z'
Sincersg, = wop_1 = Yor_1 and 2o 11 = 29, = yo fOr k > 0, then we have also,
(3.1) limz, =limz, =limy, = %
We note also that,
(3.2) (z+y)3(z+1) < Y16

Indeed, on the contrary we have,

(@+y)z+1)° > (@ +)°(z +1) > Y16

from which we obtain,

2 t)? .
(x+y)(z+1) >)\0_16

Then

i: ((x+y)+(z+t>>42(m+y)2(z+t)2>

2 Ao — 167
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which is false, becausk < 32. Therefore the inequality (3.2) is true. In the same manner, we
can prove that

(3.3) (z4+2)>°@y+1t) < YT

Let
1 1 1 1
flz,y,z,t) = - + J + Z + n + 16(Ag — 16)(zyz + xyt + x2t + yzt).

Firstly we prove that
(3.4)

f(xaya Zat> = f(ﬂUanO, ZO7t) Z f('rlaybzlat)

1 1 4 z+y\>
— — + —+16(Ng — 16 t) > —— +16(\g — 16 t
w+y+ (o )$y(z+)_$+y+ (0 )( 7 ) (Z‘l—)

> 4 t
AT zy(z +y)(z +1),

which follows from [3.2).
Since for arbitraryn > 0 the inequalityz,, < y, < z, < tis true then in the same manner
we can prove that
(3.5) J(Tok, Yo, 22k, t) > f(@orr1, Yort1s Zort1, 1),
wherek > 0.
We shall now prove that
(3.6) J(Tor41, Yorg1, 22k41, 1) 2> f(Torga, Yorsa, Zont2s t),
wherek > 0. Denoter’ = zo11, ¥ = Yokt+1, 2 = 2041, t' = t. By analogy with [(3.8) we
may write,

(@' +2)(y +1) <

N — 16
Sincex’ = ¢/ then we can write the last inequality in this form:
37 / N3 (.0 t/ < '
(3.7) (v + 2P +1) <

Similar to (3.4), simplifying[(3.6) we obtain,

>4/// / /t/
g 2 W ) ),

which follows from [3.7).
By (3.4) - [3.6) we have,
(3'8) f(x7 y7z7t) Z f(xnaynaznat)7

for n > 0. Denote? = ¥4*= thent = 1 — 3(. Sincef(z,y, z,t) is a continuous function for
z,y,z,t > 0, then tending: to oo in (3.8), we obtain, by (3]1),

(3.9 f(z,y,z,t) > lim f(,, Yn, 20, t) = f(L,0,£,1 — 30).
Thus it remains to show that
(3.10) fl,0,0,1—30) > Ao

After elementary but lengthy computations we transfdrm (3.10) into
(40 — 1)? (Mg — 16)£(3¢ — 1)(8¢ + 1) + 3) > 0,
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where( < ¢ < % It suffices to show that

Mo —16S g I

for 0 < ¢ < 3. The functiong(¢) obtains its minimum value at the point
e:zoz‘”?—;@ e (o,l),
at whichg(4y) = A\ — 16. Consequently, the last inequality is true.
From (3.9) and[(3.70) it follows that
1 1 1 1 o
E+§+ 1= 1+ 16(Xg — 16)zyzt’

and the equality holds only for quadrupl(e§ T i, %1) , (o, Lo, Ly, 1 — 3¢y) and 3 other permu-
tations of the last.
The proof of Theorer 3|1 is complete. O

Remark 3.2. An interesting problem for further exploration would be to determine the best
constant\ for the inequality

n

1 A

- >
—x; — 1+n" (A —n?) |
wherez;, xs, ..., x, > 0,> "  x; =1, forn > 4. It seems very likely that the number
\ 12933567 — 93093 v/ 22535@ n 17887113 + 560211+/22535 o2 — 288017
a 4135801 996728041 171617

wherea = /8119 + 481/22535, is the best constant in the case= 5. For greater values of
n, it is reasonable to find an asymptotic formula of the best constant.
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