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ABSTRACT. In this note, we obtain two new refinements of Jensen'’s inequality for convex func-
tions.
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1. INTRODUCTION

Let X be a real linear space addC X be a non-empty convex sef.: I — R is called a
convex function, if for every:, y € I and anyt € (0, 1), we have (see [1])

fltz+ (1 —t)y) <tf(z)+ (1 =) f(y).
Let f be a convex function o. For a given positive integer > 2 and anyx; € I (i =
1,2,...,n), itis well-known that the following Jensen’s inequality holds

(1.1) f (% Za:> < %Z f i)

The classical inequality (1.1) has many applications and there are many extensive works devoted
to generalizing or improving Jensen’s inequality. In this respect, we refer the reader to [1] —[10]
and the references cited therein for updated results.

In this paper, we assume that,, =z, (r=1,2,...,n —2;n > 2).
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Using [1.1), L. Bougoffa in[[11] proved the following two inequalities

(12) (ZEZ + ZEz+1> + f ( le> < Zf(xz)
and
1z ("”” el “*”‘2) . (% > x> <3S,

In this paper, we generalize (1.2) and {1.3), obtain refinemens ¢f (1.1).

2. MAIN RESULTS

Theorem 2.1. Let f be a convex function ohandn(> 2) be a given positive integer. For any
vel(i=12...,n),m=23...,k=0,1,2,... andr = 1,2,...,n — 2, then we have
the following refinements df (1.1)

21 f <%§n:f> =

L " (xi+$i+;:'1"+xi+r> —i—mT_lf (%i%)
T

! % A” (l’z +$i+;:'1”+$i+r) + ;f (1 sz>

i) e

i=1

no 1 i+ Tig1 + -+ Tigr .
n+1 nzzlf< r+1 ) n+1 ( le)

S—'_ f +1 + + f
n+k n ‘= r+1

TL—f—k} 1 i xi+xi+1+"'+l‘i+r ]_ ]_ L
n+k+1 nzlf< r+1 T Er1 le
1 u J]i+5(7i+1+"'+13i+,« 1 "
<. o< < = .
- _an< r+1 _n;f(x’)

Remark 1. It is easy to see that (1.2) ar[d (1.3) are partg of| (2.1)fer 1 andr = n — 2,
respectively.
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Theorem 2.2.Let f, m, k andn be defined as in Theorgm P.1. Foranye I (i = 1,2,...,n)
andr =1,2,...,n — 2, we have the following refinements|of {1.1)

2.2) %ilf(xi) . mnzl %if(mﬂtxiiljum) +%f <%i$>
> (n—l—k—l _i)lzn:f(xi+$i+1+---+xi+r)
n—+k m) n ‘= r+1
* (nj—k’—'—%)f(%gxl)
RS G

b (5

i=1

3. PROOF OF THEOREMS

Proof of Theorerp 2]1From (1.1), we have

n

1 ¢ Ti+ Tip1 + -+ Tigy I %+ i+ + T
3.1 — > -
ou ur(tr ) e (fn e

Form =2,3,..., by (3.1) we can get
62 iy
. ni:ll'z
1 1< m 1<
sy (E;xi>+m+1f (E;x>
1 1 < Ti+ Tip1 + 0+ Tigr m I
< . _ .
“m+1 an< r+1 )+m+1f<nizxz>
1 1 T+ Tig1 + -+ Tigy
S om+1 nzf< r+1 )

sy ) GD“")
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1 1 RS T+ Tig1 + -+ Tigr
< -
_(m+1+m(m+1)) n;f( r+1

_1 1 a $i+xi+l+"'+xi+7“ m—1 1 -
m n;f( r+1 L / n;% '

The inequality[(3.]) yields
1 1 Ti+ Tigr + 0+ Tigy 1,1

SE n;f( rt 1 >+2f(n;x’)
_(n—1 n—2 Ti+Tip1 + 0+ Tigr 1 l ~ ‘
_< n ) Zf( r+1 )“sz(n;xZ)

n

n—1 1 ZL’i+ZEi+1+"'+$¢+T
<
< RZf( )

5 (0 5) (55
1 T+ Tig1 4+ Tigr 1, (1S
ng( — )+5f<az>

Fork =0,1,2,..., using inequality[(3]1), we obtain

n+k—1 1 Ti+ Tig1 + -+ Tiyy
3.4 —_— = i
(34) n+k nizlf( r+1 >+n+k ( Zx)
_(_ntk 1 Zf Ti+ Tigg + -+ Tigr
S \n+k+l (n+k+1D)(n+k) r+1
1 1 <
+n+kf<ﬁz_zlxz>

n‘i‘k' 1Zf<l’i+l’i+1+"'+l’i+f,«)

_n+/<:+1 n r—+1

1 1 & 1 I &
- (n+k—|—1)(n+k)f<ﬁ;mi> o E (E;x>
on4k 1S T+ T+t T 1 1 «
Cn+k+1 an( r+1 >+n+k+1f< ;x>

n—l—k: xi+xi+1+"'+xi+r
< v,
Tnt+k+1 an< r+1

Ti+ Tig1r + -+ Tigr
+n+k—|—1 nzf< r+1 )
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_lif Ti + Tig1 + -+ Tiyy
n r+1 '

=1

From (1.1), we have

(3.5)

1 ¢ Ti + Tigr + -+ Tigr L f (@) + f (@in) + -+ f (i)
ﬁzf( r+1 )SEZ r+1

i=1
n

= %Zf(%’)‘

=1

Combination of[(3.R) {(3]5) yield§ (2.1).

The proof of Theorer 2,1 is completed.

Proof of Theorerh 2|]2Fork = 0,1,2,... andm = 2,3, ..., from (2.1), we obtain
1 & 1 &
(36) —D fla)—f|=> m
=1 i=1
I i+ Tigr + -+ Tigyr
>
n ; / < r+1 )

1 1< xi+xi+1+~~+mi+r m—1 1 &
(m an( r+1 + m / nle

i=1

n+k—1 1 - xi+xi+1+"'+$i+r 1 -
> 7 . _
Sop (e ) (o

=1 1
1 & %+mﬂ+~wﬂﬂr 1<
(o (eet f(n;xz
n+k—-1 1 “ Ti+ Ty + - ~|—xl+r 1 &
- s (e ot (o

1 xi+$i+1+"'+l’i+r
(e g

<$i+$i+1 +"'+Cﬂz‘+r)‘

)

r+1

Expression[(3]6) plus

yields (2.2).

The proof of Theorerp 2|2 is completed.
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