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Abstract

Some inequalities in 2-inner product spaces generalizing Bessel's result that
are similar to the Boas-Bellman inequality from inner product spaces, are given.
Applications for determinantal integral inequalities are also provided.
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Let (H; (-,-)) be an inner product space over the real or complex number field
K. If (e;),<;~, are orthonormal vectors in the inner product spatei.e.,
(eiej) = d0;; foralli,j € {1,...,n} whered,; is the Kronecker delta, then
the following inequality is well known in the literature as Bessel’s inequality
(see for exampled, p. 391)):

n
> M)l < )
i=1

Some Boas-Bellman Type
Inequalities in 2-Inner Product

forany z € H. Spaces
For other results related to Bessel’s inequality, $¢e-[ /] and Chapter XV S.S. Dragomir, Y.J. Cho, S.S. Kim
in the book P]. and A. Sofo
In 1941, R.P. Boas’] and in 1944, independently, R. Bellman] jproved
the following generalization of Bessel's inequality (see ais@[ 392]). Title Page
Theorem 1.1.1f x, 4, . . ., y, are elements of an inner product spdcg; (-, -)) , Contents
then the following inequality:
gineq y 44 44
n 3 p S
2 2 2 2
S el < il | +( 5 uyi,ym)
i=1 - 1<i#j<n Go Back
holds. Close
It is the main aim of the present paper to point out the corresponding version Quit
of Boas-Bellman inequality in 2-inner product spaces. Some natural general- Page 3 of 28

izations and related results are also pointed out. Applications for determinantal
integral inequalities are provided.
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For a comprehensive list of fundamental results on 2-inner product spaces
and linear 2-normed spaces, see the recent badlenfl [2] where further ref-
erences are given.
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The concepts of-inner products and-inner product spaces have been inten-
sively studied by many authors in the last three decades. A systematic presenta-
tion of the recent results related to the theorpehner product spaces as well

as an extensive list of the related references can be found in the blodkdre

we give the basic definitions and the elementary properti€siofer product
spaces.

Let X be a linear space of dimension greater thawver the fieldKk = R of

Some Boas-Bellman Type

real numbers or the fielll = C of complex numbers. Suppose that|-) is a Inequalities in 2-Inner Product
K-valued function defined o x X x X satisfying the following conditions: Spaces
S.S. Dragomir, Y.J. Cho, S.S. Kim
(21) (z,z|z) > 0and(z, z|z) = 0if and only if z andz are linearly dependent; and A. Sofo
20) (x,x)z) = (2, z|x),
(212 ( )= =) Title Page
(213) (y,.Z”Z) = $7y‘2>7 Contents
(21) (az,y|z) = a(z,y|z) for any scalar € K, «“ b
(2L5) (z +2',ylz) = (z,y]z) + (2, yl2). p >
(+,+]-) is called a2-inner producton X and (X, (-,-|-)) is called a2-inner Go Back
product spacédor 2-pre-Hilbert spacg Some basic properties dfinner prod-
. . : Close
ucts(-, -|-) can be immediately obtained as follow§:[
(1) If K = R, then(215) reduces to Quit
Page 5 of 28

(y, 2|2) = (2,9]2).
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(2) From(215) and(21,), we have
(0,9z) =0, (2,0]z) =0
and
(2.1) (2, aylz) = a(z,y[2).
(3) Using(215) — (2I5), we have
(2,2l £y) = (z £y, x £ y[2) = (x,2]2) + (y,y]2) £ 2Re(z, y[2)

and

22) Re(e,yl2) = (2,2l +9) = (2,2l — p)l,

In the real case2(2) reduces to

23) (@912) = 71,2k +9) = (2,2l — )]

and, using this formula, it is easy to see that, for any R,

(2.4) (2, ylaz) = a*(z, yl2).

In the complex case, using.(l) and @.2), we have

m(,312) = Rel~i(z,y]2)] = 11(z, 2l + ) — (=, 2l — )],
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which, in combination withZ%.2), yields

(25) (2,412) = (2, 2lo+0) = (2, o= )]+ 2[(z, sl +iy) (3,2l i)

Using the above formula an@.(), we have, for any € C,

(2.6) (z,ylaz) = |af*(z, y|2).

However, fora € R, (2.6) reduces toZ.4). Also, from @.6) it follows that
(z,y|0) = 0.

(4) For any three given vectors y, z € X, consider the vectar = (y, y|z)x —
(x,y|2)y. By (21;), we know that(u, u|z) > 0 with the equality if and only if
u andz are linearly dependent. The inequalfty, u|z) > 0 can be rewritten as

(2.7) (y, yl2) (@, 2]2)(y, yl2) = |(z, y]2)]] = 0.
Forz = 2, (2.7) becomes
—(y,yl2)|(z.912)]* = 0,
which implies that
(2.8) (2,yl2) = (y,2|z) = 0,

providedy andz are linearly independent. Obviously, whgandz are linearly
dependent,4.8) holds too. Thus4.9) is true for any two vectorg, z € X.
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Now, if y andz are linearly independent, the€p, y|z) > 0 and, from @.7), it
follows that

(2.9) (2, yl2)]* < (z,2]2)(y, y]2)-

Using (2.9), it is easy to check tha®(9) is trivially fulfilled when y andz are
linearly dependent. Therefore, the inequali®yd holds for any three vectors
x,y,z € X and is strict unless the vectois= (y,y|z)z — (x,y|2z)y andz are
linearly dependent. In fact, we have the equalitydrd) if and only if the three
vectorsz, y andz are linearly dependent.

In any given2-inner product spacéX, (-,-|-)), we can define a function
|-]-lonX x X by

(2.10) le]zll = / (2, 2[2)

forall x,z € X.
It is easy to see that this function satisfies the following conditions:

2N1) ||lz|z]] > 0 and||z|z|| = 0 if and only if z andz are linearly dependent,

(2\y)

(2N2) ||lz]z| = [|=]=]],
(2N3) ||azx|z|| = |«|||x|z| for any scalan € K,
(2Ny) ||z + 2'|2]| < [J=]2]| + [|2']z]].

Any function|| - | - || defined onX x X and satisfying the condition@N,)
— (2Vy) is called a2-normon X and (X, || - | - ||) is called alinear 2-normed

Some Boas-Bellman Type
Inequalities in 2-Inner Product
Spaces

S.S. Dragomir, Y.J. Cho, S.S. Kim
and A. Sofo

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 8 of 28

J. Ineq. Pure and Appl. Math. 6(2) Art. 55, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
file:sever.dragomir@vu.edu.au
mailto:
mailto:yjcho@gsnu.ac.kr
mailto:sskim@deu.ac.kr
mailto:
mailto:sofo@matilda.vu.edu.au
http://jipam.vu.edu.au/

space P]. Whenever 2-inner product spaceX, (-, -|-)) is given, we consider
it as a lineaR-normed spaceX, || - | - ||) with the2-norm defined byZ.10).

Let (X;(-,-|-)) be a 2-inner product space over the real or complex number
field K. If (e;),.,., are linearly independent vectors in the 2-inner product
spaceX, and, for a giverx € X, (e;,e;]2) = §;; foralli,j € {1,...,n} where
d;; is the Kronecker delta (we say that the fam(dy), _,_,, is z—orthonormal),
then the following inequality is the corresponding Bessel's inequality (see for
example {]) for the z—orthonormal family(e;),,.,, in the 2-inner product

space(X; (-, ’)) Some Boas-Bellman Type
Inequalities in 2-Inner Product
Spaces
(2.11) Z (2, €3]z ‘< HJU’ZH S.S. Dragomir, Y.J. Cho, S.S. Kim
and A. Sofo

for any = € X. For more details about this inequality, see the recent paiper [ _
and the references therein. Title Page
Contents
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We start with the following lemma which is also interesting in itself.

Lemma 3.1. Let 2y, .

inequality:

(3.1)

IN

+ 9

n
> e
=1

y
max [fif* S50zl

\

\

2

1<i<n

1
(0 el ™)

2 2
ic |l max [|zi[ =]

o Zn, 2 € X and g, ..

1

(s lll=0?)
wherea > 1,5 + 5 =1;

?

max |t} D1 <izicn (20 212)15

1<i#j<n

(S ) = (i )]

(0 al)® = Xy il

2=

(max (i, 2]2)]

., pn € K. Then one has the

( > |(zi>zj|2)|‘5>
1<i#j<n

1 1 _
where v > 1, sts=
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Proof. We observe that

n 2 n n
ZMZE,Z = (Zuizi,ZMij\Z>
i=1 i=1 j=1

=D > (i, 712)

(3.2)

i=1 j—=1
= D> it (2 2]2)
i=1 j=1
<Ol 1751 (2, 2512)]
i=1 j=1
= P lalz P+ D Tl Il (21, 252)]
i=1 1<i#j<n

Using Holder’s inequality, we may write that

"

n
2 2
A

n n |20 a n A 25 B
63 Sl <] (S) (S he)
i=1

1 1 _ 1.
Wherea>1,a+5—1,

n
2 2
| 2 Il max [l
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By Hdlder’s inequality for double sums, we also have

(3.4)

D Il 1z, 2il2)]

1<i#j<n

IN

\
(

\

max |wipi| Y, |(2,212)];

1<i#j<n 1<i#j<n
1

1
~ 5
1)
( > |m\”|uj|”> ( > |(Ziazj\2)|> ;
1<iZj<n 1<i#j<n

1 1 _ 1.
where v > 1, ;+3—1,

Yol gl max (2, 2|2,

1<iZj<n 1<izj<n
1517%@{"“"’“]"} K#ngn |(215 2512)1 ;

(Z "“'7)2 B (Z "”'2”)] % (; (2, zj|z>|5> % ,

1 1 __ 1.
where v > 1, st =1

2
(Sl - S ] max[(z512)].

Utilizing (3.3 and @.4) in (3.2), we may deduce the desired resalt1j. O

Remark 1. Inequality 8.1) contains in fact 9 different inequalities which may
be obtained combining the first 3 ones with the last 3 ones.

A particular result of interest is embodied in the following inequality.
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Corollary 3.2. With the assumptions in Lemrfidl, we have
n 2

> il

=1

< |2 1112
<3l { o

+U2?1m%22?1mﬂ§(
Dict ‘Nz‘F

(3.5)

1
2
2 Some Boas-Bellman Type
E ‘(ZZ'7 Zj ’2)‘ Inequalities in 2-Inner Product
1<i#j<n Spaces

S.S. Dragomir, Y.J. Cho, S.S. Kim

1
n ) ) ) 2 and A. Sofo
<SP max sl (X (sl ) b
=1 -

1<i#j<n
SIS Title Page
The firstinequality follows by taking the third branch in the first curly bracket FeS—
with the second branch in the second curly bracket/fer 6 = 2.
The second inequality ir8(5) follows by the fact that 44 >»
) 1 < | 2
(o) S| <Xt Go pack
=1 =1 =1 Close
Applying the following Cauchy-Bunyakovsky-Schwarz inequality Quit
n 2 n Page 13 of 28
(3.6) Zai §nZa?, a; € Ry, 1<i<n,
i=1 i=1 J. Ineq. Pure and Appl. Math. 6(2) Art. 55, 2005
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we may write that

(3.7) (Z \ml”) Z i < (n Z il (n>1)
and
(3.8) (Z |Nz|> - Z > < (n—1) Z > (n>1)

Also, it is obvious that:

. < .
(3.9) (max {|pip]} < max i)

Consequently, we may state the following coarser upper bound$ ¥gr, [z 2|2

that may be useful in applications.
Corollary 3.3. With the assumptions in Lemrfidl, we have the inequalities:

(3.10)

(> S0 N2

N 1
n a\ o n 8
(Zizl |Ni|2 ) <Z¢:1 ||zz|z||25> )

1 1 _
WMma>LE+B—L

IN

n 2 2
| 2o el max flzif2]
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The proofis obvious by Lemmni&a1on applying the inequalitiesS(7) — (3.9).

Remark 2. The following inequalities which are incorporated i®.10 are of

r
1<i<n

special interest:

(3.11)

(3.12)

2

T 1<i<n

n
> e
i=1

2

n
>l
=1

< (Z;: sz)

+(n—1)é<

< max |y,

(=17 (S 1) (Susigen 12 6 512)17)

2
max || Z1§i¢j§n (21, 212)|;

1
é

1 1 __ 1.
where v > 1, sts=1

| (0= 1) fal” | max (21, 22)]

1<i#j<n

>

1<ij<n

2 2
[ZHzAzn N
=1

Y Gzl

1<i£j<n

1 1
P n ) q
(z el )
=1

.
(=i 212" ]|

|
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wherep > 1, - + o = 1;and

n 2
(3.13) > izl
i=1

2 2
SN {max il + (= 1) max (20 25]2)]
=1

1<i<n 1<i#j<n
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The following results holds

Theorem4.1.Letx, yy, ..., y,, z be vectors of a 2-inner product spack; (-, -|-))
andcy,...,c, € K (K = C,R). Then one has the inequalities:

n 2
Z C; (ZE, yz’Z)
=1

(4.1)

( Some Boas-Bellman T
1r£1a<x ‘cl‘ Zl 1 Hyl’ZH Ineq(ijnazliieg?r?2-?nrr1T:rmPr())/gSct
1 < Spaces
/ 120\ o n ) 2ﬂ> B
< ”l’|Z||2 % (21:1 |CZ| ) (Zz:l ||yl|z|| ) S.S. Dragomir, Y.J. Cho, S.S. Kim
= where v > 1,1 + % =1; and A. Sofo
n
ma
L ;' | X Hyl| H Title Page
([ max {|cc Lyl 2]
| Sisin {| i JI}K#ngnl(yuygl )|, Contents
1
2 29\ | 7 44 44
| e = (S )]
T a2 x | «
X ( > |(?Jz',yj|2)|6) , Where y>1, Z+5=1; Go Back
1<i#j<n
2 2 Close
S )’ = S fel] max (G wl2)]
=17 Quit

Proof. We note that

ch z,uil2) = ( chyl\z)

Page 17 of 28
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Using Schwarz’s inequality in 2-2inner product spaces, we have

‘Zci(w,yim < lzlz)*||>_ @il

=1 i=1

Now using Lemma3.1 with u; = ¢, 2z, = y; (i=1,...,n), we deduce the
desired inequality4.1). O

The following particular inequalities that may be obtained by the Corollaries
3.2, 3.3 and Remark, hold.

Corollary 4.2. With the assumptions in Theoreliri, one has the inequalities: Some Boas-Bellman Type
2 Inequalities in 2-Inner Product
n Spaces
4.2) D cilwuil2) | _
- S.S. Dragomir, Y.J. Cho, S.S. Kim
=1 and A. Sofo
( ;
S lel” § max [lyal=l* + {2 (s ysl2))” :
i=1 1<i<n \<iZi<n Title Page
R SO IPIE S ST SO
max |C; —1 1Yl zll” + Yi, Yj|z )
1<i<n ! =1 h 1<i#j<n ( v 44 44
2\ & 2\ =
< a2 x 4 (i lal)7 {0 ld=l™)? < >
1 . . Go Back
+(n—-1)r Vi, Yj|2 ,
(=17 | 3 1wl oo
wherep > 1, -+ 2 = 1; Quit
n |2 |12 _ aps Page 18 of 28
| S P+ (0= 1m0yl
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If one chooses; = (z,y:|2) (1 =1,...,n) in (4.1), then it is possible to ob-
tain 9 different inequalities between the Fourier coefficigntgy;|z) and the
2-norms and 2-inner products of the vectgr$: = 1,...,n). We restrict our-
selves only to those inequalities that may be obtained frog).(

From the first inequality in4.2) for ¢; = (z, y;|2), we get

Some Boas-Bellman Type
Inequalities in 2-Inner Product

n ) 2 Spaces
Z ‘(l’, yZ’Z)‘ S.S. Dragomir, Y.J. Cho, S.S. Kim
i=1 and A. Sofo
n 3
2 2 2 2
< llalzll D 1, wil2)l*  max fluila]l” + ( > iyl ) : pr—
i=1 1<i#j<n
Contents
which is clearly equivalent to the followinBoas-Bellman type inequalifypr
2-inner products: ah s
< >
n
(5.1) ZKI,%’Z”Q Go Back
=t 1 Close
2
2 2 2 i
< llwl2” § max lyal]” + ( > i yl2)l ) : Quit
1<i#£j<n Page 19 of 28
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From the second inequality id-Q) for ¢; = (z,y:|2) , we get

(Z (@, yw)

2
< llwl2” max |(z, yile {ZH%IZH + ) I(yi,yj|2)|}-

1<i#£j<n
Taking the square root in this inequality, we obtain Some Boas-Bellman Type
Inequalities in 2-Inner Product
Spaces
(52) Z |(l‘, yz|z) |2 S.S. Dragomir, Y.J. Cho, S.S. Kim
; and A. Sofo
1
2
< ||x]z|| nax | T, yi|z {ZH?MZH + Z |<yz7yj|z)|} Title Page
=i Contents
foranyz,yi, ..., y,, z vectors in the 2-inner product spack; (-, -|-)) . pp b

If we assume thafe;), ., is an orthonormal family inX” with respect with

the vectorz, i.e., (e;, ej]2) = d;; foralli,j € {1,...,n}, then by 6.1) we S 4

deduce Bessel's inequalitf.(L1), while from (5.2) we have Go Back
Close

(5.3) Z\ z,ei2)|* < \/_H:c]zH max |(z,e:]2)], ©€ X, —

Page 20 of 28
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From the third inequality in4.2) for ¢; = (z,v;|2) , we deduce

(Zux,mz)rz)
< Jlalz? (Z \(%m!@ﬁ”)
. (Z||yi|z||2q>q+<n—1>é< S |<yz-,yj|z>|q>

1<i#j<n

P

for p > 1 with ]1? + é = 1. Taking the square root in this inequality, we get

GO Dl

1
n 2p
2
< [|l=l=] (Z |(, il 2)] ”)
i=1

1
1y 2
q

X <Z|Iy¢|2||2q>q+(n—1);< > I(yi,yjIZ)lq>

1<i#j<n

foranyz,y,,...,y,, 2 € X andp > 1 with ﬁ + é =1.
The above inequality5(4) becomes, for an orthornormal family;),

Some Boas-Bellman Type
Inequalities in 2-Inner Product
Spaces

S.S. Dragomir, Y.J. Cho, S.S. Kim
and A. Sofo

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
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with respect of the vectar,

1
n

n 2p
65 > | elz) < ni |zl (Zux,eﬁz)ﬁp) , TEX.
i=1

=1

Finally, the choice; = (x,y;|2) (i = 1,...,n) will produce in the last inequal-
ity in (4.2)

Some Boas-Bellman Type

2
n
. 2 Inequalities in 2-Inner Product
(St
1=

5 n 5 5 S.S. Dragomir, Y.J. Cho, S.S. Kim
< . . — T and A. Sofo

< IeloA? D2 el { o I+ = 1), e ol
which gives the following inequality Title Page

n Contents
2 2 2
) < . _ .
(56) 3l < el { okl + (0= 1) mae Vol =1
< | 2
foranyz,yi,...,y., 2 € X.

It is obvious that %.6) will give for z—orthonormal families, the Bessel in- Go Back
equality mentioned if2.11) from the Introduction. Close
Remark 3. Observe that, both the Boas-Bellman type inequality for 2-inner Quit
products incorporated ing.1) and the inequality%.6) become in the particular Page 22 of 28

case ofz—orthonormal families, the regular Bessel's inequality. Consequently,
a comparison of the upper bounds is necessary.
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It suffices to consider the quantities

Ay :=< > I(yuyjIZ)IQ)
1<i#j<n

and
By = (n—1) max |(yi,y;l2)|,

1<i#j<n
wheren > 1, andyy, ..., y., z € X.
If we choose: = 3, we have

N|=

As = V2 ((y1,9202)* + (g2, y312)° + (y3.0112)%)

and
By = Qmax{](yl,y2\2)| ) |(y27y3’2)‘ ) ‘(y:s,ylfz)’}a
wherey,, y», y3, z € X.

If we considera := |(y1,v2|2)] > 0,0 := |(y2,us3|2)] > 0 andc :=
|(ys.41]2)| > 0, then we have to compare

Ay = V2 (a2 + 02+ 2)?

with
Bs = 2max{a,b,c}.
If we assume that = ¢ = 1, thenAs := /2 (a® + 2)% , By = 2max{a, 1}.

Finally, for « = 1, we getd; = /6, B; = 2 showing thatd; > Bs;, while for
a = 2 we haved; = /12, B; = 4 showing thatB; > Aj.

Some Boas-Bellman Type
Inequalities in 2-Inner Product
Spaces

S.S. Dragomir, Y.J. Cho, S.S. Kim
and A. Sofo

Title Page

Contents
44 44
< | 2
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Close
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In conclusion, we may state that the bounds

NI

2 2 2
My = lz]z]|” 4 max [lylz| +< > ‘<yi’yj’z>|>

1<i#j<n

and

2 2
My i= |2l {mx il > + (= 1) max |<yi7yj!z>\}

1<i 1<i#j<n
9 ) ) Some Boas-Bellman Type
for the Bessel's suy_"_, |(x,y;|2)|” cannot be compared in general, meaning Inequalities in 2-Inner Product

that sometimes one is better than the other. Spaces

S.S. Dragomir, Y.J. Cho, S.S. Kim
and A. Sofo

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
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Let (2, %, 1) be a measure space consisting of alset o —algebra> of sub-
sets of(2 and a countably additive and positive measui@n X with values in
R U {o0}.

Denote byLz () the Hilbert space of all real-valued functiorisdefined
on () that are2 — p—integrable o2, i.e., [, p(s)|f (s)|*dp (s) < oo, where
p: Q2 — [0,00) is a measurable function g

Some Boas-Bellman Type
Inequalities in 2-Inner Product

We can introduce the following 2-inner product bﬁl(Q) by the formula Spaces
S.S. Dragomir, Y.J. Cho, S.S. Kim
(6.1) (f g|h and A. Sofo
f(s) F@)[|g(s) g(t)
/ / du (s)dp (1), Title Page
h(s) hi(t) h(s) h(t)
Contents
where, by
44 44
f(s) f(t)
) | | 4
h(s) h(t)
. . Go Back
we denote the determinant of the matrix
Close
[ f(s) f(¥) ] Quit
h(s) h(t) Page 25 of 28
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generating the 2-norm ob? (©2) expressed by

D=

2

©2) Ifinl,= (5 [ [ o000 i (3) dp (1)

A simple calculation with integrals reveals that

Jarfodu  Jopfhdpu
Jo pghdp [, ph*dp

f(s) f(t)
h(s) h(t)

Some Boas-Bellman Type
Inequalities in 2-Inner Product
Spaces

(6.3) (f.glh), =

S.S. Dragomir, Y.J. Cho, S.S. Kim
and and A. Sofo

1
2

Jorfidu  [opfhdu
(6.4) If1RIl, = @ @ 2 Title Page
fﬂ pfhdp fﬂ ph*dp Contents
where, for simplicity, instead off, p (s) f (s) g (s)du(s), we have written <« (13
Jorfadp. < >
Using the representation§.p), (6.3) and the inequalities for 2-inner prod-
ucts and 2-norms established in the previous sections, one may state some in- Go Back
teresting determinantal integral inequalities, as follows. Close
Proposition 6.1. Let f,g1,...,gn,h € Lf) (Q), wherep : Q — [0,00) is a Quit
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measurable function oft. Then we have the inequality
Jopfadu [ pfhdp |

Jo pgihdp [ ph*dp

n

i=1

Jorfdu  [opfhdu Jargidu  [q pgihdp
= B
Jopfhdp  [o ph*dp el O pgihdp [, ph*dp
n | Jopgigidp f pgihdu |
+
1<izi<n | Jopgihdp  [o ph*dp

The proof follows by the inequalitys.1) applied for the 2-inner product and
2-norm defined i{??) and(6.1) , and utilizing the identitie$6.2) and(6.3) .

If one uses the inequalitys(6), then the following result may also be stated.

Proposition 6.2. Let f,g1,...,9,,h € Lg (Q), wherep : Q — [0,00) is a
measurable function oft. Then we have the inequality

Jorfadn Jopfhdp |

Jo pgihdp o ph*dp
Jarfidu  Jopfhdu

X < max
fQ pfhdu fQ thdu {1Si§n
Q i 9

Jopg;9:di fo pgihdp

Jo pgihdp o ph*dp

n

i=1

Jargidn  [q pgihdp
Jo pgihdu [o, ph*dp

} |

Tl g
7SN

Some Boas-Bellman Type
Inequalities in 2-Inner Product
Spaces

S.S. Dragomir, Y.J. Cho, S.S. Kim
and A. Sofo

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 27 of 28

J. Ineq. Pure and Appl. Math. 6(2) Art. 55, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
file:sever.dragomir@vu.edu.au
mailto:
mailto:yjcho@gsnu.ac.kr
mailto:sskim@deu.ac.kr
mailto:
mailto:sofo@matilda.vu.edu.au
http://jipam.vu.edu.au/

[1] R. BELLMAN, Almost orthogonal seriesBull. Amer. Math. Soc.50
(1944), 517-5109.

[2] R.P. BOAS, A general moment probledmer. J. Math.63 (1941), 361—
370.

[3] Y.J.CHO, P.C.S. LIN, S.S. KIMND A. MISIAK, Theory of 2-Inner Prod-
uct SpacesNova Science Publishers, Inc., New York, 2001.

[4] Y.J. CHO, M. MATIC AND J.E. PEEARIC, On Gram’s determinant in 2-
inner product spaces. Korean Math. Soc38(6) (2001), 1125-1156.

[5] S.S. DRAGOMIRAND J. SANDOR, On Bessel's and Gram’s inequality in
prehilbertian space®eriodica Math. Hung.29(3) (1994), 197-205.

[6] S.S. DRAGOMIRAND B. MOND, On the Boas-Bellman generalisation of
Bessel's inequality in inner product spackalian J. of Pure & Appl. Math.,
3(1998), 29-35.

[7] S.S. DRAGOMIR, B. MONDAND J.E. PEARIC, Some remarks on
Bessel's inequality in inner product spac&tudia Univ. Babes-Bolyai,
Mathematica37(4) (1992), 77-86.

[8] R.W. FREESEAND Y.J. CHO,Geometry of Linear 2-Normed SpacBeva
Science Publishers, Inc., New York, 2001.

[9] D.S. MITRINOVIC, J.E. PEARIC AND A.M. FINK, Classical and New
Inequalities in AnalysisKluwer Academic Publishers, Dordrecht, 1993.

Some Boas-Bellman Type
Inequalities in 2-Inner Product
Spaces

S.S. Dragomir, Y.J. Cho, S.S. Kim
and A. Sofo

Title Page

Contents
44
<
Go Back
Close
Quit
Page 28 of 28

J. Ineq. Pure and Appl. Math. 6(2) Art. 55, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
file:sever.dragomir@vu.edu.au
mailto:
mailto:yjcho@gsnu.ac.kr
mailto:sskim@deu.ac.kr
mailto:
mailto:sofo@matilda.vu.edu.au
http://jipam.vu.edu.au/

	Introduction
	Bessel's Inequality in 2-Inner Product Spaces
	Some Inequalities for 2-Norms
	Some Inequalities for Fourier Coefficients
	Some Boas-Bellman Type Inequalities in 2-Inner Product Spaces
	Applications for Determinantal Integral Inequalities

