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Abstract

We deal with anisotropic integral functionals |, f(z, Du(z))dz defined on vector
valued mappings u : 0 C R* — RY. We show that a suitable "monotonicity"

inequality, on the density f, guarantees global pointwise bounds for minimizers
U.
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We consider the integral functional

(1.1) f(u):/gf(x, Du(z))dz

whereu : Q ¢ R* — RY and( is a bounded open set. Whéhn = 1 we
are dealing with scalar functions : {0 — R; on the contrary, vector valued
mappingsu :  — RY appear whenV > 2. Local and global pointwise Regularity for Vector Valued
bounds for scalar minimizers of (1) have been proved ir’], [7], [5], [4]. A AR E SIS A e

. 4 Integral Functionals
model functional for these results is

Francesco Leonetti and

p . . .
2 Pier Vincenzo Petricca

(1.2) /Q<Z aij(x)Dju(a:)Diu(x)) dx,

ij=1

Title Page

where coefficients,;; are measurable, bounded and elliptic. Previous results Contents
for scalar minimizers are no longer true in the vector valued dase 2 as De

Giorgi's counterexample shows;][ Some years later, attention has been paid « dd
to anisotropic functionals whose model is < >
Go Back
(1.3) / (IDyu(@) + [Dyu(@)| + - - - + | Doulz)|") da, 0 Bac
Q Close
where each componeii};u of the gradientDu = (D;u, Dau, . .., D,u) may Quit
have a (possibly) different exponent this seems useful when dealing with Page 3 of 16

some reinforced materials?][ see also §, Example 1.7.1, page 169]. In
the framework of anisotropic functionals, global pointwise bounds have been
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proved for scalar minimizers in.J and [3]. If no additional conditions are as-
sumed, these bounds are false in the vectorial case, as the above mentioned
counterexample shows;][ The aim of this paper is to present a “monotonic-

ity” assumption ensuring boundedness of vector valued minimizers. In order
to do that, we recall that : Q@ C R® — R" thus Du(z) is a matrix with N

rows andn columns; the density(z, A) in (1.1) is assumed to be measurable
with respect tar, continuous with respect td and f : Q x RY*" — [0, 4+00).

Every matrixA = {A¢} € RV*" will have N rows A!, ..., AN andn columns

Aq, ..., A,. Inthis paper we will show that the following “monotonicity” in- Regularity for Vector Valued

equality guarantees global pointwise bounds for vector valued minimizers of Minimizers of Some Anisotropic
Integral Functionals

(1.2):
Francesco Leonetti and
~ n ~ s Pier Vincenzo Petricca
(1.4) P A+ > | A= Al < S, 4) + M)
=1 Title Page
for every pair of matricesl, A € RV*" such that there exists a rgiwith A% = Contents
0 and for every remaining row # 3 we haveA® = A%*. In (1.4) u,p1,...,Pn “ 5p
are positive constants withh > 1 andM : Q — [0, +o0) with M € L"(Q),
r > 1. If we keep in mind thatd = Du(z), then the left hand side ofi(4) < >
shows) " | |A; — D;u(z)|P*, thus each componeft;u of the gradientDu may
= . . . . Go Back
have a possibly different exponemt so we are in the anisotropic framework:
u € WHH(Q,RY) with D;u € LPi(2,RY). In this case the harmonic mean Close
1 q
D= (% > pl> comes into play. In Sectiohwe will prove the following Quit
Page 4 of 16

Theorem 1.1. We consider the functional (1) under the “monotonicity” in-
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equality (L.4) with
(1.5) P (1 _ 1) > 1
P T

wherep* is the Sobolev exponent pf< n. We consider: = (u!,... u") €

WhH(Q,RY), with D;u € LPi(Q,RY) Vi € {1,...,n}, such that
F(u) < +0o0

and

(1.6) Flu) < F(v)

for everyv € u+ W, (Q,RY) with D;v € LP(Q,RN) Vi € {1,...,n}. Then,
for every component®, we have

(1.7) infu’® — ¢, < u’(z) <supu’ +c,
o0 a0

for almost every: € 2, where

B (IlMllLr(m)
Cy =C| ———
i

,pn) > 0and|Q| is the Lebesgue measurefof

3=

) o (-)E[(-H) ]

IS

|Q|{(1—%)

c=c(n,p,...

A model densityf for the “monotonicity” inequality {.4) is given in the
following.
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Lemma 1.2. For every: = 1,...,n, let us considep; € [2,+0o0) anda; €
(0, 4+00); we takem : 2 — [0, +o0) andh : R — R with —oco < infg h. Let us
considerf : 2 x R™*"™ — R defined as follows:

n

(1.8) flz, A) = ailA

i=1

Pi 4 m(z)h(det A).

Then the “monotonicity” inequality {.4) holds true withyy = min;a; and
M (z) = m(z)[h(0) — infg h]. Moreover, ifh > 0, thenf > 0 too.
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In order to prove Theorerh.1, we need the following

Lemma 2.1. Let us consider the functionall () under the “monotonicity”
assumption 1.4). Then, for everyy = (v!,...,v") € WH(Q,RY) with
D € LPi(Q,RY)Vi € {1,...,n}, foranys € {1,...,N}, forall t € R,
it results that

pi d!E

@1) Flau(w) + 1Y [ IDlTseto(@) = Divto)

< F(v) +/ M (x)dx

{v7>1}
wherels, : RV — RY is defined as follows:
Yy ="y ERY, Iau(y) = (Lp(y). - 15, (v)
with
. ye it a0
22 Telw) = { Yo At =min{y’ t} if a =3

Proof. For everyv € Wh1(Q,RY), with D;v € LPi(Q,RY) Vi € {1,...,n}, it
results that's,(v) € WH(Q, RY); moreover

D;v® if a#0
(2.3) Di(I§4(v)) = .
1{Uﬂ§t}Di'Uﬁ if = ﬁ,
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wherel s is the characteristic function of the Bt that is,1z(x) = 1if z € B
andlp(z) = 0if z ¢ B. ThereforeD;(I5:(v)) € LP(Q,RN) Vi € {1,...,n}.
On{z € Q:v7(x) > t} we haveD(I],(v)) = 0 and, fora # 3, D(I3,(v)) =
Dv®; so we can applyl(4) with A = D(I3,(v)) andA = Dv; we obtain

pi

(2.4) f(z, D(Ig4(v(2)))) + 1 Z | Di(Ig(v(x))) — Div(x)
< f(x, Dv(z)) + M(x)

forz € {v° > t}. On{z € Q: v’(z) <t} D(Iz4(v)) = Dv, thus

(2.5) f(ij(fﬁ,t(U(I))))ﬂLMZ | Di(Ls,¢(v(x))) — Div ()" = f(z, Dv(x))

for z € {v” < t}. From @.4) and .5 we have

Ppi

f(x, D(Ig4(v(x)))) + NZ | Di(Ig4(v(x))) — Div(x)
< f(z, Du(x)) + M(2)1 554 (2)

forz € Q. If 2 — f(x,Dv(z)) € L'(Q), thenz — f(z, D(I5,(v(x)))) €
L'(Q2) too and, integrating the last inequality with respectrtave get @.1).

Whenz — f(z, Dv(z)) ¢ L'(Q), we haveF(v) = +oo and @.1) holds true.

This ends the proof of Lemmal ]

Now we are ready to prove Theoreii.
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Proof. Let us fix3 € {1,..., N}. If supy, u” = +oo then the right hand side
of (1.7) is satisfied. Thus we assumep,, v’ < t, <t < +oo and we note that
under this assumptiofy , (u) € u+W; "' (2, RN) andD;(I5,(u)) € LP (Q,RY)
Vi e {1,...,n} since

u? At =min {u”,t} = u® — [max {u® —t,0}] = v’ — [(v* =) V0],

where(u’ —t) v 0 € Wy (Q) andD;((v® — ) V 0) = Diu’lyssy € LP(Q)
Vi e {1,...,n}. From (L.6) and @.1) it results that

F(u) < F(lgs(u))

< Fw - 1Y [ IDTdula)) ~ Do)

Pidy + / M (z)dx,
{uf >t}
that is

(2.6) “Z /Q |D;(I154(u(z))) — Dyu(z)[Pidz < / M (z)dzx.

{uf >t}

If we define¢ = (u” — t) v 0, then we can writeq.6) as follows:

2.7) B> /Q Dig(x)

If » < +00, we apply Holder's inequality t{f{u@>t} M (x)dz and we obtain

Pide < / M (zx)dx.
{uf>t}

| Mo < M@’ > ]0-2).
{uf>t}
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If = +o0, then
J M@ < Ml > ] = [ o> 102
uP >t

In both cases, from(7) it results that

> [ 1Dteypae < L@ 00 - 1 (002)

Regularity for Vector Valued
Minimizers of Some Anisotropic

in particular,yi € {1,...,n} Integral Functionals
F Leonetti and
/Q |D;(z)|Pid < 1M ]|z @) {u? >t} (1-1) L R
from which Title Page
1M 1 Contents
L
([ 1Dote pldx) < |Plemgo s g0 ] « | »
. < >
and finally
L Go Back
1 o 1
& " M| N
(2.8) H (/ |D;p(x) pidz) < lHHﬂHuﬁ > t}|<1r)} Close
i=1 K Quit
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We apply the anisotropic imbedding theorem][and we useZ.9):

2.9 0< Bla) -7 d )
( ) </{uﬁ>t} [u (37> } !

= H¢‘|L5*(Q)

<c 11 (/Q|Digz§(:c) "dx) ]

=

-HMHLT(Q) |{,w6 = t}| (1—i):|

<c

Y

wherec = ¢(n, py, . ..

;D) > 0. 1F || M]| 1) = 0, then from @.9) it results that

u” < t almost everywhere if and we are done. IfM| .- > 0, then for

T > t we have

(2.10) (T —t)P"

{uﬂ>T}\:/ (T — )7 da

{uP>T}

< / [u’(z) — 1] " dx
{uf>T}

< / [’ (z) — 1]” da
{ub>t}

and from @.9) and ¢.10 we get

M@\ 1
8 < 7 (M@
(211) Hu”>T}H <P < . T

(> 1y

;)i
r) P
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for everyT,t with T > t > t,. We sety(t) = |[{v® > t}| and we useT],
Lemma 4.1, p. 93], that we provide below for the convenience of the reader.

Lemma 2.2. Let : [tg, +o0) — [0, 4+00) be decreasing. We assume that there

existk,a € (0,+00) andb € (1, 4o00) such that

k
(2.12) T>t>ty= x(T) < 77—, (x(1)"-
(T =)
Then it results that
1

(2.13) x(to+d) =0 where d= [k(x(to))b—lmzﬁbl)]

We use the previous Lemnza2 and we have
(2.14) {u’ >ty +d}| =0
that is
(2.15) u’ <ty+d

almost everywhere if2, where

(W sy (6555
7]

In order to get the right hand side df.7), we control|{u” > t,}| by means
of || and we take a sequené@),, },, With (ty),, — supg, u”. Let us show
how we obtain the left hand side df.{): we apply the right hand side of (7)
to —u. This ends the proof of Theoreinl O
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Now we are going to prove Lemnia2

Proof. We assume thatl, A € R™*" with A’ = 0 andA* = A“ for a # §3.
Then

(2.16) D AP = AT+ 147
a a3
= A7 = AP+ ) AP
a3

=3l - AR+ Y |Aef?
o)
(2.17) Al = | A — A2+ A%
Sincep; > 2, the previous equality gives
(2.18) (AP > A — A,

Pz_|_|AZPz

Moreover

(2.19) h(det A) = inf h = h(0) — [4(0) — inf h] = h(det A) — [1(0) — inf A].

Now we are able to estimajéz, A) andf(z, A) by means of£.18) and @.19
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as follows:

(2.20)  f(z,A)+ (minag;) Y |A; — A"
! i=1
< Z as| AP 4+ m(z)h(det A) + Z ag|A; — AP
i=1 i=1

S Z ai‘Ai " + m(x)h(det A) + m(x) [h(O) N i%f h] Regularity for Vector Valued
i=1 Minimizers of Some Anisotropic
= f(z, A) + m(x)[h(0) — i%f h) Integral Functionals

Francesco Leonetti and
Pier Vincenzo Petricca

thus the “monotonicity” inequalityl(.4) holds true withy, = min; a; andM (z) =
m(z)[h(0) — infg A]. This ends the proof of Lemnia2. O
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