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ABSTRACT. In this paper we obtain a generalization of Lipschitz’s classé$gs, p, r) defined

in [1]. We give necessary conditions for even or odd functions with Fourier series to belong to
the classed™ (p, r, «). We also give sufficient conditions for even or odd functions with Fourier
series to belong to the same classes.
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1. DEFINITIONS AND USEFUL STATEMENTS

We consider the series

(1.2) % +;an cosSnx

or

(1.2) Z a, sinnx
n=1

wherea,, are Fourier coefficients of integrable functign
Definition 1.1. We say that a functioyf belongs tdV A7, (1 < p < oo) if

00 [e's) p
an’2 (Z |Aak|> < 400
n=1 k=n

whereAa;, = a;, — a1 (seel[l]).

We say that any function(t) is a function of typer (see [4]) if it is measurable if0, 1],
integrable info, 1] for eachd € (0, 1), and there exist real numbets , > 0, o andd, € (0,1)
such that

(1) a(t) > Cy 4, forallt € [0, 1];

096-08


mailto:xheki00@hotmail.com
http://www.ams.org/msc/

2 XH. Z. KRASNIQI

(2) fo‘s a(t)t*dt < oo for eachs > o andd € (0, dy);
3) fo‘s a(t)t*dt = oo for eachs < o andd € (0, dy), and

d 20
/ a(t)t7dt < 025"/ a(t)dt.
0 [

In [1], the classed™ (g3, p,r, ) are defined in the following way

Definition 1.2. f € A™(5,p,r,), if

m ! 2 Am x,t p %dt %
HfH(ﬁ’p)mz{/o UO Sl J;ép ) dx] 7} < +00,

wherel < p < +00,1 <r < 400, >0,m € Nand

m

Apf(z,t) =Y (=1)'Cl flz+ (m — 2i)t].

i=1
Now we define classe¥™ (p, r, ) as follows:
Definition 1.3. We sayf € A" (p,r, a), if

m) 1 on ) g T
‘Umm:{éaﬁkél&ﬁ@ﬂhﬂ ath < oo,

whereq(t) is function of the typer.

Fora(t) = "%, 3 > 0, we get the classes™ (3, p, r), considered in [1]. Therefore classes
A" (p,r, o) are generalizations of class&® (3, p, r).
We need some auxiliary statements.
Lemma 1.1([2]). Leta,, b, and3, be numbers suchthat > 0,5, > 0and 7 a, = a,0,:
(1) For 0 < p < 1 the following inequality is valid

00 v p 00
S, (zbu) oS 0 (b
v=1 v=1

pn=1
(2) For1 < p < oo we have

> ay (Z bu) <Y a (b))
v=1 pn=1 v=1

Lemma 1.2([2]). Leta,, b, and~,, be numbers suchthat > 0,5, > 0and)_"_ a, = b, 7!
(1) For0 < p <1, we have

> a, (Z b“> > P> a, (o)
v=1 pn=v v=1

(2) For1 < p < oo, we have

> ay (Z bu) <p"> ay (b))
v=1 pn=v v=1
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Lemma 1.3([3]). Letu, 7 anda, be numbers such that< ; < 7 < oo anda, > 0. Then

1 1

v=1 v=1
We denote byC' a constant that depends only on p,» and may be different in different

relations.

Theorem 1.4([1]). If f e WAP 1 < p < 400, then

(W™ (hs £} < Chme 37 o= (ZIAak!> +C Y <Z|A“k|> :
n<[i] S

Wherew (h f) is the integral modulus of smoothness of order

2. MAIN RESULTS

Let us denote

1/n
An) = / alt)dt,
1/(n+1)
1

1/n
b(n) :=by(n) + ba(n) = nmr/ a(t)t™dt +/ a(t)dt.
0 1/(n+1)
We have the following first main result.

Theorem 2.1. Letm be any natural number and
feAW? 1<p<+4oo, 1<r<-+oo.

If for the coefficients of serigfi.1]) or (1.2) we haved_;” | |Aa,| < +oo, then:
(1) Forp < r we have

i ze{ ) (Zio) o ()}

(2) For p > r we have

(m) _2
i, < of S5 () v |
Proof. Using the characteristics of the integral modulus of smoothness we have
1 21 %
(i} = [ | [ |Amf<$,t>|pd4 i
0 0
1/N )
/ [y (5] dt

/(N+1)

IA

1/N

[wim (f;1/N)] / a(t)dt

1/(N+1)

NERNgE: uMg

AN [ (£ /M)

2
I

J. Inequal. Pure and Appl. Mat9(3) (2008), Art. 73, 7 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 XH. Z. KRASNIQI

According to the Theoreim 1.4, we have

{hspim ¥ gcgmmm {Z (zmak,) };

n=1

regoo £ (B Y

== [1 -+ [2.
Now we estimatd; andl,. Letr/p > 1. Then according to Lemnja 1.1 we have

r

]1§CiA(N)N‘W{ NP (Z |Aak|> m}

Now we estimate the quantityy:

( mrﬁN _ ZA jmr

1 mr 1 l/i
_ (H ) R m/ a(t)dt

1=

1/N
< 2””‘/ a(t)t™ dt,
0

or

5 bi(N)
YAy
Consequently
oy (& C(b(N)) P
. < (1 .
(2.1) L CZA )N <§V|Aak|> {A<N }
According to Lemma 1]2, for/p > 1 we have

T3

gl ()

ANy =Y AG) = / a(t)dt = 7y = i’j(m.

We estimate the quantityy:

Consequently

(2.2) L, <C) A(N) NNT(-3) (Z |Aak|> { EJAV[)}
By (2.1) and|[(Z.R) we get

(1.} <05 e (SSimar) {(507)"+ (550)).
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Finally, according to Lemma 1.3, fer> p we have

2z e{ S aoow D (S i) (535)

Now letr/p < 1. Then, according to Lemnja 1.3, we have

) N ) r
<O Z A(N)Nﬁmr Z n(m-&-l)'r—% (Z ‘ACLM) .
N=1 n=1 k=n

If we change the order of summation we get

[1 S Ci n(m+1)T_% (i ‘Aad) i A(N)Nﬁmr
n=1 k=n N=n
(2.3) <o wd) (i |Aak|> by (n)
n=1 k=n

Now we estimatd,. Using Lemma 1]3 and changing the order of summation we have:

I, §CiA in (1-3) (Zmak\)
N=1

[

s
Sl

n=

=cin7<li><imak|) " A(Y)

k=n N=1

(2.4) —C’Zn (1-3) <Z|Aak|> 2(n).

k=n

3

From (2.3) and[(2]4) we deduce

2, <of St (Slaal) o

k=n

which fully demonstrates Theorgm P.1.

Theorem 2.2. Letm be any natural number and
l<p<2 1<r<+oo, 1/p+1/¢=1.

If a,, are the coefficients of serigs.1|) or (1.2)), then:
(1) For r < g we have

- C{Z”m’" ol i) | } ;

(2) Forr > ¢ we have

12, {3t i

3=
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Proof. Let f be an even function. If is an odd function then the proof of the theorem is anal-
ogous to the even case. It is not difficult to see that the Fourier seri&g, 6fz, t) is

oo
(=1)z2™>" a, cosnxsin™ nt, for m even
n=1

(—1)"2 2™ 3" a, sinnasin™nt, for m odd

n=1

According to the well-known Hausdorf-Young’s theorem we find

2 % 0 %
c(/ \Amf(x,t)]pdx> 2<Z|an\qysmnt\mq) :
0

n=1

and then

r o 1/v v %
Uty ZCZ/ alt) (Zlanlqlsmntlmq) d.
. v=1 IMV+D n=1

Using the well-known inequalityin B > %B for0 < B < 7, we get

r

Q7 ) > 3" aw (z \anw)
v=1 n=1

Letr < ¢, then according to Lemma 1.1 we have
(A LV > 03 Aw) [ a5,
v=1

It is easy to prove that, > ljj((:))

, from which we get

@25) (A1) 2 v al i) [22)]

Let ¢ < r, then according to Lemnja 1.3 and with the change of the order of summation we
have

{00} = 0340 30 faaf
v=1 n=1
::(7j£:7l_nw|anvnj£:x4(y>
n=1 v=n

(2.6) >0 0™ || bi(n).
n=1
Relations[(2.5) and (2.6) prove Theorem|2.2. O

We can deduce three corollaries fra@heoreni 2landTheoren) 212
Corollary 2.3. Under the conditions of Theorgm P.1 and with) < C'A(n), we have

1

HfH;f:?azc{zw—ﬂ(zmm) b<n>}7

k=n
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Corollary 2.4. Under the conditions of Theordm R.2 and witfin) < C'A(n), we have

e {z ranwn)}
n=1

As a special case, fer(t) = t=°7~1, it is easy to prove the estimates:
An) <Cn” 7' and  b(n) < Cn"".
From Theorem 2|1 and the last estimates we can deduce the following result praved in [1].

1

T

Corollary 2.5 ([1]). Letm be any natural number and
0<pf<m, l<p<+4oo, 1<r<+4oo, 1/p+1/qg=1.
If the coefficients of seriefs (1.1) ¢r (IL.2) satiSfy;”, |Aax| < +oo, then

b, < of S (S aa)
n=1

k=n
REFERENCES

[1] T.Sh. TEVZADZE, Some classes of functions and trigonometric Fourier s&wse Questions of
Function Theoryv. Il, 31-92, Thilisi University Press, 1981 (in Russian).

[2] M.K. POTAPOVAND M. BERISHA, Moduli of smoothnes and Fourier coefficients of functions of
one variablePubl. Inst. Math(Beograd) (N.S.)26(40) (1979), 215-228 (in Russian).

[3] B. HARDY, E. LITLEWOOD AND G. POLYA, Inequalities GIIL Moscow, 1948, 1-456 (in Rus-
sian).

[4] M.K. POTAPQV, A certain imbedding theoremilathematicaCluj), 14(37) (1972), 123-146.

J. Inequal. Pure and Appl. Matt9(3) (2008), Art. 73, 7 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

	1. Definitions and Useful Statements
	2. Main Results
	References

