Journal of Inequalities in Pure and
Applied Mathematics

GEOMETRIC INEQUALITIES FOR A SIMPLEX

SHIGUO YANG

Department of Mathematics
Anhui Institute of Education
Hefei, 230061, P.R. China.

EMail: sxx@ahieedu.net.cn

(©2000Victoria University
ISSN (electronic): 1443-5756
096-04

volume 6, issue 3, article 76,
2005.

Received 18 October, 2004;
accepted 11 March, 2005.

Communicated by: J. Sandor

Abstract
Contents
44
| 2
Home Page
Go Back
Close

Quit


Please quote this number (096-04) in correspondence regarding this paper with the Editorial Office.

mailto:jsandor@math.ubbcluj.ro
http://jipam.vu.edu.au/
mailto:sxx@ahieedu.net.cn
http://www.vu.edu.au/

Abstract

In this paper, we study a problem of geometric inequalities for an n-simplex.
Some new geometric inequalities for a simplex are established. As special
cases, some known inequalities are deduced.
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Let o,, be ann-dimensional simplex in the-dimensional Euclidean spad¢’,
T = {4y, A1,...,A,} denote the vertex set af,, V' the volume ofs,,, R
andr the circumradius and inradius of,, respectively. Foi = 0,1,...,n,
let r; be the radius ofth escribed sphere af,, F; the area of theth face
fi=Ag---A;_1A;41--- A, of g,,. Let P be an arbitrary interior point of the
simplexo,,, d; the distance from the poin® to theith face f; of o,,, h; the
altitude ofo,, from vertexA; fori =0,1,...,n.

Letag, a; anday denote the edge-lengths of trianglgA; A, (2-dimensional
simplex). An important inequality for a triangle was established bytJgse
[1]) as follows:

W o0 Gy
rire  Tolo  ToT1

(1.1)

Let P be an arbitrary interior point of the trianghe A, A;. Gerasimov (se€’])
obtained an inequality for the trianghe A A, as follows:
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We will extend inequalities1(1) and (L.2) to ann-dimensional simplex. Our
main results are contained in the following theorem:

Theorem 2.1. For the n-dimensional simplex,, we have

- n En/(n_l) (TL N 1)nn3n2/2(n71)
@ ; o TicaTipr e T (A4 1)(mD2(pl)n/(n=h)?

with equality iff the simplex,, is regular.

By lettingn = 2 in relation @.1), inequality (L.1) is reobtained.
Theorem 2.2. Let P be an arbitrary interior point of the simplex,, and let
6 € (0, 1] be areal number. Then we have

n do"'d’i—ldi-i-l"'dn
2.2
( ) Z<FO"'E—1E+1"'F71)20_1

1=0

(n!)ZG
- <n+ 1)(n—1)(1—6)nn(39—1

Vn—2(n—1)6’
) 7
with equality iff the simplex,, is regular and the poinP is the circumcenter of
On-

If we taked = ﬁ in inequality €.2), we obtain the following corollary:
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Corollary 2.3. Let P be an arbitrary interior point of the simplex,. Then we
have

n

do--di1dip1---dy (n!)n/(n—l)

(23) z_; (FO . E—lFi+1 . Fn)l/(nfl) < (n + 1)(n72)/2nn(n+2)/2(n71)7

with equality iff the simplex,, is regular and the poinP is the circumcenter of
On-

If n = 2 in inequality €.3), then inequality {.2) follows from inequality
(2.3.

By takingd = % in inequality €.2), we obtain a generalization of Gerber’s
inequality as follows:

Corollary 2.4. Let P be arbitrary interior point of the simplex,,. Then

n!
2.4 Zdo st S Gy

with equality iff the simplex,, is regular.

Using inequality £.4) and the arithmetic-geometric mean inequality we get
Gerber’s inequality ] as follows:

n[)(nJrl)/n

n+1)/n
(2.5) H G ) y(ntD)/n
=0
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Theorem 2.5. Let P be an arbitrary interior point of the simplex,. Then we
have

_ 1 r
2.6 > Nptt.
@9 ZZ:; do- - dirdipy - -dnp — (n+Ln Rr+1’

with equality iff the simplex,, is regular and the poinf is the circumcenter of
On-

If the point P is the incenter of the simplexs,,,i.e.d; =r(i =0,1,...,n),
then the following:-dimensional Euler inequality stated if] s obtained from
(2.6):

(2.7) R > nr.
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To prove the theorems stated above, we need some lemmas as follows.

Letm; (i = 0,1,...,n) be positive numbers;, ;, .,, denote thé-dimensional
volume of thek-dimensional simplexd; A;, - -- A; for A,,, A\, ..., A;, € 7.
Put

M, = Z Mg My~ * mzkvzgnw (1<k<n),

0<ip<i1 < <ix<n
n

M(): E m;.
=0

Lemma 3.1. For positive numbersy; (i = 0, 1,...,n) and then-dimensional
simplexo,,, we have

(3.1) M, > [[((S—_/i))!!((l/g;i; (n! - My)'=* M}, (1<k<l<n),

with equality iff the simplex,, is regular andmg = m; = --- = m,,.

Lemma 3.2.

n ﬁ 3n Ty
1 pdn\ 2
o ([1) s s ()Y

with equality iff the simplex,, is regular.

For the proof of Lemmas8.1and3.2, the reader is referred té][or [1].
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Lemma 3.3.

n

(3-3) Zho"'hi_lhi""l”'hn Z (n—i_l)(nl)n’

T‘ .--/r"_ /r‘ .--’r’
i—0 0 i—11i+1 n

with equality iff the simplex,, is regular.

For the proof of Lemm&.3, see [].

Lemma 3.4. Geometric Inequalities for a
12 (n41)/2 Simplex
(3.4) V> n (n i ‘1) r’, Shiguo Yang
n!
with equality iff the simplex,, is regular. Title Page
This is also known, seé&J or [1]. Contents
Proof of Theoren2.1. Without loss of generality, lety < F} < --- < F,,. By <4« 3
the known formula (]) < >
v
(3.5) r; = S 7} Tk (i=0,1,...,n), Go Back
J=0"1J ! Close
it follows thatrg <r; < ... <r, and Quit
1 1 1 Page 8 of 16
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Using the Chebyshev inequality, we have

n n/n 1) n Fl/(n 1)
oo 3 - (I17) S s

=0
”“ J#z
1 - S~ 1)
> F, F,
s (1) () | S
=0 =0 =0 . o
j=0 Geometric Inequalities for a
G Simplex
SubstitutingF; = % (j = 0,1,...,n) into the right side of inequality3(6) S

and using the arithmetic-geometric mean inequality we get

n "/ n—1) n n Title Page
1 1/(n—1) e
3.7 F, F
3.7) Z H r, —n+1 (H ) (Zz; ‘ Contents
Hfl

4« 44

1 hoo--histhi - hy

X < | 2
(nV)" =0 To " Ti—1Ti+1 """ Tn
n2 Go Back
<ﬁ F> o Close
= \i=0 ' i ho- - hi—1hiy1---hy Quit
B (nV)" o TorTiaTipr T '
Page 9 of 16

By inequalities 8.7), (3.2) and (3.3) we obtain relation4.1). It is easy to see
that equality in 2.1) holds iff the simplex,, is regular. The proof of Theorem e T K=o
2.1is thus complete. ] http://jipam.vu.edu.au
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Proof of Theoren2.2. Takingk = n — 1, | = n in inequality @.1), we can
write

(3.8) (Z M- mF>
=0

S )

By puttingmyg - - - m;_1miq - - my, = MF, 2 (i =0,1,...,n) inequality 8.8),

we get

o (1) (1) 055 1) £7)

We now prove that the following inequality (L0 is valid for any numbe# €
(0, 1]:

(3.10) (% iA) ﬁFfe
=0
F20 +1 2(n—1)0 174 2(n—1)0
(Z)‘> (2; A ) U nn(z—e) ' (7(1”21)!29 :

Whenf = 1, inequalities 8.10 and 3.9) are the same, so inequality.(0 is
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valid for§ = 1. For6 € (0, 1), using inequality §.9) we have

n

(3.11) (% i Ai) 17>
=0

1=0

_(nv 2(n—1) n Fi2
> e (U N
i i=0 i=0 "

n n n n—1 n n
o (i) = () (%)

From (3.11) and 3.12 we can write

(3.13) (% i )\i> ﬁ F2
=0 1=0
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[ e

n— 1)12

By Hdlder’s inequality (I]) we have

10 1 71-6
u F20N\° n 1 -6 nF20 G tric | lities f
(3.14) [E ( )ja ) . [E (/\19> ] > )i ' eome nCS?;cglljeaxl ies for a

=0 i=0

Shiguo Yang

Using 3.13 and .14 we get relation §.9).
Taking\; = d;F; (1 = 0,1,...,n) in equality 8.9 and noting the fact that Title Page
Sor o diF; = nV, we get inequalityZ.2). It is easy to prove that equality in

(2.2) holds iff the simplexs,, is regular and the poin® is the circumcenter of Contents
o,. The proof of Theorem.2is thus complete. O <« Y
Proof of Theoren2.5. Inequality @8.9) can be written also as < 4
3n n n L Go Back
(3.15) %Vz(n_l) Z Ao s At A A < (Z >\i> H F?. Close
i=0 =0 1=0
Quit

Let V' denote the volume of the-dimensional simplex;,, = AjA} --- Al F/

2 of
being the area of théh face f; of o/,. By Cauchy’s inequality and inequality Page 12 o 16
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(3.19, we have

(316) VT V)T Y e Acidisa e MBE,

N

3n n
< [n_v2(n—1) Z)‘O RS VD VRO W o

1=0

N

3n n
x| (V) 30 h0 e M = A (B’
1=0

n!2

(3) (1) (11e)

If we suppose that;, is a regular simplex with, = F| = - --

1
V= (n+1)"2 (”_'2> Z-T)

= F) = 1. then

n3n
so inequality 8.16) becomes

(n + 1)(n—1)/2n3n/2
n!

(3.17) VY Ao Aima i - A
=0

(£

1=0
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By letting A\ = \; = --- = \,, = lininequality 38.17), we get

1 n3n/2(n—1)

(318) V 2 n[l/(n—1)<n+ 1>(n+1)/2(n—1)

1
(n—1)
(Z FO z 1F1+1 Fn) ‘

Now by Cauchy’s inequality we have

“ 1
dodiydigr - d > (n+1)%
(Z 0 15441 )(;dO"'di—ldﬂ-l"'dn) ( )

i.e.

2
(3.19) Zd d — > (n+1) .
0° 7, 10441 - n Zd()"'di—ldi—i—l"'dn

Using 3.19, (2.4) and 3.19, we get

3.20
8203 1

- (n+ 1)(n+3)/2nn/2 1
n! Vv

1

ifldiJrl U dn

1

(n+ 1)(n2+nf4)/2(n71)nn2/2(n71) n (n=1) 1 (niil)
> ) ()
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By inequality @8.20), formula_"  F; = % and the known inequality {]):

3.1 n _ 1)(n2—1)/2 e
( : ) H - nm—l—l (n2—3n—4)/2 ’

1=0

we get

- 1
3.22
(3.22) ;do---di_ldm---dn

Z (TL + 1)(n73)/2(n71)n(2n27n72)/2(n71) . nll/(nfl) (_

of o,,. The proof of Theorem.5is thus complete.

V

r

1
> =1

Relations 8.22 and @3.4) imply inequality €.6). Itis easy to prove that equality
in (2.6) holds iff the simplexs,, is regular and the poin® is the circumcenter

1

Rn+1 :

O
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