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ABSTRACT. Making use of a certain fractional calculus operator, we introduce two new sub-
classesM;s(p; A, u,m) and Ts(p; A, u, ) of analytic andp—valent functions in the open unit

disk. The results investigated exhibit the sufficiency conditions for a function to belong to each
of these classes. Several geometric properties of such multivalent functions follow, and these
consequences are also mentioned.
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1. INTRODUCTION AND DEFINITIONS

Let .4, denote the class of functions of the form
(1.1) f(2) =27+ ) anpz"” (pEN={1,2,3,...}),
n=1

which are analytic ang—valent in the open unitdisd = {z: z € C and |z| < 1}.

ISSN (electronic): 1443-5756

(© 2004 Victoria University. All rights reserved.

This work was supported by Council for Scientific and Industrial Research, India.
The authors express their sincerest thanks to the referee for suggestions.
102-03


http://jipam.vu.edu.au/
mailto:rainarkprotect T1	extunderscore 7@hotmail.com
mailto:bapnain@yahoo.com
http://www.ams.org/msc/

2 R.K. RAINA AND [.B. BAPNA

A function f(z) € A, is said to bep—valently starlike irt/, if

(1.2) R { ZJ{((ZZ)) } >0 (zel),
and the functiory(z) € A, is said to bep—valently convex iri/, if
(1.3) %{1+ZJ£(S>} >0 (zel).
Further, a functiorf(z) € A, is said to bep—valently close-to-convex ity, if
(1.4) {J,;?( )}>O (z €el).

One may refer td [1], [2] and [9] for above definitions and other related details.
The operatorJ0 # occurring in this paper is the Saigo type fractional calculus operator
defined as follows (8]):

Definition 1.1. Let0 < A < 1 andu,n € R, then
d AR ? t
1. LWIRG} _ =z _t—/\F _ 1—mn:1=X\1—== d

where the functiory'(z) is analytic in a simply-connected region of thglane containing the
origin, with the order

f(z) =0(z]") (2 — 0), wheree > max{0,u—n}— 1.

It being understood thdt: — ¢)~* denotes the principal value for < arg(z —t) < 2.
The,F; function occurring in the right-hand side ¢f ([L.5) is the familiar Gaussian hypergeo-
metric function (se€ [9] for its definition).

Definition 1.2. Under the hypotheses of Definitign [L.1, a fractional calculus operator
Jofmentmatm s defined by ([7])

(1) ) = R (2 elm e Ny = {0} UN).
We observe that

(1.7) DXf(z) = Jg2"f(z)  (0< A<,

and

(1.8) DY f(z) = Joim () (0 <A < 1;m € Ny),

whereD2+™ is the well known fractional derivative operatdr!([6]] [9]).
We introduce here two subclasses of functiovis (p; A, i, ) and Zs(p; A, i, ) which are
defined as follows.

Definition 1.3. Letd e R\ {0},p € N, 0 < XA < 1, u < 1, andn > max(\, u) —p — 1. Then
the functionf(z) € A, is said to belong toV(p; A, 1, n) if it satisfies the inequality

SR ; ;
( T ) T <t cew,

(1.9)

1)
where the value 0<z Jo g bttt (z)/J&f’”f(z)) is taken as its principal value.
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Definition 1.4. Under the hypotheses of Definitipn [L.3, the functjin) € A, is said to belong
to 75(p; \, i, ) if it satisfies the inequality

w=p TAHN B T(p+ DT (p+n—p+1) B
<Z Jo,z f(2)> (F(p —p+DC(p+n— A+ 1>)

T(p+)T(p+n—p+1) \°
(F(p—u+1)F(p+n—A+1)) (zeth)

(1.10)

1)
where the value o(z“—PJag""f(zD is considered to be its principal value. For= pu, we
have

(1.11) Ms(p; , p,m) = Ms(p; ),
and
(1.12) T5(p; 1y 1, 1) = Ts(p; ).

The classes\;(p; )and Zs(p; ;1) were studied recently in[4]. In view of the operational
relation [1.8), it may be noted that the functions/;(p;0) are p—valently starlike int/,
whereas, the functionsT(p; 1) arep—valently close-to-convex itx.

In this paper we investigate characterization properties giving sufficiency conditions for func-
tions of the form|[(1.]) to belong to the classess(p; A, 1, n) and Z(p; A, 11, ) involving the
fractional calculus operatdr (1.6). Several consequences of the main results and their relevance
to known results are also pointed out.

2. RESULTS REQUIRED
We mention the following results which are used in the sequel:
Lemma 2.1. ([8]). If 0 < A < 1; u,n € Randk > max{0,u —n} — 1, then
FrA+KI—p+n+k)
T1—p+t BRI Atn+hk)

Lemma 2.2. ([5]). Letw(z) be an analytic function in the unit digk with w(0) = 0, and let
0 <r < 1. If jw(z)]| attains atz, its maximum value on the circ|e| = r, then

(2.2) 2w (20) = kw(z) (k> 1).

H-

(2.1) Tk =

3. MAIN RESULTS
We begin by proving

Theorem 3.1.Letd € R\ {0}, p e N0 < A < 1, < 1,7 > max(\,u) —p — 1, and
a>0,b> 0, such that + 2b < 1. If a functionf(z) € A, satisfies the inequality

(3.1) R |1+ J&‘Z"2:H+2,n+2f(z) B J&jlvﬂﬂmﬂﬂz)
. < J/\H#ﬂ’nﬂf(z) JA’“v”f(z)
0 0,z
a+b
S50+ a)(1—b) (0>0)
eu)
e (6 <0)

Tt a)(1-b)
thenf(z) € Ms(p; A\, i1, 7).
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Proof. Let f(z) € A,, and define a function(z) by
6
3.2 = =(p-—p’|——2 zelU).
(3.2) ( T ="\ T 3u (o) (=€)
Then it follows from [2.1) thatu(=) is analytic function i/, andw(0) = 0. Differentiation of

(3.9) gives
(3.3) {1 s (J&er2,u+2,n+2f(z) B Jé‘:l,u—l-l,n—i-lf(z))} 1 ( (a + b)zu!(2) )

Tt ) Rt (=) 6 \(1+ aw(2)) (1 - bw(2))
= ¢(z) (say).
Assume that there exists a poigte U such that
max [w(e)| = [w(z)| =1

Then, applying Lemmja 2.2, we can write
2ow'(20) = kw(z) (k> 1),
andw(z) = € (6 € [0,2n)), so that from[(3]3) we have

_ k(a+0) w(2o)
R{o(20)} = 5 " { (1+ aw(z)) (1 — bw(z)) }

- %R { 1— blw(zo) 1+ alw(zo)}
i

_ kg 1 —be 1+ ae
) 1+b2—2bcosf 1+ a2+ 2acosb

ok I kA
_5 2+ b2—1 2+ a2—1 _5’

1—bcos@ 14+acos @
wheref # cos™'(—1/a) andf # cos™(—1/b).
Simple calculations (under the constraints mentioned with the hypotheses for the parameters
a andb) yield thatA > (H(;") and since: > 1, it follows that

a)(1-b)?
(a+b)
kA | = smrans 0> 0),
(3.4) R{d(20)} = 5 i
<smraa—y (0 <0).

This contradicts our conditiof (3.1), and we conclude frpm]|(3.2) that

ZJ3+1’“+1’77+1 . g
( 2 A )> —(p—n’| = (p—n’

sy
JO,Z

(a +bJw(z)
1 —bw(z)

a+b
< (p—n)° <(p—n)’
1-0
This completes the proof of Theor¢m|3.1. O

Next we prove
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Theorem 3.2.Letd e R\ {0}, p e N, 0< A< 1,u < 1,n>max(\ pu) —p—1,anda > 0,
b > 0 such thatz + 20 < 1. If a functionf(z) € A, satisfies the inequality

a+b
w&f”“”“f&)) { <popt iy (0>0)

35 R ( (z €U),

Aot “
‘]072 >p—ﬂ+6(1+a—J)r(bl_b) (5>O)
thenf(Z) € T5(p7 )\7 /%77)

Proof. Consider

— J aw\z
0 (i) - (s rs Y (L) e

Using the same method as elucidated in the proof of Thefrem 3.1, we arrive at the desired
result. O

Remark 3.3. If we set\ = p,a = 1,b = 0, then Theoremg 31 aid 8.2 by appealing to the
operational relatiori (118) correspond to the recently established results due to Irmak et al. [4,
pp. 271-272].

Theoremg 3]1 and 3.2 would also yield various results involving analytic and multivalent
functions by suitably choosing the valuesaob, ¢, ; andp. Settingd = 1 in Theorem$ 3]1 and
[3.2, we have

Corollary 3.4. Letp e N0 < A < 1, < 1,7 > max(\,u) —p—1,anda > 0, b > 0 such
thata + 2b < 1. If a functionf(z) € A, satisfies the inequality

an wlis R (ORI S (O ) WA (z € U)
' ) TR () (1 +a)1-) |

32

thenf(z) € My(p; A\, 11, 7m).

Corollary 3.5. Letp e N,0 < A< 1,u < 1,7 > max(\, u) —p—1,anda > 0,b > 0 such
thata + 2b < 1. If a functionf(z) € A, satisfies the inequality

ZJS\-&-LM-I—L?H-lf(Z)
R = <p—pt zeU),
G e R
thenf(z) € 71 (p; A, 1, 1)
Corollarie§ 3.4 and 3|5 on putting= p = 0, and using[(1]8) give the following results:

Corollary 3.6. Letp € N, a > 0, b > 0 such thatz + 2b < 1. If a function f(z) € A, satisfies
the inequality

zf"(2)  2f'(?) a+b
&9 RS (i e At SICLLY
then f(z) is p-valently starlike irt{.

Corollary 3.7. Letp € N, a > 0, b > 0 such thatz + 2b < 1. If a function f(z) € A, satisfies
the inequality

z2f1(2) a+b
(310) %{ f(Z) }<p+m (ZEU),

then é)%{fz(z)} >0, (zel).

P

(3.8)
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Lastly, Corollarie$ 3}4 arfd 3.5 on putting= ¢ = 1, and using[(1.8) give
Corollary 3.8. Letp € N, a > 0, b > 0 such thatz + 2b < 1. If a function f(z2) € A, satisfies

the inequality
2f"(z)  2f"(2) a+b
(3-41) %{“*f%a f@)}<(1+®ﬂ—®

then f(z) is p—valently convex /.

(= el),

Corollary 3.9. Letp € N, a > 0, b > 0 such thata + 2b < 1. If a functionf(z) € A, satisfies
the inequality
z2f"(2) a+b

(3:12) %{f@>}<p‘“*u+@u—m

then f(z) is p—valently close-to -convex .

Remark 3.10. Whena = 1, b = 0, then the Corollaries 3.6 - 3.9 correspond to the known
results[[3, pp. 457-458] involving inequalities pavalent functions.

(z €l),
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