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Lipschitz classes, Fourier series.

In this paper we obtain a generalization of Lipschitz’s class&$g, p, r) de-
fined in [1]. We give necessary conditions for even or odd functions with Fourier
series to belong to the class&® (p, r, o). We also give sufficient conditions for
even or odd functions with Fourier series to belong to the same classes.
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1. Definitions and Useful Statements

We consider the series

(1.2) % + ;an cosnx

or

(1.2) Z ap, sin nx
n=1

wherea,, are Fourier coefficients of integrable functign
Definition 1.1. We say that a functioyi belongs toV A?, (1 < p < o) if

00 00 p
an_2 <Z |Aak|> < 400
n=1 k=n

whereAa, = a;, — a1 (see [L]).

We say that any function(¢) is a function of typer (see #]) if it is measurable in
0, 1], integrable infg, 1] for eachd € (0,1), and there exist real numbets , > 0,
o andd, € (0, 1) such that

1. at) > Ci,, forallt € [0,1];
2. fo‘S a(t)t*dt < oo for eachs > o andd € (0, dy);

3. foéa(t)tsdt = oo for eachs < o andé € (0, d), and

5 26
/ a(t)t7dt < 6’25"/ a(t)dt.
0 5
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In [1], the classed™ (3, p,r, ) are defined in the following way

Definition 1.2. f € A™(5,p,r,), if

1 2 z %
(m) _ "|Apf(z, )P, ] dt
= ([ [ a4 <o

wherel < p < +o00,1 <r < +o00, 5> 0,m € Nand

m

A f(x,t) =Y (=1)'Cl flz + (m — 2i)t].

=1
Now we define classes™ (p, r, a) as follows:
Definition 1.3. We sayf € A" (p, r, ), if

Sl

1 27 g
. ={ [ o [[mrterar] al <o
0 0

wherea(t) is function of the type.

Fora(t) = t™7~1, 3 > 0, we get the classe&™(3,p, ), considered in 1].
Therefore classe&™ (p, r, «) are generalizations of class&® (53, p, r).

We need some auxiliary statements.
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Lemma 1.4 ([2]). Leta,, b, and 3, be numbers such that, > 0, b, > 0 and
ZV n - anﬂn

1. For 0 < p < 1 the following inequality is valid
o0 v P 0
> a, (Z bu> >p" > ay (b,5,)
v=1 p=1 v=1

2. For1 < p < oo we have
00 v p 0
> ay (Z bu> <P’y ay (b,5,)
v=1 p=1 v=1

Lemma 1.5 ([2]). Leta,, b, and~, be numbers such that, > 0, b, > 0 and
Zy 1 aV - bn’Yn

1. For0 < p <1, we have
00 00 p 0o
S, (z bu> > S s (b
v=1 n=v v=1

2. For1 < p < oo, we have

Z 7 (Z bﬂ) S pp Z Qy (bufyu)p
v=1 u=v v=1
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Lemma 1.6 ([3]). Let u, 7 and a, be numbers such th&ét < y < 7 < oo and

a, > 0. Then ) )
(5) =(%)
v=1 v=1

We denote by’ a constant that depends only on p, » and may be different in
different relations. Generalization of Lipschitz's

Classes

Theorem 1.7 (fL]). If f € WAP, 1 < p < +o0, then Xh. Z. Krasnigi

vol. 9, iss. 3, art. 73, 2008
{wim(h; )} < Chm Z p(mHp= <Z|Aak|) +C Z nP~? <Z\Aakl>

n<[3]
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2. Main Results

Let us denote

1/n
Aln) = / a(t)dt,

1/(n+1)

b(n) := b1 (n) + be(n) =n™" /Ol/na(t)t””"dt + /1 a(t)dt.

1/(n+1)
We have the following first main result.

Theorem 2.1. Letm be any natural number and

feAW?r 1<p<+4oo, 1<7r<+o00.

If for the coefficients of serigs.1) or (1.2) we have) ;| |Aa;| < +o0, then:

1. For p < r we have

i, <o {350 (S isa) oo (42

2. For p > r we have

U1, < 32D (3 ) o}

S =
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Proof. Using the characteristics of the integral modulus of smoothness we have

{1 3 /Olaof) {/O%\Amf(l’,t)!pdx];dt

1N
/ a(t) [wl()m)(f; t)r dt

1/(N+1)

IN

M 714 100

1/N

[wim (f;1/N)]" / a(t)dt

1/(N+1)

AN [l (f;1/N)]

T

According to the Theorem.7, we have

o0 N 0 p %
U1 ) <oy A {anm (Z , Am) }
N=1 k=n

n=1

+ O]Vf:lA( {nzN:an 2 (Z Aak>p};

:Il+[2-

Now we estimatd, and/,. Letr/p > 1. Then according to Lemm&a4 we have

IlgCiA(N)NW{ N{(m+Dp (Z |Aak|> 5N}
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Now we estimate the quantityy:

A(N)N™™ By

I
=
®|
3
3

or (V)
1
By < CA(N)’
Consequently
r 177 - ' b N) z
(2.1) I <C§ A(N N (I;:N\Aak]) {A N)}

According to Lemmal..5, for r/p > 1 we have

We estimate the quantityy:

B3

N)yy = ZA //(N—H) a(t)dt = vy = AN)
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Consequently

(2.2) L<CY AN) NNT(=3) (Z\Aak]> { g;}

By (2.1) and @.2) we get
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L <C Z A(N)N—mr Z (m-+1) 7«_21 (Z |Aak|> Page 10 of 15
N=1 =1 Go Back
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Now we estimatd,. Using Lemmal.6 and changing the order of summation we
have:

Izgci/l in (=% <i!Aak|>
N=1

n=N n
= C’ T(lfg) A A Generalization of Lipschitz’s
Z " ’ ; ak| Z Classes
o_o Xh. Z. Krasniqi
(24) —C Z n 1—— <Z Aak |> bg( ) vol. 9, iss. 3, art. 73, 2008
k=
From (2.3) and ¢.4) we deduce Title Page
oo ( 2) oo r % Contents
r{l—=
Hprra— {2” ’ (;‘A“k‘) b(”)} ) «“ b
which fully demonstrates Theorefn. S 2
O Page 11 of 15
Theorem 2.2. Letm be any natural number and Go Back
l<p<2 1<r<+o0, 1/p+1/¢=1. Full Screen
If a,, are the coefficients of seri¢s.1) or (1.2), then: Close
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2. Forr > g we have

17 > 0 {zn—mwanw@}
n=1

Proof. Let f be an even function. If is an odd function then the proof of the theo-
rem is analogous to the even case. It is not difficult to see that the Fourier series of

A f(x,t)is

3=

oo
(=1)z2™>" a, cosnxsin™ nt, for m even

n=1

A f(2,t) ~

(—1)" 2™} a, sinnasin™nt, for m odd

n=1

According to the well-known Hausdorf-Young’s theorem we find

C (/ |Af (2, 1) \pdx) (Z |a,|? \smnt|mq> :
0
and then

(1Y 203 [ ot (Sl binn ) o
n=1

Using the well-known inequalityin B > 2B for0 < B < 7, we get

{715} > OiA(u) (an |an|q>q
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Letr < g, then according to LemmAa4we have

{IF1e 3 = O3 A0 [ a5

b1 (v
n V)), from which we get

It is easy to prove that, >
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Let ¢ < r, then according to Lemma6 and with the change of the order of sum-
mation we have

o0 v Title Page
{HfHS:)a}r 20 Z A(v) Z n=" |an|" Contents
szl . " & <« >
:C’;n |ay| ;A(u) p R
(2.6) > O i n=™ |ag|” by (n). Page 13 of 15
n=1 Go Back
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Corollary 2.4. Under the conditions of Theoref2 and withb;(n) < C'A(n), we

have .
17 = ¢ {§:nww%rmmﬁ |

As a special case, fer(t) = t=°7~1, it is easy to prove the estimates:
A(n) <CnP~t and  b(n) < Cn"".

From Theorem?.1 and the last estimates we can deduce the following result
proved in [].
Corollary 2.5 ([1]). Letm be any natural number and
0<pB<m, 1<p<+Hoo,

1<r<+4o0, 1/p+1/qg=1.

If the coefficients of series (1) or (1.2) satisfy) "~ | |Aay| < 400, then

I, < of 3ot (me)y
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