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Abstract

By making use of Jack's Lemma as well as several differential and other in-
equalities (and parametric constraints), the authors derive sufficient conditions
for starlikeness of a certain class of n-fold symmetric analytic functions of Koebe
type. Relevant connections of the results presented here with those given in
earlier works are also indicated.
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Let.A denote the class of functiorfswhich are analytic in thepenunit disk
U={z:2€C and |z| <1}

andnormalizedby

Also, as usual, let

(1.1) S*—{f:feA and m(zjf(;)) >0 (zeIU)}

and

aT

(1.2) S*(a)
:{f:feA and arg(Z]{(,S)) <5 (zeIU;O<a§1)}

be the familiar classes starlike functionsn U andstrongly starlike functions
of orderain U (0 < o < 1), respectively. We note that

S*(a) C S S*(1) = §*.
We denote by («) the class of functiong € A defined by

0<a<) and

1.3) H(a):= {f:feA and m<az2 fl/<z)+zf/(z)) >0

f(2) f(2)
(fiz)%o; zeU;azo)},
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so that, as already observed by Ramestted. [6], we have the following inclu-
sion relationshipsdf. [6]):

(1.4) H()cS* and H(1)cCS G)

In fact, a sharper inclusion relationship than the second onk dh\fas given
subsequently by Nunokave al. [4] as follows:

A Sufficient Condition for

(1.5) H (1) C S’* (ﬁ) (ﬁ < 1> . Starlikeness of Analytic
2 Functions of Koebe Type
Obradovt and Joshi’f], on the other hand, made use of the method of differ- Muhamme: Kamall and
ential inequalities in order to derive several other related results for classes of
strongly starlike functions if.
Motivated essentially by the aforementioned earlier works, we aim here at
deriving sufficient conditions for starlikeness of affold symmetric function Contents
f» (2) of Koebe type, defined by

Title Page

44 44
1.6) £ (2) :zm (b=0;neN:={123,..1}), < >
Go Back
which obviously corresponds to the familiar Koebe function when Close
n=1 and b=2. Quit
Page 4 of 17

The following result (popularly known a%ack’'s Lemmpawill also be re-
quired in the derivation of our main result (Theorérbelow).
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Lemma 1 (Jack []). Let the(nonconstantfunctionw (z) be analytic inz| <
pwithw (0) = 0. If |w (2)] attains its maximum value on the cirdlg = r < p

at a pointz,, then
2o w' (20) = kw (20)

wherek is a real number and = 1.
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We begin by proving a stronger result than what we indicated in the preceding
section.

Theorem 1. Let then-fold symmetric functiorf, (z), defined by(1.6), be ana-
lytic in U with

@ #0 (z €U).
(i) If fo(2) satisfies the inequality A Sufficient Condition for
Starlikeness of Analytic
) I;I(Z) Zfé(z) Functions of Koebe Type
(21) R (az fb(z> + fb<Z> ) Muhammet Kamali and

H.M. Srivastava

anb nb anb
>_T+(1_7>(1_T) (ZGU),

Title Page
then f,(2) is starlike inU for
Contents
2 — VA 2 A
w>0 and 0F2-VA_ L Bat2+4VA “« | »
2a 2a
(A:=9a" — 4o +4) . < 4
Go Back
(i) If fo(2) satisfies the inequality2.1) with o = 0, that is, if Close
z2fi(2) nb Qi
(2.2) R ( 502) >1-— ) (z € U), Page 6 of 17

then f,(z) is starlike inU for 0 < nb < 2.
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Proof. (i) Let« > 0andf,(z) satisfy the hypotheses of TheordmWe put

z2fy(z) 14 (nb—1)w(z)

flz)  T—w(z)

wherew(z) is analytic inU with

w(0) =0

Then we have

{3(2) + 2/ ()} folz) — 2 { (=)}

and

w(z) #1

{fb(z)}Z

(z€U).

(nb—1)w'(2){1l —w(2)} +w'(z) {1+ (nb—1w(2)}

which implies that

(2.3)

fo(2)

{1-w(=)

f5(2)

2 Y

fo(2)

On the other hand, we can write

2 [y (2) _

nbzw'(z) 14 (nb—1w(2)

-+ () -

T he) T (—w()p

that is,

az

2 fy(2)

folz)

1—w(z)

+<1+(nb—1)w(z)>2’

1 —w(z)

1 —w(z)

. nbzw'(z) 1+ (nb—1)w(z) 2 o 1+ (nb—1)w(z)
[{1—w<z>}2 ( )]

1 —w(z)

)
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which, in turn, implies that

(2.4) a2 é%z)_kztﬂ(z)zzcy[ mhew(z) <1—%(nb—50u4z))2]

f(z) 7 f(2) {1 —w(2)}? 1—w(z)
-t buG)

Now we claim thatw(z)| < 1 (z € U). If there exists a, in U such that
lw(zo)| = 1, then (by Jack’s Lemma) we have

zow'(20) = kw(z0) (k=1).

By setting '
w(zy) = e (060 <2m),

we thus find that
> fy (%0) ﬂ@w)
mGkﬂMd+%ﬁ%)

g [ [0 () (1 (b~ Duwz))?
‘“([( s (T >]
0

1+ (nb—1)w(z
1 —w(z) )

nbke® 1+ (nb—1)e? ?
_%<O‘ [(1—ei9)2+< 1 _ it )

+(1 —a)
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—nbk

=
4 sin?

W%l

0
2 (=
nb k 4+ nb cos (2)

nb

7) -

n2b?

4

4 sin? (Q>
2
anb nb anb
< (-2 (1-) e,
sincek = 1.
If we let
W AC) fg(zO)) - _anb ( ~ n_b) ( - a_nb)
25 MR (azo Fo(z0) + 20 o)) = 1 1 5 1 5
_ i [a(nb)? — (3a + 2)(nb) + 4]
=: J(nb) (z € U),
then
I(nb) <0 (M < pp< B0F2HVA A::9a2—4a+4> |
200 2a
Thus we have
2 Ji (20) fé(zo)) <
(2.6) R (azo ) + 2o ) = 0 (z € U)
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<3a+2—\/Z<nb< 3a+2+ VA

A:=90" —da+14
5 5 Yo a+>,

which is a contradiction to the hypotheses of Theofem

Therefore,|w(z)| < 1 for all z in U. Hencef,(z) is starlike inU, thereby

proving the assertion (i) of Theorein

(i) The proof of the assertion (ii) of Theorefnwas given by Fukuet al. [1],

and so we omit the details here.

Corollary 1. The following inclusion relationship holds true

o= {ppea an (o B A0

(fb (2)

z

%0;26U;a§0>}C8*

for then-fold symmetric functiorf, (z) defined by(1.6).

]
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In this section, we apply the following known result involving differential in-
equalities with a view to deriving several further sufficient conditions for star-
likeness of then-fold symmetric functionf, (z) defined by (.6).

Lemma 2 (Miller and Mocanu [ 2]). Let© (u, v) be a complex-valued function
such that
©:D—-C (DcCxCQC),

C being(as usua) the complex planeand let
U = uy + iUs and v =uv; + iv,.
Suppose that the functidd (u, v) satisfies each of the following conditions
(i) © (u,v) is continuous iMD;
(i) (1,0) e Dand®R (O (1,0)) > 0;
(i) 2R (O (iug,v1)) < 0forall (iug,v;) € D such that

DN | —

Let
p(2) =1+piz+pp2® +- -

be analytic(regular) in U such that

(p(2),20'(2)) €D (2 €U).
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RO (p(2),20' (2)) >0 (2€1),

then
R(p(z)) >0 (z € ).

Let us now consider the following implication:
% <a22 f(<§ o ;8) >y (1 - %b) (1 - %”b)
(3.1) - m((z fZEgY) >0
(rew - (1) (1-557) < aznza)

If we put
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By setting

and letting

A Sufficient Condition for
a=0 and ol > 1, Starlikeness of Analytic
- Functions of Koebe Type

we have l\/luhammet' Kamali and
(i) ©(u,v)is continuous i = (C\ {0}) x C; H.M. Srivastava
i 1 D and
2 ( ’0) © Title Page
9{(@(1, 0)) - SOé_nb + n_b _ an’b? 0, Contents
4 2 4
44 44
since
anb nb anb < >
——f (1= ) (1-—) <L
4 2 2 Go Back
Thus the conditions (i) and (ii) of Lemniaare satisfied. Moreover, for Flloze
1 .
(iug,v;) €D suchthat v, < — 3 (14 u3), Quit
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we obtain

9%((9 (iu2,vl))

_“ |u2|(1—u)/u U1 COS (( 1) W) +a |u2|2/“ COS (Z)
I 24 I
) a7 cos () £ X0 (b (q_anb
+ (1 — ) Jug| " cos (2,“) + 1 (1 5 ) (1 5
a T T
<_% 2 (I=p)/p o /1 ~
< QM( + u3) |us| sin 2 + a|us|”* cos .
b nb anb
1 — /H T ano (M) [
+ (1 — ) Jug| " cos (2M> 1 5 5 )
which, upon puttingus| = s (s > 0), yields
(3.3) 9{(@ (iu2uvl>) S O(s),
where
! 7 T
(3.4) B(s) := ——(1+ s?)sT=H/# gin (—) + as** cos (—)
(s) 2u( ) o .

b nb anb
1 — p T anv _({_ ™ 1— —2 .
+ (1 —a)s/* cos (2M)+ 1 5 5

Remark. If, for some choices of the parametersu:, andnb, we find that

D(s)Z0  (s>0),
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then we can conclude fro(3.3) and Lemma that the corresponding implica-

tion (3.1) holds true.
First of all, for the choice:

=1 and nb=2,

we obtain
Theorem 2. If the n-fold symmetric functiory, (=) , defined by(1.6) and ana-
lytic in U with
& Lo e,
satisfies the following inequality
(3.5 R (az2 fI;((Zz)) +z ;ZE;;) >3 (z€U),

then f, € S* for any reala. = 0.

Proof. For . = 1 andnb = 2, we find from @3.4) that

@(s):—;a32§0 (s e R),
which implies Theoren2 in view of the above remark.

Next, for
2
a:§, nb =3+ 3, and =2,

we get
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Theorem 3. If the n-fold symmetric functiorf, (z) , defined by(1.6) and ana-

lytic in U with
h(2)
z
satisfies the following inequality

£0  (zeU),

2 L, [(z) S
(3.6) %(52 fb(z)+sz(z)) >0 (z € U),

then

or, equivalently

Proof. By setting
2
a=g, nb=3++/3, and pu=2

in (3.4), we have

O(s) = - S0 (s>0),

which leads us to Theorefjust as in the proof of Theoref
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