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Abstract

In the article "N. Ujevi¢, A generalization of the pre-Griiss inequality and ap-
plications to some quadrature formulae, J. Inequal. Pure Appl. Math3(2), Art.
13, 2002" error bounds for some quadrature formulae are established. Here
we prove that all inequalities (error bounds) obtained in this article are sharp.
We also establish a new sharp averaged midpoint-trapezoid inequality and give

applications in numerical integration. Sharp Error Bounds for Some
Quadrature Formulae and
Applications
2000 Mathematics Subject Classification: Primary 26D10, Secondary 41A55.
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In recent years a number of authors have considered error inequalities for some
known and some new quadrature rules. For example, this topic is considered in
[1]—[¢] and [L1] - [14].

In this paper we consider the midpoint, trapezoid and averaged midpoint-
trapezoid quadrature rules. These rules are also considered] iwhere some
new improved versions of the error inequalities for the mentioned rules are de-
rived.

Sharp Error Bounds for Some

Here we first prove that all inequalities obtained ir][are sharp. Second, Quadrature Formulae and
we specially consider the averaged midpoint-trapezoid quadrature rul€] In [ Applications
it is shown that the last mentioned rule has a better estimation of error than the Nenad Ujevi¢
well-known Simpson'’s rule and inLf] it is shown that this rule is an optimal
guadrature rule. We give a new sharp error bound for this rule. Finally, we give TR
applications in numerical integration.
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Let/ C R be aclosed interval and b € Int I, a < b. Let f : I — R be an
absolutely continuous function whose derivatiffec Ly(a,b). We define the

D(t) = ’ ?
RELEEE R

such thatby(t) = (t)/ ||®||,, where

mapping { T

el = [ @wya - Lo
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We have
b
Q(f;a,b) = / o () f'(t)dt Title Page
92 a—+b 3 b Contents
= b) — —— t)dt| .
= [+ () -2 [l —
In [17] we can find the following midpoint inequality 4 >
a+b b (b— a)3/2 Go Back
2.1) ’f ( ! ) (b—a) —/a f(t)dt‘ <SS e
where Quit
Page 4 of 22

b—

@2 - {uf'n; IO g b)]z}

J. Ineq. Pure and Appl. Math. 7(1) Art. 8, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ujevic@pmfst.hr
http://jipam.vu.edu.au/

Proposition 2.1. The inequality 2.1) is sharp in the sense that the constg\j%
cannot be replaced by a smaller one.

Proof. We first define the mapping

(2.3) 1) { 2 re (0]
' W—t+1 te(31]

and note thaf is a Lipschitzian function.

L |
)
N |—=

On the other hand, each Lipschitzian function is an absolutely continuous

function [10, p. 227].
Let us now assume that the inequali®yl) holds with a constar®’ > 0, i.e.

(2.4) ‘f (“ u b) (b—a)— /abf(t)dt' < O(b—a)Cy,

where( is defined by 2.2). Choosing: = 0, b = 1 and f defined by 2.3), we

get ! 1 1 1
/0 ftydt = o, f(é) =3

such that the left-hand side df.¢) becomes

(2.5) L.H.5.(2.4) = %
We also find that’; = ﬁg such that the right-hand side d¢f.{) becomes
C
2.6 R HS.(24)= ——.
(2.6) (24) = 7
_Frc(J£n1§2.4) - (2.6) we getC > ﬁg proving thatC' = ﬁg is the best possiDbIe
in (2.2).
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Let/ C R be aclosed interval and b € Int I, a < b. Let f : I — R be an
absolutely continuous function whose derivatiffec L,(a,b). We define the

mapping
t—Batb 4 [q, atb
w-{
L= 6 te (T?b]
such thatyo(t) = x(¢)/ [l xl|,. where
b bh— a)S
2= Y2 di = .
I = [ i = U
We have
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b .
P(fiah) = [ 07 @ Title Page
e . ot b 6 b Contents
In [17] we can find the following trapezoid inequality: < 4
_ \3/2 Go Back
(3.1) ’f ) £ /) / f(t dt‘ b=,
\/§ Close
where Quit
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Proposition 3.1. The inequality 8.1) is sharp in the sense that the constg\j%
cannot be replaced by a smaller one.
Proof. We define the mapping
1, 1
ft) = 30— 5t

It is obvious thatf is an absolutely continuous function. Let us now assume
that the inequality%.1) holds with a constant’ > 0, i.e.

‘f(a)Jrf(b)
2

(3.3)

b
(3.4) o-a- [ f<t>dt\ < O(b— a)*Cs,

where(; is defined by 8.2).
Choosingz = 0, b = 1 and f defined by 8.3), we get

/Of(t)dt:% and f(0) = f(1) =0,

Thus, the left-hand side 08(4) becomes

1
(3.5) L.H.S.(34) = —.
The right-hand side of3(4) becomes
C
3.6 R.HS.(3.4)=——.
(3-6) (3.4) =3 7
I(:grol;n (3.4 — (3.6) we getC > ﬁg proving thatﬁ§ is the best possibléin
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Let / C R be a closed interval andb € Int/, a < b. Let f : I — R be
an absolutely continuous function whose derivatflec Ly(a,b). We now
consider a simple quadrature rule of the form

fla)+2f (%) + f(b)
(4.1) (4 ) / f(t)
_ 1 a+b fa) + f(b) Sharp Error Bounds for S
-5 (5 )+ : o~ [ 1=, SR
Applications

It is not difficult to see that4.1) is a convex combination of the midpoint
guadrature rule and the trapezoid quadrature rule5jiit js shown that ¢.1)
has a better estimation of error than the well-known Simpson’s quadrature rule

Nenad Ujevic

(when we estimate the error in terms of the first derivafivef integrandf). In Title Page
[17] the following inequality is proved e
9 f (atb 3/2
w2 L@ () + ) /f Nt - « >
4 \/3 < >
where Go Back
)~ f(@) Close
4. — 112 o [f(
(4.3) Gy = ||~ =2 ou
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Proposition 4.1. The inequality 4.2) is sharp in the sense that the constgj%
cannot be replaced by a smaller one.

Proof. We first define the mapping
$t2 — 4t te0,3]
2 47 )9
(4.4) f(t) = { L
§t — Zt + 1 te
and note thay is a Lipschitzian function.
Let us now assume that the inequalityd) holds with a constand’ > 0, i.e.

fla) +2f (4“7”) QP /ab oy

where(} is defined by 4.3). Choosing: = 0, b = 1 and f defined by 4.4), we

get
[ rte= -k s =5 =1 () =0
0 48 2
such that the left-hand side of.) becomes

(4.5) < C(b—a)*?Cs,

1
(4.6) L.H.S.(4.5) = 1o
We also find that’; = ﬁg such that the right-hand side af.f) becomes
C
4.7 R.H.S.(4.5) = ——=.
(4.7) (4.5) e
Frc()érln2§4.5) —(4.7) we getC > ﬁg proving thatC' = ﬁg is the best possgole
in (4.2).
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In [17] we can find the following inequality

(5.1) S(f,9)* < S(f. /)S(g.9),

where

62 (9= [ fogwi- = [ e [ g

1 b b
- L)W (t)dt L)W (t)dt
e S [ g
andV satisfies
(5.3) / Wty = 0,

while ,
o = [ v
In [14] we can find a variant of the following lemma.
Lemmab.1.Let f € C'[a,c], g € C' [c, b] be such thaff (c) = g(c). Then
f(t), tela,c
ht) = [a ]
g(t), tele]

is an absolutely continuous function.
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Theorem 5.2.Let f : [0, 1] — R be an absolutely continuous function whose

derivativef’ € L,(0,1). Then

/f dt——[f<>+2f() f(l)H

(5.4)

M\/Hf'n [r(3) o] 2w -s(

The inequality %.4) is sharp in the sense that the constrﬁg cannot be re-

placed by a smaller one.

Proof. We define the functions

t—1 telol
(5.5) p(t)z{ L, 6[ g

t—3, te [t 1]
and
t, telo,
(5.6) U(t) = [1 )
t—1, te[35,1]
It is not difficult to verify that
1 1
(5.7) / p(t)dt = / W(t)dt = 0.
0 0
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We also have

1
1

(5.8) Ipll? = / Pt =+,

; 48

1 1
(5.9) 192 = / V(t)dt =~

. 12

1 1
— Sh E B ds for S

(510) | oo = g e

Applications
From (.1), (5.2) and £.3) we get

Nenad Ujevic

. Volp(t)f Hit= ||\If|| e 7o /olf'“”’(t)dt} T
[um e L ( / p(tﬂ,(t>dt)2 e
X lllf’||2— (/ f(t > WHQ (/01f<>q/(t)dt)2]. < 4

Go Back

Contents

Integrating by parts, we obtain
9 gbyp ’ Close

(5.12) /Olp(t)f’(t)dt — /0é (t_ }1) f’(t)dt+[ (t— Z) f(t)dt Quit
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and

(5.13) /0 FOT(E)dt = /0 LF(t)dt + / (t— D) f'($)dt
-7 (3) - [ s

We introduce the notations

(5.14) z'_/olf(t)dt

(5.15) 0= [f(O) 2/ (%) + f(l)] -

From 6.11) — (5.19 and 6.8) — (5.10) it follows that

518) |@-9 - (s () )] 2
<o [an—[()—f<o>12—12(f(%>”)]

1

4 2
(5.17) ¢ —2q2+3q +@[f(1)—f(0)]

or

~rpas(r(5)) - (3)aso

Sharp Error Bounds for Some
Quadrature Formulae and
Applications

Nenad Ujevic

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 13 of 22

J. Ineq. Pure and Appl. Math. 7(1) Art. 8, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ujevic@pmfst.hr
http://jipam.vu.edu.au/

If we now introduce the notations

(5.18) B =—2q,

(5.19) 7 = 2® + = [£(1) — FO)2 — |f]* + 16 (f (1)) s (1) q

3 48 2

then we have
(5.20) i2 4+ Bi+v <0.

Thus,i € [iy, 2], where

BV Ay
2 Y

(41

iy — —B+ /B4y
5 .

In other words,

BBy B VE 4
2 2 - 2 2
or
B [% — 4y
5.21 Tl <
(5.21) i+5] <Y
We have

(522 1y = - [Hf’!l2 2 [r(3) 0] 2w -s(
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From 6.21) and 6.22 we easily find that.4) holds.
We have to prove thab(4) is sharp. For that purpose, we define the function

-+ L, te|0,)
2 4 327 ’ 2
f(t)z{

(5.23) 142 3 9 1
ot =it + g 1€ 5]

From Lemmab.1we see that the above function is absolutely continuous. If we
substitute the above function in the left-hand side=of)(then we get

1 Shar
p Error Bounds for Some
(5'24) L.H.S. (‘) 4) 48 Quadrature Formulae and
Applications

If we substitute the above function in the right-hand sidesof)(then we get

Nenad Ujevic

1
(5.25) R.H.S.(5.4) = 5
. Title Page
From (6.24) and 6.25 we conclude thatH.4) is sharp. O
Contents
Theorem 5.3.Let f : [a,b] — R be an absolutely continuous function whose
derivativef’ € Ly(a,b). Then b dd
b b +b < g
—a a
(5.26) ft)dt — —— {f(a) +2f ( 5 ) +f(b)” Go Back
(b a)3 /2 a+b 2 Close
< _
< WP - = () - out
9 BASE 3 Page 15 of 22
o= (55 ) .
J. Ineq. Pure and Appl. Math. 7(1) Art. 8, 2006

http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:ujevic@pmfst.hr
http://jipam.vu.edu.au/

The above inequality is sharp in the sense that the cons4at/3) cannot be
replaced by a smaller one.

Remark 1. We have better estimates tham46. For example, we have the

inequality
o] - [ s

1
<_ !/
< <17

However, note that the estimate 27) can be applied only if’ is bounded. On
the other hand, the estimat&.26 can be applied for absolutely continuous
functions iff’ € Ly(a, b).

There are many examples where we cannot apply the estimat@ but we
can apply .26).
Example 5.1. Let us consider the integrzjk1 V/sin t2dt. We have

b;a {f(a)+2f <a;rb>+

(5.27) ‘

(b—a).

3 2t cos t2
t) = Vsint2 and f'(t) = ——
) 0= Vare

such thatf’(t) — oo, t — 0 and we cannot apply the estimateZ7). On the
other hand, we have

2 cos t? 16

! 4
"] dt <
/0 £ )] - 9'512[(?}1(] sin t2 / \/smt2

e || f', < § and we can apply the estimate 26).
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Letm = {zgp=a <z, <--- <z, = b} be a given subdivision of the interval
la,b] such thath; = x;.1 — 2; = h = (b — a)/n. We define

—_

n—

6.1) on(f) = [” "I = (F i) — F)?

. n
=0
1
Ti + Tip 21® Sharp Error Bounds for Some
- (f(l’l) - 2f <T) + f(le)) ) Quadrature Formulae and
Applications
Nenad Ujevic
lb—a T+ x 2
- 2 i i+l
(6.2) Un(f) = [ n ||f/H2 —2 (f <T+) - f(%)) Title Page
i=0
1 Contents
ZTi + Tit1 2|
—2 (f(%’ﬂ) —f <T)> 4 dd
| 4
and
Go Back
1 2 Close
63wl =|6-alf- 100 - )]
Quit
Theorem 6.1. Let 7 be a given subdivision of the interval, b] and let the Page 17 of 22
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assumptions of Theorem2 hold. Then

/ piar -5 [f(as» vof (*T) " f<xi+1>] ‘

=0
b—a b—a
< n
_4\/§na(f) Wers wn(f),
whereo, (f) andw,(f) are defined byq.1) and (6.3), respectively.

(6.4)

Proof. We have

©5) |10 +27 (255 ) 4 st - [ e

= [ K,

T

where
t— 3xi‘237i+1’ t e [xi7 $i+;5i+1:|
Kl(t) - z;+3x; Ti+x;
t— i 4z+1’ te(221+1’xi+1]

From Propositiont.1 we obtain

4 [ o (2 +f<xi+1>} - [ o
<7

(1713~ 5 () — £
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- % (f(l"z') —2f (%) + f(l’z‘+1))2] % :

If we sum (.5) over: from 0 ton — 1 and apply the above inequality then
we get

1
/f dt—zZ{ T +2f(%>+ﬂ%+1)]|
—0

h Sharp Error Bounds for Some
Quadrature Formulae and
[Z I ”2 — (f(@i1) — f(xz))z Applications
1 Nenad Ujevic
1 Ti + Tit1 45
-z (f(xn - 2f (T) +f<asi+1>) .
Title Page
From the above relation and the fact (b—a)/n we see that the first inequality Contents
in (6.4) holds.
Using the Cauchy inequality we have « dd
n—1 1 % 4 | 2
2 2
©6) > [Hf'uz — - (F(i) = [ (@) } Go Back
i=0
_ _— 1 Close
<n|lf;- — Z f(@it) 0)2] Quit
- - 1 Page 19 of 22
1 1 2
<n N2 - b) — f(a))?
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Since
1718 = 3 i) = S = 1 () =2 (2540 4 o)
< ||f/H§ - % (f(@i1) — f(fz'))2>

we easily conclude that the second inequalityGrf) holds, too. O

Remark 2. The second inequality ir6(4) is coarser than the first inequality. It sh

. . arp Error Bounds for Some
may be used to predict the number of steps needed in the compound rule for a  Quadrature Formulae and
given accuracy of the approximation. Of course, we shall use the first inequality Applications
in (6.4) to obtain the error bound. Note also that in this last case we use the Nenad Ujevic
same valueg(z;) to calculate the approximation of the integrﬁ}fi f(t)dt and
to obtain the error bound and recall that function evaluations are generally

considered the computationally most expensive part of quadrature algorithms. Tite Page
. Content
Theorem 6.2. Under the assumptions of Theorémi we have ontents
<4< 44
b h n—1 i+ Zipq
[ =53 sty 27 () 4 pan)] <
' = b—a b—a Go Back
< —F=h < Wn >
- 4\/§nﬁ () 4/3n (f) Close
Quit

wheren,,(f) is defined by&.2).

Proof. The proof of this theorem is similar to the proof of Theoréri. Here
we use Theorerf.3. N
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