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Abstract

Making use of a certain fractional calculus operator, we introduce two new sub-
classes Ms(p; A, i1, n) and Ts(p; A, 11, n) of analytic and p—valent functions in the
open unit disk. The results investigated exhibit the sufficiency conditions for a
function to belong to each of these classes. Several geometric properties of
such multivalent functions follow, and these consequences are also mentioned.
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Let A, denote the class of functions of the form

(1.1) f2)=2"+) anp2" (peN={1,23,...}),

which are analytic ang—valent in the open unit diskk = {z : z € C and

|z| < 1}.
A function f(z) € A, is said to bep—valently starlike irt/, if nequelies Lo ytfce;trﬁ‘('j”
Multivalent Functions Involving
(1.2) o { 2f(2) } -0 (e U) Fractional Calculus Operators
. z ,
f(Z) R.K. Raina and |.B. Bapna
and the functiory(z) € A, is said to bep—valently convex iri/, if
Title Page
2"(2)
(1.3) i {1 + 72) >0 (z €U). Contents
Further, a functiorf(z) € A, is said to beo—valently close-to-convex it¥, 14 dd
if < >
/
(1.4) R { / p(zl) } >0 (zel). ColBack
= Close
One may refer to 1], [2] and [9] for above definitions and other related Quit
details.
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The operatod(i’“’” occurring in this paper is the Saigo type fractional calcu-

z

lus operator defined as followsH]):
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Definition 1.1. Let0 < A < 1 andu,n € R, then
(1.5) Jo2"f(2)

:%(%/j(z_ﬂ—/\ﬂ (M—A,l—n 1—/\;1—£)f(t)dt>,

where the functiorf(z) is analytic in a simply-connected region of thelane
containing the origin, with the order

f(z) =0

It being understood thét —¢)~* denotes the principal value for< arg(z—
t) < 2m. The, F; function occurring in the right-hand side df.f) is the famil-
iar Gaussian hypergeometric function (s€gffr its definition).

(|z|°) (= — 0), where e > max{0,u—n} — 1.

Definition 1.2. Under the hypotheses of Definitidnl, a fractional calculus
operator Jy T ™1™ is defined by (f])

(1.6) JofmHrmmp () = ;n; Tl f(z) (2 €U;me Ny ={0}UN).
We observe that

(1.7) DXf(z) = o2 f(z)  (0<A<1),

and

(1.8) D" f(2) =

whereD2+™ is the well known fractional derivative operatof)[[9]).
We introduce here two subclasses of functigns(p; A, i, n) andZs(p; A, i, 1)
which are defined as follows.

JotmAtmam gy (0 <A< 1;m e Ny),
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Definition 1.3. Letd € R\{0},p € N,0 < A < 1, < 1, andn > max(\, p)—
p — 1. Then the functiorf(z) € A, is said to belong toM(p; A, i, n) if it
satisfies the inequality

2 Jo L E(2)
(2.9) ST
JO,Z f(Z)

)
) —(p-p’|<-p° (€U,

6
where the value o(z J(ijl’““’"“f(z)/Ja’Z’"”f(z)) is taken as its principal
value.

Definition 1.4. Under the hypotheses of DefinitiarB, the functionf(z) € A,
is said to belong td@s(p; A, i, ) if it satisfies the inequality

woo pa () _ (L DLt —p+1) N

T(p+DT(p+n—p+1) \°
<<F(p—u+1)F(p+n—A+1)) (zeth)

(1.10)

1
where the value o<z“*PJ(if’"f(z)> Is considered to be its principal value.

For A = u, we have

(1.11) Ms(p; p, 1, m) = Ms(p; ),
and
(1.12) T5(p; 11, 11, m) = T5(p; o).
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The classesM(p; p)and 75 (p; ) were studied recently in/]. In view of
the operational relationl(8), it may be noted that the functions i, (p; 0)
arep—valently starlike in/, whereas, the functionsTa(p; 1) arep—valently
close-to-convex .

In this paper we investigate characterization properties giving sufficiency
conditions for functions of the formi(1) to belong to the classests(p; A, 1, 1)
and7;(p; A, u, n) involving the fractional calculus operatdr.6). Several conse-
guences of the main results and their relevance to known results are also pointed

out. Inequalities Defining Certain
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We mention the following results which are used in the sequel:

Lemma 2.1. ([8]). If 0 < A < 1; p,p € Randk > max{0, u — n} — 1, then

FA1+KC1—p+n+k)
Fl—p+EIA=A+n+k)

k—p

(2.1) Jo ik =

Lemma 2.2. ([5]). Let w(z) be an analytic function in the unit digk with
w(0) = 0, and let0 < r < 1. If |w(z)| attains atz, its maximum value on the
circle |z| = r, then

(2.2) 20w’ (29) = kw(zg) (k>1).
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We begin by proving

Theorem3.1.Letd € R\{0},p e N,0 < A < 1,u < 1,7 > max(A, u)—p—1,
anda > 0,b > 0, such thatu + 2b < 1. If a functionf(z) € A, satisfies the
inequality

J)\+2,,u+2,77+2 J)\+1,u+1,r]+1
3.1 R|1+=2 <J0§i1,u+1,n+1§8 - 07ZJ,\,;L,nf(Z];<Z)
072; O,Z
a—+b
<saxaa-p °>Y e
z € ,
a+b (5<0)

TS0+ a)(1—0)
thenf(z) € Ms(p; A, i1, ).

Proof. Let f(z) € A,, and define a function(z) by

L ALl e y aw( s
(32 (‘“Z ﬂ))::@—uf(ii—il) - eu)

JO)‘;Z’Wf(Z) 1 —bw(z)

Then it follows from @.1) thatw(z) is analytic function iri/, andw(0) = 0.
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Differentiation of 8.2 gives

)\+2 Wt2, 17+2 )\+1 u+1,m+1
f(z) g, f(z)
(3.3) {1 +z <J,(+1 ) <Z> . ) }

J@f”f()

( ETE T,
(say)

Assume that there exists a poigte U such that

max fu(z)] = ()] = 1.

Then, applying Lemma.2, we can write
2ow'(20) = kw(z) (k> 1),
andw(z) = ¢ (6 € [0,27)), so that from 8.3) we have

_ k(a+0) w(zo)
R{d(20)} = 5 R { (14 aw(zo)) (1 — bw(zp)) }

3 { 1 liu(zo) 1+ aL@O) }

1 —be 14 ae™®
1+0b2—2cosf 1+a2+2acosh

—R
{ 1 1 } kA
“2-1 a?—1 -5
1 T—bcosf 2 + 14+acosé 0

_k
)
_k
)
k
5
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whered # cos™'(—1/a) andf # cos™*(—1/b).
Simple calculations (under the constraints mentioned with the hypotheses for

the parameters andb) yield thatA > %, and sincek > 1, it follows
that

(a+b)
wa | = s 0> 0),

(3.4) R{o(z0)} = —

d (a+b)
<smaap (0 <0).

This contradicts our conditior8(1), and we conclude fron8(2) that

MLptlntl g, g a w(z
(zJo,Z £ >> AR I [CRLLC)

1 —bw(z)

A m
‘]O,z

< (p—u)é(;h:z) <(p-p’

This completes the proof of Theoresnl m

Next we prove

Theorem 3.2.Leto € R\{0},p e N,0 < A < 1, < 1,7 > max(\, u)—p—1,
anda > 0, b > 0 such thata + 2b < 1. If a functionf(z) € A, satisfies the
inequality

_ a+b
ZJ>\+1,M+1777+1f(2)) <p—p-+ 8(1+a)(1-b) (5 > 0) (Z . u)

(35) é]% ( B J/\,;M? b
at
0,2 >p—u+m (0 >0)

thenf(z) € Ts(p; A, 1, m).
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Proof. Consider

@6 (+7R01(:)

_ F1+p)l(1+p+n—p) b 1+ aw(z)
_(F(1+p—u)F(1+p+n—A)> (1—bw(z)) (zel).

Using the same method as elucidated in the proof of The@rénmve arrive at
the desired result. O

Remark 3.1. If we set\ = p,a = 1,b = 0, then Theorem8.1and3.2 by ap-
pealing to the operational relatioriL(8) correspond to the recently established
results due to Irmak et al 4] pp. 271-272].

Theorems3.1and3.2would also yield various results involving analytic and
multivalent functions by suitably choosing the values df, 9, ;. andp. Setting
0 = 1in Theorems3.1and3.2, we have

Corollary 3.3. Letp e N0 < A < 1, u < 1,7 > max(A\, u) —p — 1, and
a > 0, b > 0 such thate + 2b < 1. If a function f(z) € A, satisfies the
inequality

3.7) R {1 +z (Jéjz’w’mf (2)  Jortrtrly <Z>> }

Jo Tt £ () Jot " f(2)
- a+b
(I1+a)(1—0)

(z €U),

thenf(z) € My(p; A, i1, 1m).
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Corollary 3.4. Letp e N0 < A < 1, u < 1,7 > max(\, u) — p — 1, and
a > 0,b > 0 such thata + 2b < 1. If a function f(z) € A, satisfies the
inequality

g T (2) a+b
(38) D14 ( J(i;;“’nf(z) p—u+ m (Z c U),

thenf(z) € Tu (s A, 1, m).-

Corollaries3.3 and 3.4 on puttingA = px = 0, and using {.9) give the
following results:

Corollary 3.5. Letp € N, a > 0, b > 0 such thate + 2b < 1. If a function
f(z) € A, satisfies the inequality

of"(2) z2f'(2)\ _ a+b
(3.9) %{1—1— 72) 1) } < (I+a)(1-0)

then f(z) is p-valently starlike irt{.

(z €U),

Corollary 3.6. Letp € N, a > 0, b > 0 such thate + 2b < 1. If a function
f(z) € A, satisfies the inequality

2f1(2) a+b
(3.10) %{fu>}<p+<r+@u—m

then %{%} >0, (zel).

(z el),

Lastly, Corollaries3.3and3.4on puttingA = ¢ = 1, and using {.8) give
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Corollary 3.7. Letp € N, a > 0, b > 0 such thata + 2b < 1. If a function
f(z) € A, satisfies the inequality

2f"(z)  2f"(z) a+b
) G } Stad-0)

then f(z) is p—valently convex id/.

(3.11) 3%{1+ (z eU),

Corollary 3.8. Letp € N, a > 0, b > 0 such thate + 2b < 1. If a function
f(z) € A, satisfies the inequality

2f"(2) a+b
(3.12) %{ 72) }<p‘” At a)(1—b

thenf(z) is p—valently close-to -convex .

(z eU),

Remark 3.2. Whena = 1, b = 0, then the Corollaries3.5— 3.8 correspond
to the known resultss, pp. 457-458] involving inequalities gn-valent func-
tions.
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