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Abstract

In this paper, we study the Hyers-Ulam stability problem for the following func-
tional equation
(E(K))

∑
ϕ∈Φ

∫
K

f(xkϕ(y)k−1)dωK(k) = |Φ|f(x)g(y), x, y ∈ G,

where G is a locally compact group, K is a compact subgroup of G, ωK is the
normalized Haar measure of K, Φ is a finite group of K-invariant morphisms
of G and f, g : G −→ C are continuous complex-valued functions such that f
satisfies the Kannappan type condition, for all x, y, z ∈ G

(*)
∫
K

∫
K

f(zkxk−1hyh−1)dωK(k)dωK(h)

=
∫
K

∫
K

f(zkyk−1hxh−1)dωK(k)dωK(h).

Our results generalize and extend the Hyers-Ulam stability obtained for the Wil-
son’s functional equation.

2000 Mathematics Subject Classification: 39B72.
Key words: Functional equations, Hyers-Ulam stability, Wilson equation, Gelfand

pairs.

Contents
1 Introduction. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2 General Properties. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
3 The Main Results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
4 Applications. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .14
References

http://jipam.vu.edu.au/
mailto:bbouikhalene@yahoo.fr
http://jipam.vu.edu.au/
http://www.ams.org/msc/


On Hyers-Ulam Stability of
Generalized Wilson’s Equation

Belaid Bouikhalene

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 3 of 22

J. Ineq. Pure and Appl. Math. 5(4) Art. 100, 2004

http://jipam.vu.edu.au

1. Introduction
Let G be a locally compact group. LetK be a compact subgroup ofG. Let
ωK be the normalized Haar measure ofK. A mappingϕ : G → G is a
morphism ofG if ϕ is a homeomorphism ofG onto itself which is either
a group-homomorphism, i.e. (ϕ(xy) = ϕ(x)ϕ(y), x, y ∈ G), or a group-
antihomomorphism, i.e. (ϕ(xy) = ϕ(y)ϕ(x), x, y ∈ G). We denote by
Mor(G) the group of morphism ofG andΦ a finite subgroup ofMor(G) of
aK-invariant morphisms ofG (i.e. ϕ(K) ⊂ K). The number of elements of
a finite groupΦ will be designated by|Φ|. The Banach algebra of bounded
measures onG with complex values is denoted byM(G) and the Banach space
of all complex measurable and essentially bounded functions onG by L∞(G).
C(G) designates the Banach space of all continuous complex valued functions
onG.

In this paper we are going to generalize the results obtained in [1], [4] and
[6] for the integral equation

(1.1)
∑
ϕ∈Φ

∫
K

f(xkϕ(y)k−1)dωK(k) = |Φ|f(x)g(y), x, y ∈ G.

This equation may be considered as a common generalization of functional
equations of Cauchy and Wilson type

(1.2) f(xy) = f(x)g(y), x, y ∈ G,

(1.3) f(xy) + f(xσ(y)) = 2f(x)g(y), x, y ∈ G,

http://jipam.vu.edu.au/
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whereσ is an involution ofG. It is also a generalization of the equations

(1.4)
∫
K

f(xkyk−1)dωK(k) = f(x)g(y), x, y ∈ G,

(1.5)
∫
K

f(xkyk−1)dωK(k)

+

∫
K

f(xkσ(y)k−1)dωK(k) = 2f(x)g(y), x, y ∈ G,

(1.6)
∫
K

f(xky)χ(k)dωK(k) = f(x)g(y), x, y ∈ G,

(1.7)
∫
K

f(xky)χ(k)dωK(k)

+

∫
K

f(xkσ(y))χ(k)dωK(k) = 2f(x)g(y), x, y ∈ G,

(1.8)
∫
K

f(xky)dωK(k) = f(x)g(y), x, y ∈ G,

and

(1.9)
∫
K

f(xky)dωK(k) +

∫
K

f(xkσ(y))dωK(k) = 2f(x)g(y), x, y ∈ G.
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If G is a compact group, the equation (1.1) may be considered as a generaliza-
tion of the equations

(1.10)
∫
G

f(xtyt−1)dt = f(x)g(y), x, y ∈ G,

(1.11)
∫
G

f(xtyt−1)dt+

∫
G

f(xtσ(y)t−1)dt = 2f(x)g(y), x, y ∈ G,

and

(1.12)
∑
ϕ∈Φ

∫
G

f(xtϕ(y)t−1)dt = |Φ|f(x)g(y), x, y ∈ G.

Furthermore the following equations are also a particular case of (1.1).

(1.13)
∑
ϕ∈Φ

f(xϕ(y)) = |Φ|f(x)g(y), x, y ∈ G,

(1.14)
∑
ϕ∈Φ

∫
K

f(xkϕ(y))dωK(k) = |Φ|f(x)g(y), x, y ∈ G,

and

(1.15)
∑
ϕ∈Φ

∫
K

f(xkϕ(y))χ(k)dωK(k) = |Φ|f(x)g(y), x, y ∈ G,

whereχ is a unitary character ofK.
In the next section, we note some results for later use.
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mailto:bbouikhalene@yahoo.fr
http://jipam.vu.edu.au/


On Hyers-Ulam Stability of
Generalized Wilson’s Equation

Belaid Bouikhalene

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 6 of 22

J. Ineq. Pure and Appl. Math. 5(4) Art. 100, 2004

http://jipam.vu.edu.au

2. General Properties
In what follows, we study general properties. LetG,K andΦ given as above

Proposition 2.1 ([4]). For an arbitrary fixedτ ∈ Φ, the mapping

Φ −→ Φ

ϕ 7→ ϕ ◦ τ

is a bijection and for allx, y ∈ G, we have

(2.1)
∑
ϕ∈Φ

∫
K

f(xkϕ(τ(y))k−1)dωK(k) =
∑
ψ∈Φ

∫
K

f(xkψ(y)k−1)dωK(k).

Proposition 2.2. Letϕ ∈ Φ andf ∈ C(G), then we have

i) ∫
K

f(xkϕ(hy)k−1)dωK(k) =

∫
K

f(xkϕ(yh)k−1)dωK(k), x, y ∈ G, h ∈ K.

ii) If f satisfies (* ), then for alla, z, y, x ∈ G, we have∫
K

∫
K

f(zhϕ(ykxk−1)h−1)dωK(h)dωK(k)

=

∫
K

∫
K

f(zhϕ(xkyk−1)h−1)dωK(h)dωK(k).

http://jipam.vu.edu.au/
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and∫
K

∫
K

∫
K

f(ahϕ(zk1yk
−1
1 h1xh

−1
1 )h−1)dωK(h)dωK(k1)dωK(h1)

=

∫
K

∫
K

∫
K

f(ahϕ(zk1xk
−1
1 h1yh

−1
1 )h−1)dωK(h)dωK(k1)dωK(h1).

Proof. By easy computations.

http://jipam.vu.edu.au/
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3. The Main Results
The main result is the following theorem.

Theorem 3.1.Letδ > 0 and let(f, g) ∈C(G) such thatf satisfies the condition
(* ) and the functional inequality

(3.1)

∣∣∣∣∣∑
ϕ∈Φ

∫
K

f(xkϕ(y)k−1)dωK(k)− |Φ|f(x)g(y)

∣∣∣∣∣ ≤ δ, x, y ∈ G.

Then

i) f , g are bounded or

ii) f is unbounded andg satisfies the equation

(3.2)
∑
ϕ∈Φ

∫
K

g(xkϕ(y)k−1)dωK(k) = |Φ|g(x)g(y), x, y ∈ G.

iii) g is unbounded,f satisfies the equation (1.1). Furthermore iff 6= 0, then
g is a solution of (3.2).

Proof. Let (f, g) be a solution of the inequality (3.1), such thatf is unbounded
and satisfies the condition (* ), then for allx, y, z ∈ G, we get by using Proposi-
tions2.1and2.2

|Φ||f(z)|

∣∣∣∣∣∑
ϕ∈Φ

∫
K

g(xkϕ(y)k−1)dωK(k)− |Φ|g(x)g(y)

∣∣∣∣∣

http://jipam.vu.edu.au/
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=

∣∣∣∣∣∑
ϕ∈Φ

∫
K

|Φ|f(z)g(xkϕ(y)k−1)dωK(k)− |Φ|2f(z)g(x)g(y)

∣∣∣∣∣
≤

∣∣∣∣∣∑
ϕ∈Φ

∫
K

∑
ψ∈Φ

∫
K

f(zhψ(xkϕ(y)k−1)h−1)dωK(h)dωK(k)

− |Φ|f(z)
∑
ϕ∈Φ

∫
K

g(xkϕ(y)k−1)dωK(k)

∣∣∣∣∣
+

∣∣∣∣∣∑
ψ∈Φ

∫
K

∑
ϕ∈Φ

∫
K

f(zhψ(xkϕ(y)k−1)h−1)dωK(h)dωK(k)

− |Φ|g(y)
∑
ψ∈Φ

∫
K

f(zkψ(x)k−1)dωK(k)

∣∣∣∣∣
+ |Φ||g(y)|

∣∣∣∣∣∑
ψ∈Φ

∫
K

f(zhψ(x)h−1)dωK(h)− |Φ|f(z)g(x)

∣∣∣∣∣
≤

∑
ϕ∈Φ

∫
K

∣∣∣∣∣∑
ψ∈Φ

∫
K

f(zhψ(xkϕ(y)k−1)h−1)dωK(h)−|Φ|f(z)g(xkϕ(y)k−1)

∣∣∣∣∣ dωK(k)

+
∑
ψ∈Φ

∫
K

∣∣∣∣∣∑
τ∈Φ

∫
K

f(zhψ(x)h−1kτ(y)k−1))dωK(k)−|Φ|g(y)f(zhψ(x)h−1)

∣∣∣∣∣dωK(h)

+ |Φ||g(y)|

∣∣∣∣∣∑
ψ∈Φ

∫
K

f(zkψ(x)k−1)dωK(k)− |Φ|f(z)g(x)

∣∣∣∣∣
≤ 2|Φ|δ + |Φ||g(y)|δ.

http://jipam.vu.edu.au/
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Sincef is unbounded it follows thatg is a solution of the functional equation
(3.2). For the second case let(f, g) be a solution of the inequality (3.1) such
thatf satisfies the condition (* ) andg is unbounded then for allx, y, z ∈ G, one
has

|Φ||g(z)|

∣∣∣∣∣∑
ϕ∈Φ

∫
K

f(xkϕ(y)k−1)dωK(k)− |Φ|f(x)g(y)

∣∣∣∣∣
=

∣∣∣∣∣∑
ϕ∈Φ

∫
K

|Φ|g(z)f(xkϕ(y)k−1)dωK(k)− |Φ|2g(z)f(x)g(y)

∣∣∣∣∣
≤

∣∣∣∣∣∑
ψ∈Φ

∫
K

∑
ϕ∈Φ

∫
K

f(xhϕ(y)h−1kψ(z)k−1)dωK(h)dωK(k)

−|Φ|g(z)
∑
ϕ∈Φ

∫
K

f(xkϕ(y)k−1)dωK(k)

∣∣∣∣∣
+

∣∣∣∣∣∑
ϕ∈Φ

∫
K

∑
ψ∈Φ

∫
K

f(xhψ(z)h−1kϕ(y)k−1)dωK(h)dωK(k)

− |Φ|g(y)
∑
ψ∈Φ

∫
K

f(xkψ(z)k−1)dωK(k)

∣∣∣∣∣
+ |Φ||g(y)|

∣∣∣∣∣∑
ψ∈Φ

∫
K

f(xkψ(z)k−1)dωK(k)− |Φ|f(x)g(z)

∣∣∣∣∣

http://jipam.vu.edu.au/
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≤
∑
ϕ∈Φ

∫
K

∣∣∣∣∣∑
ψ∈Φ

∫
K

f(xkϕ(y)k−1hψ(z)h−1)dωK(h)

− |Φ|g(z)f(xkϕ(y)k−1)

∣∣∣∣dωK(k)

+
∑
ψ∈Φ

∫
K

∣∣∣∣∣∑
ϕ∈Φ

∫
K

f(xkψ(z)k−1hϕ(y)h−1))dωK(h)

− |Φ|g(y)f(xkψ(z)k−1)

∣∣∣∣dωK(k)

+ |Φ||g(y)|

∣∣∣∣∣∑
ψ∈Φ

∫
K

f
(
xkψ(z)k−1

)
dωK(k)− |Φ|f(x)g(z)

∣∣∣∣∣
≤ 2|Φ|δ + |Φ||g(y)|δ.

Sinceg is unbounded it follows thatf is a solution of (1.1). Now let f 6= 0,
then there existsa ∈ G such thatf(a) 6= 0. Let η = δ

|f(a)| and let

F (x) =
1

|Φ||f(a)|
∑
ϕ∈Φ

∫
K

f(akϕ(x)k−1)dωK(k).

By using Proposition2.2 it follows thatF satisfies the condition (* ), and by
using the inequality (3.1) one has|F (x)− g(x)| ≤ η

|Φ| , sinceg is unbounded it

http://jipam.vu.edu.au/
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follows thatF is unbounded. Furthermore for allx, y ∈ G we have∣∣∣∣∣∑
ϕ∈Φ

∫
K

F (xkϕ(y)k−1)dωK(k)− |Φ|F (x)g(y)

∣∣∣∣∣
=

1

|Φ|f(a)

∣∣∣∣∣∑
ϕ∈Φ

∫
K

Σψ∈Φ

∫
K

f(ahψ(xkϕ(y)k−1)h−1)dωK(h)dωK(k)

− |Φ| 1

|Φ|f(a)

∑
ϕ∈Φ

∫
K

f(akϕ(x)k−1)dωK(k)g(y)

∣∣∣∣∣
≤ 1

|Φ|f(a)

∑
ϕ∈Φ

∫
K

∣∣∣∣∣∑
τ∈Φ

∫
K

f(ahψ(x)h−1kτ(y)k−1)dωK(k)

− |Φ|f(ahϕ(x)h−1)g(y)

∣∣∣∣dωK(k)

≤ η.

From the first case it follows thatg is a solution of (3.2).

Corollary 3.2. Letδ > 0 and let(f, g) ∈C(G) such thatf satisfies the condition
(* ) and the functional inequality

(3.3)

∣∣∣∣∫
K

f(xkyk−1)dωK(k)

+

∫
K

f(xkσ(y)k−1)dωK(k)− 2f(x)g(y)

∣∣∣∣ ≤ δ, x, y ∈ G,

http://jipam.vu.edu.au/
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whereσ is an involution onG. Then

i) f , g are bounded or

ii) f is unbounded andg satisfies the equation

(3.4)
∫
K

g(xkyk−1)dωK(k)

+

∫
K

g(xkσ(y)k−1)dωK(k) = 2g(x)g(y), x, y ∈ G.

iii) g is unbounded,f satisfies the equation (1.5). Furthermore iff 6= 0, then
g is a solution of (3.4).

Remark 3.1. In the case whereΦ = {I}, it is not necessary to assume thatf
satisfies the condition (* ) (see [1] and [6]).

http://jipam.vu.edu.au/
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4. Applications
The following theorems are a particular case of Theorem3.1.

If K ⊂ Z(G), then we have

Theorem 4.1. Let δ > 0 and letf, g be a complex-valued functions onG such
thatf satisfies the Kannappan condition ([12])

(*) f(zxy) = f(zyx), x, y ∈ G

and the functional inequality

(4.1)

∣∣∣∣∣∑
ϕ∈Φ

f(xϕ(y))− |Φ|f(x)g(y)

∣∣∣∣∣ ≤ δ, x, y ∈ G.

Then

i) f , g are bounded or

ii) f is unbounded andg is a solution of the functional equation

(4.2)
∑
ϕ∈Φ

g(xϕ(y)) = |Φ|g(x)g(y), x, y ∈ G,

iii) g is unbounded andf is a solution of (1.13). Furthermore iff 6= 0 theng
is a solution of (4.2).
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mailto:bbouikhalene@yahoo.fr
http://jipam.vu.edu.au/


On Hyers-Ulam Stability of
Generalized Wilson’s Equation

Belaid Bouikhalene

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 15 of 22

J. Ineq. Pure and Appl. Math. 5(4) Art. 100, 2004

http://jipam.vu.edu.au

Corollary 4.2. Let δ > 0 and letf, g be a complex-valued functions onG such
thatf satisfies the Kannappan condition

(*) f(zxy) = f(zyx), x, y ∈ G

and the functional inequality

(4.3) |f(xy) + f(xσ(y))− 2f(x)g(y)| ≤ δ, x, y ∈ G,

whereσ is an involution onG. Then

i) f , g are bounded or

ii) f is unbounded andg is a solution of the functional equation

(4.4) g(xy) + g(xσ(y)) = 2g(x)g(y), x, y ∈ G,

iii) g is unbounded andf is a solution of (1.3). Furthermore iff 6= 0 theng
is a solution of (4.4).

Remark 4.1. If G is abelian, then the condition (* ) holds.

If f(kxh) = χ(k)f(x)χ(h), k, h ∈ K andx ∈ G, whereχ is a character of
K ([13]), then we have

Theorem 4.3.Letδ > 0 and let(f, g) ∈C(G) such thatf(kxh) = χ(k)f(x)χ(h),
k, h ∈ K, x ∈ G,

(*)
∫
K

∫
K

f(zkxhy)χ(k)χ(h)dωK(k)dωK(h)

=

∫
K

∫
K

f(zkyhx)χ(k)χ(h)dωK(k)dωK(h)
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and

(4.5)

∣∣∣∣∣∑
ϕ∈Φ

∫
K

f(xkϕ(y))χ(k)dωK(k)− |Φ|f(x)g(y)

∣∣∣∣∣ ≤ δ, x, y ∈ G.

Then

i) f , g are bounded or

ii) f is unbounded andg is a solution of the functional equation

(4.6)
∑
ϕ∈Φ

∫
K

f(xkϕ(y))χ(k)dωK(k) = |Φ|f(x)f(y), x, y ∈ G,

iii) g is unbounded andf is a solution of (1.15). Furthermore iff 6= 0 theng
is a solution of (4.6).

Corollary 4.4. Letδ > 0 and let(f, g) ∈ C(G) such thatf(kxh) = χ(k)f(x)χ(h),
k, h ∈ K, x ∈ G,

(*)
∫
K

∫
K

f(zkxhy)χ(k)χ(h)dωK(k)dωK(h)

=

∫
K

∫
K

f(zkyhx)χ(k)χ(h)dωK(k)dωK(h)

and

(4.7)

∣∣∣∣∫
K

f(xky)χ(k)dωK(k)

+

∫
K

f(xkσ(y))χ(k)dωK(k)− 2f(x)g(y)

∣∣∣∣ ≤ δ, x, y ∈ G.

http://jipam.vu.edu.au/
mailto:bbouikhalene@yahoo.fr
http://jipam.vu.edu.au/


On Hyers-Ulam Stability of
Generalized Wilson’s Equation

Belaid Bouikhalene

Title Page

Contents

JJ II

J I

Go Back

Close

Quit

Page 17 of 22

J. Ineq. Pure and Appl. Math. 5(4) Art. 100, 2004

http://jipam.vu.edu.au

whereσ is an involution ofG. Then

i) f , g are bounded or

ii) f is unbounded andg is a solution of the functional equation

(4.8)
∫
K

g(xky)χ(k)dωK(k)

+

∫
K

g(xkσ(y))χ(k)dωK(k) = 2g(x)g(y), x, y ∈ G.

iii) g is unbounded andf is a solution of (1.7). Furthermore iff 6= 0 theng
is a solution of (4.8).

Remark 4.2. If the algebraχωK ? M(G) ? χωK is commutative then the con-
dition (* ) holds [4].

In the next theorem we assume thatf to be bi-K-invariant (i.e.f(hxk) =
f(x), h, k ∈ K, x ∈ G ([7], [10]), then we have

Theorem 4.5. Let δ > 0 and let (f, g) ∈ C(G) such thatf(kxh) = f(x),
k, h ∈ K, x ∈ G,

(*)
∫
K

∫
K

f(zkxhy)dωK(k)dωK(h)

=

∫
K

∫
K

f(zkyhx)dωK(k)dωK(h), x, y, z ∈ G
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and

(4.9)

∣∣∣∣∣∑
ϕ∈Φ

∫
K

f(xkϕ(y))dωK(k)− |Φ|f(x)g(y)

∣∣∣∣∣ ≤ δ, x, y ∈ G.

Then

i) f , g are bounded or

ii) f is unbounded andg is a solution of the functional equation

(4.10)
∑
ϕ∈Φ

∫
K

f(xkϕ(y))dωK(k) = |Φ|f(x)f(y), x, y ∈ G,

iii) g is unbounded andf is a solution of (1.14). Furthermore iff 6= 0 theng
is a solution of (4.10).

Corollary 4.6 ([6]). Let δ > 0 and let(f, g) ∈ C(G) such thatf(kxh) = f(x),
k, h ∈ K, x ∈ G,

(*)
∫
K

∫
K

f(zkxhy)dωK(k)dωK(h)

=

∫
K

∫
K

f(zkyhx)dωK(k)dωK(h), x, y, z ∈ G

and

(4.11)

∣∣∣∣∫
K

f(xky)dωK(k)

+

∫
K

f(xkσ(y))dωK(k)− 2f(x)g(y)

∣∣∣∣ ≤ δ, x, y ∈ G.
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whereσ is an involution ofG. Then

i) f , g are bounded or

ii) f is unbounded andg is a solution of the functional equation

(4.12)
∫
K

g(xky)dωK(k)

+

∫
K

g(xkσ(y))dωK(k) = 2g(x)g(y), x, y ∈ G.

iii) g is unbounded andf is a solution of (1.9). Furthermore iff 6= 0 theng
is a solution of (4.12).

Remark 4.3. If the algebraωK ?M(G)?ωK is commutative then the condition
(* ) holds [4].

In the next corollary, we assume thatG = K is a compact group

Theorem 4.7. Let δ > 0 and let(f, g) be complex measurable and essentially
bounded functions onG such thatf is a central function and(f, g) satisfy the
inequality

(4.13)

∣∣∣∣∣∑
ϕ∈Φ

∫
G

f(xtϕ(y)t−1)dt− |Φ|f(x)g(y)

∣∣∣∣∣ ≤ δ, x, y ∈ G.

Then

i) f andg are bounded or
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ii) f is unbounded andg is a solution of the functional equation

(4.14)
∑
ϕ∈Φ

∫
G

g(xtϕ(y)t−1)dt = |Φ|g(x)g(y), x, y ∈ G.

iii) g is unbounded andf ≡ 0.

Proof. Let (f, g) ∈ L∞(G). Sincef is central [5], then it satisfies the condition
(* ) ([4]). For (iii), if f 6= 0 theng is a solution of the functional equation (4.14).
In view of the proposition in [9] we get the fact thatg is continuous. SinceG is
compact theng is bounded.
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