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ABSTRACT. The paper briefly reviews the concept of the variogram and the estimation error
variance in connection with certain estimation problems. This is done in the context of their
development in mineralogy. The results are then placed in the context of the assessment of
flowing product streams that are continuous space, continuous time stochastic processes. The
work in this area, to date, is then briefly reviewed and extended. The paper addresses both
practical and theoretical issues, the latter being focused on bounding both the estimation error
and the estimation error variance. For this, use is made of variations of Ostrowski’s inequality

and Holder-type variograms.
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2 NEIL S. BARNETT

1. THE CONCEPT OF THE VARIOGRAM

The variogram has a history that is associated with mining and mineralogy. Itis a concept that
is also extensively used in meteorology and ecology. In such applications it is largely concerned
with spatial variability, for example, in geological core samples.

As is common with many statistical methods, an important issue in practical applications
involving variograms is the fitting of a theoretical model to a set of collected data. In proceeding
with this there are a few time honoured, empirically useful models that are fitted, governed
mainly by particular characteristics of the collected data, through previous experience with
handling data of a similar nature and, of course, by a desire for simplicity in the chosen model.

Suppose a mineral core sample of a particular strata is taken that retsarmaple values
collected a distancei, apart,d is generally a consequence of the instrument being used to
collect the core sample. The characteristic of focus for these samples is assessed and denoted
by z(z;) wherez; is the displacement value of tlith sample from a given reference point. A
measure of the variability of the characteristic across the data points is afforded by the sample
variogram,

1 n—k

V(kd) = An—%) > [w(w) — wwin))”.

This is the average of the variances of the data;) taken in pairs, when value pairs dré
apart,k =1,2,3,...,n—1,l.e.

Vikd) = L . <<x($l) a(@) —l—:c(ka))Q

n— 2
N <x<x1+k) _x(z) +2£U($1+k)>2 P <$(xn_k) B :E(a:n_k)2+ ;p(xn))Q
(st~ et as(xn>)2> |

The estimation problem that then remains, in order to obtain a more complete picture of the
mineral deposit, is to assess the value of the characteristic at points for which there are no sample
data. Often data are collected from different directions so as to better obtain an appreciation
of the deposit over its three dimensions. Once the data collection is complete one or more
sample variograms can be plotted for valueg ef 1,2,...,n — 1 to assist in fitting a suitable
theoretical model, from which estimates of the characteristic at points where data is unavailable
may be obtained. Any particular variogram model fitted to a single dimension is assumed to
comprehensively describe the deposit variability,

V() = 3B [X(s +u)  X(s)]
whereE(-) denotes the usual statistical expectation.

Writing it in this fashion implies a degree of stationarity in the model in that the variogram
value is assumed to depend only on the distance of points apart and not on their specific loca-
tions. Itis also possible to consider fitting different models for different directions / dimensions.

Fitting a particular model to the data, of course, requires not only a suitable choice of model
but also estimation of any model parameters. Only when this is complete can it be used for
estimation ofz(-) at unobserved points.

The standard method of estimationagf) is termed Kriging after the South African mining
engineer, D. G. Krige and it is a method that was developed fully by Matheron [10] in the
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nineteen fifties. Kriging is essentially interpolation and the most common, ordinary Kriging,
uses a weighted linear combination of the observed data of the characteristic of the sample
to provide estimates. These weights are determined using the model variogram that has been
fitted and so the appropriateness and fit of the model are critical. Ordinary Kriging, and there
are numerous refinements, produces best linear unbiased estimators. Once estimation is made
possible the quality of it is established by reference to an entity called the estimation error
variance — the long term average of the squared deviation of the true value from its estimate.

2. COMMON VARIOGRAM MODELS USED IN MINERALOGY

The common variogram models used in mineralogy, the linear, exponential, spherical and the
Gaussian models are defined as followsis(assumed positive):

The linear variogram (positive slopé)(u) = A + Bu.

The linear variogram (horizontal); (u) = A.

The exponential variograny;(u) = A+ B (1 — e ¢).

The spherical variogram,

V() =A+B(15(3) - 05(2)"), w<C
= A+ B, u > C.
The Gaussian variogram,

v<u>:A+B(1_e—<%>2), w<C
= A+ B, u > C.

A key characteristic feature of the latter three models is the expectation that the variance
will increase with distance apart of the values for a while and will then level off at a certain
distance beyond which values tend to behave independently. In the geostatistical literature it is
common to refer to the distance from the reference point at which the variance starts to level
off as the ‘range’ and the level itself as the ‘sill'. Whilst the variance at distance zero apart
is unobservable, if the back fitted model does not pass thr@ugh(0)) the non-zero value is
referred to as the ‘nugget effect’.

Besides applications in mineralogy, meteorology and ecology the variogram as a concept has
been used in connection with time series analysis where effectively the spatial variabhle
V(u) =3E[X(s+u)— X (s)]* is perceived, instead, as a time variable and it is in this context
that it is used here. It should be noted that for applications of the type previously mentioned, we
are essentially assuming thidt«) is a continuous function of the continuous spatial variable
u. We will also, in the context of; being time, consider a process that varies in a continuous
manner over continuous time. (Use of the variogram is not, of course, restricted to this case).

Gy [9] made extensive use of the variogram in dealing with problems associated with the
sampling of particulate materials. For his purposes he perceived the variogram as consisting of
a number of additive components each having its own particular characteristics. In this context
he discussed both periodic and non-periodic features in the variograms of these components,
noting also the frequent usefulness of the parabolic variogram. Claiming a broad spectrum of
practical experience, he commented (which additionally provides us with a defence for our pre-
occupation with stationary variograms), “....For a given material under routine conditions, the
variability expressed by one or several variograms may be regarded as a relatively time stable
characteristic.”

In [6] Box and Jenkins introduced and analysed a number of discrete time stochastic mod-
els including among these, the stationary autoregressive and the non-stationary autoregressive
integrated moving average models. Examination of the variograms of these, albeit in discrete
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4 NEIL S. BARNETT

time, show them to resemble the shape of one or other of the models commonly used in min-
eralogy and listed earlier. If we talk in terms of stationary and non-stationary processes it is
observed that a stationary process will typically be one that has a variogram with a sill effect
and a non-stationary process one with a continually increasing variogram.

3. KRIGING

As mentioned previously, Kriging is a method for estimation of the value of a spatial variable
at a particular location using observations of the spatial variable at a number of other locations.
The result depends on the ‘distance’ of the points of observation from the point in question and
on the variogram of the spatial variable.

Rather than consider, for example, a variable space of two or more physical dimensions we
here adapt the method so that the ‘distance’ variable represents time and use it for estimation and
in the general study of the behaviour of a single dimension continuous space stochastic variable
in continuous time. We can then contemplate estimation of the variable at points unobserved
using observed values at particular times. We can do this retrospectively in time or as a method
of forecasting.

The method of Kriging has numerous variations, we, however, consider the simplest, some-
times referred to as, ‘ordinary Kriging'. In the following, results are obtained for a univariate
stochastic process.

Let X (¢) be a continuous space stochastic process in continuous time for which we have
observations at discrete instantsX (¢;), X (t2), ..., X (¢,). We wish to estimate the variable
value at a timef,which is unobserved, we designate this estimateXhy,). The estimation
is performed by using a linear combination of the observed valtiés,) = >°7, A\, X (t;) and
stipulating estimation criteria that determine eagliniquely. These are,

(i) that the estimation ok (t,) by X (t,) is unbiased (i.eE(X (t,)) = X (t,)) and
(ii) that the estimation error varianceEV, E[(X (to) — X (t0))?] is minimized. (We subse-
guently focus attention on the estimation error variance in a broader sense in relation to
studying the behaviour of a continuous product stream.)
Condition (i) is guaranteed provided thal;’ , \; = 1.
Now,

EEV = E[(X(to) — X (t0))?]

This can further be expressed as,

53D EDA(X (1) — X (1)) + (X(1) — X (10))?

i=1 j=1

+ (X (to) — X (t;))” — (X(to) — X(t0))*}]
which can be written in terms of the process variogréith) = ;s E[(X (t) — X (¢t + h))?] as,
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EEV = =V(to—to) = > _ Y ANVt —t;) +2) NV (t — to)
i=1 j=1 i=1
on which we now need to perform a minimization. Expressing this in matrix vector form and
denoting the vector(X (t1), X (t2),..., X (t,)) by XT and (A, e, ..., \,) by AT we have
X(ty) = ATX. The requirement for the sum of the lambdas to be 1 is captured by the vec-
tor equation\”1 = 1, 1 being a column vector of ones. It is now possible to express the
EFEV in matrix vector form as,

EEV = -V (0) = NTVA+ 2\,
whereV is then by n matrix,

V(ty —t1) V(ti—ta) -+ V(ty —t,)
Vtao—t1) Vta—ts) -+ V(ta—ty)
V=
V(t,—t1) V(t,—t2) -+ V(t,—tn)
and
V(ty — to)
V(ty — to)
Vo =
V(t, — to)

We need then to find the vector that minimizesE EV = —V (0) — ATV A +2X\TV; subject
to the constraint\”1 = 1. Using a Lagrange multiplier this constrained minimization problem
can be converted into the unconstrained problem of minimizing,

E=-V(0) = ANVA+2\"V - 21(A"1 - 1)

Differentiating, setting the derivatives to 0 and solving the equations gives,

- 1TV, -1
1TV

As V(0) = 0 we have that th&ZEV = —\TV X + 2TV}, which returns a minimum value of
M'(Vp + 11) since the equation) = V(1 — [1) impliesV A =V, — (1.

We note the fact that both the values of the constants in the linear combination and the ex-
pression for the estimation error variance itself are functions of the variogram.

and \=V"1(1,—11).

4. THE ESTIMATION ERROR AND INDUSTRIAL PROCESSES

Efforts to monitor and control manufacturing processes, with the ultimate aim of ensuring the
quality of manufactured product, frequently focus on information obtained from regular product
samples. From this data, decisions need to be made on whether or not process adjustments are
warranted. For processes producing discrete product items the notion of control frequently
revolves around the assumption that data from successive samples are uncorrelated and that
process stability is the norm from which control decisions can sensibly be made. In such discrete
manufacturing environments, individual items are of significance and statistical tools to aid in
control frequently appear in simple graphical form. Various so-called capability indices are
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6 NEIL S. BARNETT

regularly used to connect process behaviour with product requirements and even to help assess
the overall quality of batches of final manufactured product.

There are, however, many industrial processes, manufacturing and otherwise, that do not
model so simply, particularly is this the case for products that appear as continuous flows as
for example in the chemical manufacture of liquids, gases and granular materials. Data from
successive samples are frequently correlated and processes seldom meet the stable norm as-
sumption of discrete manufacturing. Furthermore, in such environments the quality of product
has no ‘individual’ meaning in the sense that it does for discrete manufactured items. These
and other differences are demanding of a different approach to monitoring, control and product
assessment. For these there is considerable potential for use of the process variogram in the
context of the industrial operation being a continuous space, continuous time stochastic pro-
cess. The need for continual product assessment over time in the form of quality estimation
from sample data means that the estimation error varidfleE®)(assumes considerable impor-
tance. As has been illustrated in a ‘micro’ sense in the technique of Kriging, it is true also in a
more ‘macro’ sense that the process variogram and the estimation error variance are integrally
linked. We will see this in connection with the estimation of the product flow mean using a
single sample value or, more commonly, using the mean of a number of sample values.

5. CONTINUOUS FLOW STREAMS

In [11], Saunders, Robinson et al introduced a method for assessing the quality of a product
that is delivered by means of a continuous, constant flow stream. The technique involves es-
timating the flow variogram for ‘short’ time intervals and then estimating the flow mean of a
particular product characteristic over a given time using the average of a number of collected
sample values. They obtained an expression for the estimation error variance of this procedure
in terms of the short lag process variogram, making special note of the case where the short lag
variogram is linear.

Barnett et al, in[[4], considered calculation of the estimation error variance under circum-
stances where the stream flow rate varies and where the variogram is either linear or negative
exponential in form. The objective of their paper was to focus on the most appropriate location
at which to sample within an interval of pre-determined length, so as to minimize the estimation
error variance. The authors also placed the results of their paper in the context of a manufactur-
ing environment. Subsequent papers by Barnett and Dragomirlet all[2],][1].][3], [5] examined
inequalities associated with the estimation error and the estimation error variance. This current
paper brings these and a number of other results together.

The paper by Saunders, Robinson et al [11] was set in the context of assessment, the authors
did not deal with the issues of monitoring and control, which are additional requirements in
the manufacturing environment. Once their technique and variations of it are considered in the
context of manufacturing, however, the issue of monitoring and control naturally arises.

There are many situations where a continuous stream is the mode of product delivery and
where stream assessment alone is required. The example of ore delivery, cited in [11], is a case
in point. There are, however, other situations of delivery where, in addition to assessment, there
is also the opportunity to exert a limited degree of control on the stream, for example, by varying
the flow rate or re-directing flows. In this respect the extension to consideration of non-constant
flows, introduced by Barnett et al in/[4] is relevant. Further still, there is the manufacturing
environment where on-going assessment, monitoring and control are all required and, at the
same time, there are a number of control opportunities available.
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Continuous production streams are generally flows of product consisting of liquids, gases or
fine granular material. Such streams are found commonly in the chemical processing indus-
tries where a range of chemicals and materials undergo a chain of manufacturing stages before
becoming important additives in other manufactured products.

An essential characteristic of a continuous stream is that the ‘quality’ or general status of the
product being conveyed is determined, not in an individual way, but in bulk sense.

In the chemical processing environment, typically, ultimate product status (quality or key
characteristic) is established in batch mode (e.g in a tanker, truck or silo) dependent upon the
manner in which the product is being stored or transported. In the absence of continuous moni-
toring, this status is generally estimated on the basis of periodic grab samples of product taken
either during the final stages of production and/or when it is decanted from large containers into
smaller ones for the purpose of transportation and delivery. There are many practical issues that
surround the collection and analysis of this data and these all impinge on the reliability of the
declared status of the product to the customer.

Whilst it is sample characteristics that are used to assess the product status, there is a dis-
tinction here that needs to be made between assessing production of discrete items as opposed
to assessing product that is processed, manufactured or conveyed in a continuous stream. For
the former, it is rarely appropriate that the product be assessed in an average sense but rather
assessment focuses on individual manufactured items. For continuous streams, however, there
is no clearly identifiable ‘item’, so the norm is to evaluate and assess product on the basis of an
average of sample values.

6. ASSESSMENT COMPENSATION AND CONTROL

There is a difference between sampling for the quality assessment of a production batch and
sampling for process control purposes.

In quality assessment, we use data in a historic context in order to summarize a batch of final
product. For monitoring and control purposes we use the sampled data, as it becomes available,
to make process adjustments, as necessary, in an attempt to preserve the stipulated status level
of the batch of which the sample is a part. We can reason that this could also be done on the
basis of a forecast provided we can develop a reliable forecasting method.

If we talk in the context of a manufacturing environment, the issue of control stems from
individual characteristics of the process as well as from occasional events that we aim to avoid
in the future if possible. Many processes are partially and some even completely, computer
controlled (engineering control). Under these circumstances a range of automatic controllers
regulate various parameters of the process using well established algorithms that attempt to
‘force’ the product to be manufactured as required. Inherent in the operation of such controllers
is the notion of taking compensatory action as a consequence of the critical characteristic vari-
able not being precisely the intended value at its most recent observation. To do this effectively
we need to know the general pattern of behaviour of the characteristic in question and to know
the nature of any delays in changes to it caused by changes to production parameters.

In an attempt to stabilize a process or make it stationary with respect to one or more critical
characteristics, deficiencies in the values of input variables are frequently compensated for using
automatic controllers. Some of these variables may be dependent on one another and so to
provide a stationary process their interdependence needs to be understood.

Statistical process control, on the other hand, is geared to keep in harmony with an existing
stable state and to adjust only when this stability appears to have been lost. Inherent in this
approach is the assumption that stability is a viable norm but, unfortunately, this is not always
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8 NEIL S. BARNETT

the case. Compensatory control, on the other hand, is involved with constantly adjusting process
inputs in order to achieve its objective.

In the absence of a completely computer controlled environment, data has to be deliberately
and continually sought in order to facilitate manual judgments on how to further adjust the
process in order to achieve desired goals. This may well be done on the basis of conformance
to a particular statistical model, this is only of merit, however, if such conformance is consistent
with delivering the specifications that have been imposed on the product.

Whilst it is now standard procedure to control many basic process variables by computer con-
trollers, it is not unusual to find that other process factors prevent the achievement of stability,
even with these computer controllers operable and correctly tuned. Hence, even under com-
puter control we are frequently faced with a non-stationary process through which an ‘orderly’
product has to be manufactured.

Whilst computer controllers can be easily used to regulate such things as temperatures and
flow rates, they can seldom, for example, deal with issues related directly to the ‘quality’ of raw
materials unless the precise consequences of a drop in raw material quality is known. Many
industries use as their basic raw materials, substances that are the by-products of other indus-
tries, which are materials that other industries do not want and consequently do not control. In
many instances, such by-products are lacking in consistency or uniformity, which makes their
further processing in a predictable manner, at best difficult. It is, therefore, not uncommon for
there to be computer control yet non-stationarity in the ‘controlled’ process. Add to this the fact
that many industrial processes are essentially chemical reactions and whilst there is generally
a considerable body of knowledge about the reaction itself and what makes it function, a full
knowledge of ‘what makes the process tick’, is often lacking. As one industrial chemist put it,
there is an element of ‘witchcraft’ in most processes. These are aspects of the process that are
not fully understood and frequently interfere with predictability. Under such circumstances the
challenge is to effectively further adjust the process in order to deliver an acceptable product.

It should also be noted that in certain non-manufacturing environments the need for stream
monitoring occurs in situations where there is absolutely no way of controlling the input vari-
ables. It has become common for sewage treatment facilities, for example, to exploit the treat-
ment process to collect methane gas and to use this to generate power to off-set the costs of
treating the raw sewage further. Controlling the production of methane gas requires knowledge
of incoming loadings and certain characteristics of the effluent. Few sewage treatment facilities,
however, can control the volumes or the nature of their inputs.

The reality is that there is the need for stream assessment in situations where there is total
computer control, partial computer control or where no computer control exists or is even pos-
sible. There is also the need for ‘control’ of products that are delivered by a process that is still
non-stationary despite a certain degree of compensatory action having been taken.

7. THE BAsIC MODEL

In what follows, both from the perspective of assessment and control, we assume that the

status of a continuous production stream at a timafter commencement, is denoted Xyt).
This status will generally refer to some critical characteristic of the product that directly af-
fects its utility and consequently its quality. Grab samples of the product are required and
are taken at timeg,, ¢, ...,t, and, following testing or measurement, provide data values,
X(t1), X(t2), X(t3),...,X(t,). If we now suppose that the actual mean status of the stream
over a time interval0, 7], assuming a constant flow rate, is our focus, then it is denoted by,

_ 1 (T

X == X (t)dt.

7)., (t)
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Further, if we seek to estimate this by using the sample values collected, then it is logical to
perform this estimation using the sample mean,

e

We here assume that there is no reason to give precedence to particular sample values and so
they are assumed to be of equal ‘weight. How good the estimation is, is wrapped up in the
estimation errorlX — Xn}. A reasonable statistical measure of how well this estimation does

the job, is the estimation error variandeHV), defined as,

EEV = E ((X - X,,)%) ( / X(t dt——ZX )

If we now contemplate obtaining a numerical value for this, it is clear that its value depends
not only on the process values collectedtatt,, . . ., ¢, but on the stochastic behaviour of the
process X (t), itself. Whilst the sampling times may well be at our discretion or choosing, the
nature ofX (¢) is not, although its nature is likely the result of what we have set up or the end
result of our attempts to regulate the proceisz) is then frequently the manifested process
after the effects of certain control actions have occurred.HEE¥ can be expressed in terms of
the process variogram as,

EEV———ZZVt—t / / V(u—v)dudv

=1 j5=1
T n
ZV(u—ti)du
=1

As Saunders et al [11] point out, in principle this can be evaluated numericallyloficdas
been estimated but the expression is inherently unstable which is likely to give accuracy prob-
lems. In any event, seeking a more analytical approach is likely more interesting with the
potential to tell us far more about the general structure of the problem and its solution.

Having defined the stationary variogram of the procEss) as,

V(w) = 5B (X(s + )~ X())),

we further stipulate that' (0) = 0 andV (—u) = V(u). This means that from a purely mathe-
matical perspective a model fof(u) is likely to have a jump discontinuity at the origin. If not
a discontinuity then almost certainly the origin will be a point of non-differentiability.

Focusing on the case where the variogram is indeed stationary we expect, for the practical
application area under consideration here thdy) will be strictly increasing on: > 0. The
actual variogram in any instance will generally be unknown and so will need to be estimated
from sample data. Such sample variograms may have non increasing features due to sample
fluctuations or, commonly, as a result of insufficient data values being available to provide
reliable estimates of the variogram for large time lags.

It is important to realize that assuming tHéatu) is stationary is not equivalent to assuming
that the processX () itself is stationary. The former is a less stringent condition and means
that assuming merely that the variogram is stationary enables us to include in our consideration
some processes that are, in fact, non-stationary. Of cour&g)fis stationary then so too is
V(u).
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In order to conceptualize further just what the variogram actually represents with regard to
the process in continuous time, consider the situation wkién is indeed stationary. In this
caseE[X(t)] = E[X (t+u)], E[X?(t)] = E[X*(t+u)] andCov[X (t), X (t+u)] is a function
of u only, designated by(u). It follows then, by simplification, that,

V(u) = o* = y(u),

whereo? is the stable process variance ay{a) is the process autocovariance of lagn this

case, the variogram is the difference between the stationary variance and the autocovariance
function. A more general descriptor of the variogram is given by Saunders et al in [11], as the
average smoothness of the process. For a manufacturing process that is stationary the expecta-
tion is thaty () will diminish with increasingu. These features lead us to expect a functional
representation for the variograir,(u), of a stationary process to eventually level off. Non-
stationary processes that have a stationary variogram are typified by having the variance at
points lagu apart steadily increasing asincreases rather than tailing off as for the stationary
case.

Generally speaking, the variogram can be conceptualized as representing, in the case of a
chemical reaction for example, the actual stochastic dynamics of the reaction itself under basic
control and this would not be expected to vary appreciably over a reasonable range of process
adjustments, if process adjustments are indeed called for. If there is any doubt over this assumed
robustness of the variogram to process adjustments, as the process is sampled for process mon-
itoring purposes, and if necessarily adjusted, we can also plot the sample variogram in order to
glean possible evidence of any change.

We focus here, however, primarily on the issue of product assessment on the basis of prod-
uct samples. If we consider a single product sample taken at timiaen for constant flow
streams Barnett et all[4], have shown that on the basis of minimizingEvethis sample best
represents the product flow over an interval witlas its mid-point, irrespective of the exact
functional form of the process variogram, other than it being stationafy.dénotes the mean
characteristic of the flow over the interval, assumed, without loss of generality( o dethen
the error variance of estimating the mean characteristic by the single obset¥atipat timet

is given by,
(é /OdX(u)du — X(t)>2]

_ %E [/Od /Od (X (1) — X(£)(X(0) — X(t))dudv}

_ —%/Od/odV(v—u)duvar%{/OtV(u)dqu/Od_tV(u)du}.

To confirm the assertion with respect to this being minimal when the sample is taken at the
mid-point of the interval0, d),we have only to differentiate this expression with respeat to
and place it equal to zero in order to obtdif(t) = V' (d — t). From the assumed monotonicity
of V(¢) it follows that the optimal sampling location istat= 4, irrespective of the specific form
of the process variogram.

The importance of th&EV is evident since it impacts on the reliability of our estimation of
product quality.

It should be noted at this juncture that the issue of estimating the mean flow characteristic by
a single sample value is essentially the mathematical problem of estimation of the mean of a
continuous function over a finite interval by a single value lying in the interval. Attempts to put
a bound on this difference is the substance of Ostrowski’s inequality which has been the subject

B(X - X(1)) = E
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THE VARIOGRAM AND ESTIMATION ERROR IN CONNECTION WITH THE ASSESSMENT OFCONTINUOUS STREAMS 11

of much generalization over recent years, see for example [8] and the many references given
there.
It can be seen from the foregoing that tBEV is a function of the variogram alone which
in practical terms means that knowledge of the variogram @¥ef) is sufficient information
about the process to determine tigV.
Whent = ¢ this gives,

(X—X(g)ﬂ :—%/Od/OdV(v—u)dudv%—%/og V(w)du,

and this, for the linear variograny,(u) = A + Bu, simplifies to give:-

B
(7.1) EEV = A+ ?d.

E

From practical considerations then, we need to be able to be confident of both the functional
form and the value of the parameters of the process variogram and then we can find the error
variance of estimating the flow mean over a given period by using a single value taken centrally
from it. Generally, we will be estimating the mean characteristic of the flow over a given time
period, not by a single sample value, but by the average of a number of sample values. This is
dealt with in the next section.

8. STREAM ASSESSMENT ON THE BASIS OF THE SAMPLE M EAN-SOME EXACT
RESULTS

It is frequently the case that the mean characteristic of a continuous stream over a period,
[0, T is assessed by reference to the mean of a number of samples taken from the stream over
the same period. In other word§, = 3" | X (¢;) is used to estimat& = %ftzoX(t)dt.

The reliability of so doing is gauged by the estimation error variance,

In order to develop a procedure for evaluating this we need to proceed in a manner similar
to that presented in [11]. We suppose that the intefoal]] is divided intor individual time
intervals, [(i — 1)d,id], i = 1,2,...,n. We assume that by design, or for simpliciff, is
exactly divisible byd and sod = % If we now letty, ts, 13, ..., t, ben sampling times where
t; € ((i — 1)d,id) then we can show [11] that:-

EEV = _%ZZV(“ —t)

i=1 j=1

1 (T T 9 (T N
_ﬁ/u:(] /vZOV(u—v)dudv—l—ﬁ/u:();\/(u—ti)du.

The number of samples (collected at a constant interval apart) is taken to define a sub-interval of
length,d = ~ and the ‘best’ sampling times are &t,= 4, t, = 3¢ t; =% .. ¢, = @d.
Throughout, ‘best’ is used in the context of providing the smaldsY amongst all possible
sampling point options once the time between the start of taking successive samples has been

decided.
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Clearly,
-1 1 1 _
X =- - du=—Y X(i
nzd/u L K= 03X,

and so thé&EEV can be written alternatively [11] as:-
1 n n
EEVZ_zZZ( / / V(u—v)dudv
n (i—1)d (j—1)d

i=1 j=1
IR
d u=(i—1)d d v=_j—1)d

with ¢; = @d andt; = 2J Ud. Now the terms of th&€EV corresponding ta # 7, for
the situation when the varlogram is linear, can be shown to be equal to 0. This can be done
by specific direct evaluation, by a general Taylor series expansidf{©f or by obtaining an
upper bound for individual terms of tHeEV for i # j in terms of the second derivative of the
variogram using the following two-dimensional Ostrowski type inequality obtained by Barnett
and Dragomir in([2].

Let f : [a,b] X [¢,d] — R sothatf(-,-) is integrable orja, b] x [c,d], f(z,-)is integrable on
[c,d] for anyz € [a,b] and f(-,y) is integrable orja, b] for anyy € [c,d], f,, = ;%gyexists on

% f(x,y)
Ox.0y

(a,b) x (c,d) and is bounded i.e|| t|| = SUD(y ) (a.b)x (c.d)
the inequality:-

ab/cdf(s,t)dsdt— b —a) /Cdf(:z:,t)dt

#a=0) [ s - (@0 - @)

<[io-ors (= 5) Jfrumors (- 5)

for all (z,y) € [a,b] x [c,d].

If we now apply this inequality fotf (u,v) = V(v — u) and with ‘a’= (i — 1)d, ‘b'= id,
‘= (57— 1)d, " 'd = jd we get, under the assumption thais twice differentiable and with the
second derivative bounded,

id jd
‘/ / V(v — u)dudv
(i-1)d J (j-1)d

jd id
- [d/ V(v —z)dv + d/ V(y —u)du — d*V(y — x)] ‘
(j-1)d (i-1)d

1, d(2i —1\?| |1, d(2j —1\°

and forV/ (-) being linear the LHS must be O.

< 00, then we have

174

<

"
IV s »
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Hence,

1 n n 1 id id
EEV = — (——/ / V(u — v)dudv
n? Z Zl & Ju=(i=1)a Ju=(i-1)d ( )

=1 i=
+ - Viu—=2:—1) ) du
d Ju=(i-1)d 2( )
which further simplifies to:-

I = 14 2 4 d
EEV:EZZ 2/ uzoV(u—v)dudv—l—a u:Ov u=—3 du |,

=1 =1

where the argument of the summation can be shown to be [11]:-
d
/ w(uw)V(u)du, where w(u) =
0

For V(u) = A + Bu in this interval, the result is easily seen to bEEV = 1 (A + 1Bd),
whereT = nd, giving EEV = 1 (A + L) 'and [7.]) as a special case whe: 1.

When a Taylor expansion df (u) is made for the case wheie# j (for the general case
where there is no assumption regarding the forriv' 6f)) the lowest order derivative df that
appears in the terms of tHeEV is 4 [11]. This means that not only if the short lag process
variogram is linear does,

EEV = E (X, - X)? ZE — X(9)?,

but also when the short lag process variogram is quadratic or cubic. When the process variogram
isV(u) = A+ Bu+ Cu? it can be shown again, that,

EEV = S (A + le) :
n 6
When the process variogramli§u) = A + Bu + Cu? + Du? it can be shown that,

1 Bd 3D
EEV=—(a+2%_ .
n< T TR0 )

9. GENERALLY BOUNDING THE ESTIMATION ERROR

The estimation error itself of estimating by X, is given by |X — X, | and theoretical
bounds for this can be obtained by using another variation of Ostrowski’s inequality. In [8] the
authors obtain the following inequality for differentiable functiofiéy),

h2 5 T; + Titr1 2
’ 2

1

/abfcv)dx Y fen

=0

-1

< 1Ml Z

where|| f'|| . iS supie(ap [f/(t)] < 00,a =29 < 711 < -+ < 7,y < 1w, = bis an arbitrary
partition Of[a, b] andhi = Tjy+1 — Ty, 52 S [xi, ZL’H_l], 1=0,1,2,...,n—1.
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If f( ) is chosen to be the stochastic proceXs¢), (assumed differentiable) then clearly
= L [T X(t)dt andX, = LS | X, Takingb = T,a = 0, & = “*2# anda, = iZ, T
belng the tlme duratlon over which the process is being assessed, we have,

< IX'Ol T )H

/X t)ydt — = ZX

which provides an upper bound for the estimation error for a particular class of process.

Sampling is generally considered to be an instantaneous operation which in practical terms
means that the time to collect a process sample is negligible compared with the time between
commencing successive samplings. The author has, however, met situations where the sampling
time is appreciable in this sense.

When sampling is not instantaneous the estimation error can be considerefd\@he-
X (p)| whereX (T) is merelyX andX (p) = % fs”’X (t)dt, s being the time at which sampling
commences and + p the time at WhICh it |s completed. To obtain a bound for the estimation
error, in this case, we can use another variation of Ostrowski’s inequality given by Barnett and
Dragomir [5], that is,

If f:[a,b] — R is an absolutely continuous mapping [enb], [c,d] C [a,b] and| f’||, is
SUPye(ap) | 1'(T)] < oo, then,

s [ o= [

(d—rc) 1
S(Z(b_a)+ 2 +b—a{

For application of this result to estimation of the mean flow quality we take0, b = 7" and
c=s,d=s+pwith s + p < T. With respect to the times, at which sampling commences

it is interesting to note that with reference to the mid-point of the time period over which it
is desired to estimaté, (0,7, if sampling commences at the mid-point then the bound is,
(32) | X" (¢)]| .- If sampling concludes at the mid-point, however, the bound for the estimation

error variance is,(2+2) | X'(t)||, a proportional change of ;- The tightest bound is

provided when sampling is symmetrical about the mid-point of the interval, i.e. @heﬁ%
in which case the bound is:-

c+d a+b| d—c]? ,

x0-x0) < (T22) Ixol.

Whilst this result points to the most appropriate sampling regime, it is, together with the pre-
vious result for bounding the estimation error when sampling is instantaneous, largely of the-
oretical interest since neithé¥(¢) nor X'(¢) will, in general be known. The desire for more
practical results leads us to consider the estimation eanance rather than the estimation
error itself,.
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10. BOUNDING THE ESTIMATION ERROR VARIANCE - SINGLE VALUE ESTIMATION

Considering first the situation of a single value used to estimate the flow mean characteristic,

we have:-
(Cll /OdX(u)du — X(t))2]

_ %E Uod /Od (X (1) = X (1) (X (v) — X(t))dudv}

_ _% /Od /OdV(U — u)dudv + % {/Ot V() du + /Odt V(u)du}.

In order to obtain bounds for this expression when we make no specific assumption about the
form of the variogram, we can again appeal to the bivariate generalization of Ostrowski’s in-
equality [2], used previously.

If we use it for f(u,v) = V(v —u) and witha = ¢ = 0, b = d, we get, under the assumption
thatV is twice differentiable and with the second derivative bounded on that interval,

B(X -~ X(1))] = E

/Od /Od V(o — u)dudv— {d /Od V(o —a)do + d/od Vi — u)du— &V (y - :1:)} ’

1 d\’| 1 AN .
< Zd2+ (x—é) ] [Zd2+ (y_§) V",
forall z,y € [0, d].
If we now letz = y = ¢, we get,
d d d d
//V(U—u)dudv—[d/ V(v—t)dv—i—d/ V(t — u)du]
0 0 0 0
1 A\’
) /
< Zd+(1t—§> V.. -

Further simplification gives,

%/Od /OdV(v — u)dudv — ?l {/OtV(v)dv + /Od_tV(v)dv]

<

U

R

1
o |

From this,

E[(X - X(t)] <

L9
S e

The best inequality that we can get is that for which ggiving the bound,

(x-x ()] = 6w

It should be noted that this result requires double differentiability of (—d, d) and that this
condition will frequently not hold, for example, for the case of a linear variogram.

E
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The following results, however, do not require this differentiability restriction and they in-
clude commonly used variogram models as special cases.

A mappingf : [a,b] C R — R is said to be of the~-Holder type withr € (0, 1] if
|f(x) = f(y)] < Hl|z—y| forall z,y € [a,b] with a certainH > 0. If » = 1 then the
mapping is said to be Lipschitzian. Also, any differentiable mapginda, b — R having its
derivative bounded ifa, b) is Lipschitzian on(a, b). Should the variogram be of the-Holder
type then we are able to use this property to obtain a bound fd e

We have, in the foregoing, seen that,

d pd
0<E[(X —X(t)?] = %/ / V(v—1t)+V(t —u) — V(v — u]dvdu.
0 0
If V(u) is of ther—HOolder type then,

Vio—t)=V@w—-u)|<Hlv—t—v+u|"=H|u—t|", forallu,v,te]l0,d.

Also,
Vit —u)|=|V(t—u) —V(O)|<HI[t—u|", forallt,ze0,d].
We have, therefore,

B[(x - X)) = %/Od/od V(W —t) 4+ V(t—u) — V(v —u)]dvdu
g%/Od/od\\/(v—t)—V(v—u)+V(t—u)|dvdu
<o [ [ We-t-vie- v ol
g%/Od/Od[th—u!T+H|t—u|r]dvdu
-4 0d|t—u|Tdu
:%{/Ot(t—u)rdu—ir/td(u—t)’“du}

d r+1
We have thus shown that for a variogram of theHdlder type orf—d, d| with H > 0,
r+1 _ 4\l
<ﬁ{t +(d—1) ]< 2Hd

B 2H |:tr+1 + (d_t)r+1:|

EEV =E[(X - X(1)’] <~ o <=

If V' is Lipschitzian withZ. > 0 then this becomes (with = 1),

L g’)Ql Ld.

EEV =E [(X — X(t))*] < I =

Representing™ ™! + (d — t)"! by g(¢) it is easy to see that the mapping [0, d] — R is such
that,

X d dr+1 r—+1
b g(t) =g (5) = and supwepag(t) = g(0) = g(d) =d"".
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From these we can again deduce that the bound is at its smallestwhénwe then have:-

(X—X (g)ﬂ <2
(r-x (3)) ] =3

If the variogram is in fact of the—Holder type then th&EV itself can be shown to also be of
the r—Holder type with constar?H rather than thed that is the constant for the variogram

[3].

E

For the Lipschitzian case,

E

11. THE CONVEXITY OF THE EEV

If the variogram is monotonic non-decreasing[ond] then theEEV of estimating the mean
flow in [0, d] by a single value in the interval{[( X — X (¢))?], is convex on0, d].
Since the

EEV = E,(t) = d2// U—ududv+d{/ V(u)du+/0d_tV(u)du},

thenE, (t) = 2[V (¢)
If t1,19 € [O, d] andtg >t then,
Ey(ty) — Ey(ty) — (t2 — 1) E, (1)

-2 ([ V(u)du — /d_tl V(u)du + (ts — )V (1) + (b2 — 0)V(d — t1)> -

1 d—ta
SinceV is non-decreasing on the interyal d] we have,
d—tq

/tQ Viw)du > (b — )V () and Vw)du > (ts — )V (d — 1)

t1 d—ta
and these imply that

E,(t2) — E,(t1) > (to — t1)E.(t;) forallty > ¢, € [0,d],

showing that&,(-) is convex on0, d].

12. BOUNDING THE FEV WHEN USING A SAMPLE MEAN

We now consider the case where we have an average of sample values available to us to esti-
mate the flow mean characteristic in an intergall’] where we have a fixed sampling interval
of d with nd = T'. The results follow similarly to the previous simpler case where 1.

We have previously seen that we can write,

E(X - X,,) _HHZZ/” /@ Viu—v)+V(u—tj)

=1 j5=1

+ V(tl — ?J) — V(tz — tj)} dudv.
Applying the Holder property to the integrand,
{V{u—1t;) =V(u—v)} +{V({ti—v) = V(t; = {;)}
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we have,
V(u—t;) = V(u—v)|<Hlv—t;/" and |V(t; —v) =V (t; —t;)| < H|t; —v|"

with v andt; € [(j — 1)d, jd] C [0,T].
Therefore

|E(X - X,)*| =

ZZ/ ]1)d/ o V(u—v)+V(u—t)

i=1 j=1

2d2

;gﬁjijf/‘ L/ (IV(u—t;) = Viu—0)

+|V(t; —v) = V(t; — t;)| tdudv

id
Hlv—t;|"+ H |t; — v|" }dudv
ndeZZ/“)d/u:(H)du o)

=1 j=1
2H

t] jd
— 2. + /U:(j_l)d (t; —v)"dv +/tj (v — tj)rdv]
Hd" 2H (TN
B 2r=1(r+1) Tl (%)
which for the Lipschitzian case gives the bound%s

IN

I/\

13. BOUNDING THE EFEV WHEN THE FLOW RATE VARIES

We suppose that the stream flow rate at tirrgegiven byY (¢) and that the stream is sampled
attimest, t-, 3, .. ., t,, distancel apart, at which the flow rate is also recorded, affording two
values at every sampl& (¢;), the flow characteristic & andY (¢;), the flow rate at time;.
The mean characteristic of the flow oV@r 7] is then estimated by the mean of the sample
characteristic values weighted by their flow rate, givingEi&/ as,

JIY@Ox@d Y v)x)]
Iy (t)dt > i Y (t:)

It should be noted that for the following analysis to make sense the flow rate function is assumed
deterministic for allt € [0, 7] meaning that it is not subject to a probability distribution but is
rather an entirely controlled and known function. There are, of course, many other practical
circumstances that can arise, these include the situation where the flow rate is kept constant
for a period of time and is then deliberately ramped up or down and maintained at this new
constant flow level for an assigned period of time when it is likely changed in a similar manner
again. Provided the appropriate practical set of circumstances exist, then it may be possible,
in this case, to view the total behaviour of the flow ol\@rT’| as simply a number of separate
constant flow rate periods - for all intents and purposes the flow rate change being assumed
instantaneous.

A similar yet different situation can arise when the only known flow rates are those observed
at the time of sampling. Under these circumstances the individual flow rates can be used as
assumed constant flow rates of the stream over the time period for which the individual sample
values are being taken as estimates of the stream.

J. Inequal. Pure and Appl. Math6(5) Art. 143, 2005 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

THE VARIOGRAM AND ESTIMATION ERROR IN CONNECTION WITH THE ASSESSMENT OFCONTINUOUS STREAMS 19

Assuming, however, that we have the first situation of completely known, deterministic flow,
the integral ovef0, T'| can be broken down into its component parts to give,

EEV:( ! )
Jo Y(8)dt- S50, Y (1)

n n jd 2
x B (ZZY /( o XY (t)dt—> Y X ()Y (t;) /(j Y(t)dt)

=1 j=t =1 j=1

which gives further,

EEV:( ! )
Jo Y(®)dt- S50, Y (1)

(X(t)Y(t)Y(ti)—X(ti)Y(ti)Y(t)dt> .

Expressing the squared component within the expectation as a double sum and double integra-
tion and taking the expectation, noting thaft) is assumed deterministic, we have,

EEVz( ! )
Y (-3 Y 1)

n n n n id
x (;Z;Z; / o / :(i_l)dY<ts)Y(tk)Y(u)Y<v){—V(u—v)
+V(u—1t;)+ V(t; —v) = V(t; — t;) }dudv

If we now consider the case for a linear flow rate functibi,) = At, the integrand / summand
becomes,

Attitpuv{=V(u —v) + V(u—t;) + V(t; —v) = V(t; — t;)}.

We now assume that the variogram is of the Holder type. Applying the Holder property to the
integrand,

Vu—t;) =V(u—0v)} +{V(ti —v) = V(ti = t;)}
we get,

V(u—t;) = V(u—v)| <H|v—t;]" and
V({ti—v) = V(ti —t;)| < H|t; — vl

with v andt; € [(j — 1)d, jd] C [0,T].
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We have, therefore,

EEVg( & )
Yt T Y )

<HZ 1/(“ /( )”kuv{|—V(u—v)+V(u—tj)y

Jj=t k=1 s=

V(=) =Vt — 1))} dudv),

which gives further,

EEV < ( x )
Jo Y(&)dt- S50, Y (1)

(ZZZZt tk/ /id Huv{|v —t;]" + |t; —U\T}dudv>
(J-1)d Ju=(i—1)d

i=1 j=i k=1 s=1

vt wr.v0)
S eSS Y (1)

20999 WY ST

i=1 j=1i k=1 s=1

(v )
SV @ LY

(EEE (B v o)

s=1 k=1

If we integrate by parts and once again assume that each sample represents an interval of length
d symmetric about the time of sampling (central sampling), then we have:-

— &*H (fo A > (ZZtth (20 — 1)

dtZZIY s=1 k=1

X (i (% (j— 2@12)) + ergi 0 (j_1+ 2(r1+2)))>> ’

j=1

which reduces to,

(e ) (S5 B veie)

dtZzly s=1 k=1

giving, finally, W

If we once more take the case where= 1 we again obtain the bouneﬁ%. It should be
noted, however, that when the flow rate varies, central sampling is not the ‘best’ from the point
of view of minimizing theEEV, whether this is sufficiently significant to warrant taking into
account would need further investigation.
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14. CONTROLLING A CONTINUOUS FLOW PROCESS— CONCLUDING REMARKS

In this paper we have directed attention to the estimation error and estimation error variance
in connection with the assessment of continuous flows. In passing, mention has been made of
the necessity, where such flows occur in the manufacturing environment, of also controlling
such streams and this will invariably mean adjusting the generating process as the need arises,
over and above routine control. One approach to such control is to proceed on the basis of a
running mean of sample values. Whether this is a suitable approach or not will depend on the
specific practical context and, in particular, on how the product is stored immediately follow-
ing manufacture. Granted that these running means of the flow characteristic under focus are
merely a surrogate for the actual continuous flow mean characteristic, we again face the issue
of estimation error.

In all that has been presented the variogram has been assumed stationary. In particular, the
final assessment of the product stream is dependent on this stability so we need to be confident
that any additional process adjustments do not appreciably impact this. Saunders ét al [11]
discuss stream assessment when the variogram is non-stationary.

In proceeding on the basis of control that is focused on the value of the running mean, we can
contemplate forecasting a next process value and use this to construct a forecast of the running
mean. In so doing, we can consider using a technique that is similar to the method of Kriging.
A detailed discussion of such control, however, is reserved for a subsequent paper.
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