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Abstract

The sines of k-dimensional vertex angles of an n-simplex is defined and the
law of sines for k-dimensional vertex angles of an n-simplex is established.
Using the generalized sine law for n-simplex, we obtain some inequalities for
the sines of k-dimensional vertex angles of an n-simplex. Besides, we obtain
inequalities for volumes of n-simplices. As corollaries, the generalizations to
several dimensions of the Neuberg-Pedoe inequality and P. Chiakuei inequality,
and an inequality for pedal simplex are given.

2000 Mathematics Subject Classification: 52A40.
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The law of sines for triangles iB? has natural analogues in higher dimensions.
In 1978, F. Eriksson] defined then-dimensional sines of the-dimensional
corners of am-simplex inn-dimensional Euclidean spaé# and obtained the
law of sines for the:-dimensional corners of am-simplex. In this paper, the
sines ofk-dimensional vertex angles of an-simplex will be defined, and the
law of sines fork-dimensional vertex angles of arsimplex will be established.
Using the ger_merallze_d_ sine law fqr S|mpl_|ces and a known inequality]in [ The Generalized Sine Law and
we get some inequalities for the sineskeflimensional vertex angles of an Some Inequalities for Simplices
simplex.

Recently, Yang Lu and Zhang Jingzhong ], Yang Shiguo {], Leng
Gangson §, 6] and D. Veljan [/] and V. Volenec et al. q] have obtained

L

Shiguo Yang

some important inequalities for volumes mfsimplices. In this paper, some Title Page
interesting new inequalities for volumesofsimplices will be established. As Contents
corollaries, we will obtain an inequality for pedal simplex and a generalization
to several dimensions of the Neuberg-Pedoe inequality, which differs from the « dd
results in [}, [5] and [5]. < >
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Let A; (i = 1,2,...,n+ 1) be the vertices of an-dimensional simplex2,, in
the n-dimensional Euclidean spadg¢’, V' the volume of the simpleg,, and
F;(n — 1)-dimensional content of,,. F. Eriksson defined the-dimensional
sines of thex-dimensional corners; of then-simplex2,, and obtained the law
of sines forn-simplices as follows1]

n+1
. @-DIR
) J= .
2.1) e~ v (i=1,2....,n+1).

In this paper, we will define the sines of tihedimensional vertex angles of
ann-dimensional simplex and establish the law of sines fork#utmensional
vertex angles of an-simplex. LetV; ;,..;, be the(k — 1)-dimensional content
of the(k — 1)-dimensional facel;, A;, - - - A;, ((k — 1)-simplex) of the simplex
Q, fork € {2,3,...,n+ 1} andiy, is,... i € {1,2,...,n+ 1}, O and
R denote the circumcenter and circumradius of the simplgxespectively.
O—/li = Ru;(i = 1,2,...,n + 1), u, is the unit vector. The sines of the
dimensional vertex angles of the simplex are defined as follows.

Definition 2.1. Leto;; denote the angle formed by the vectassandu;. The
sine of ak-dimensional vertex anglg;,;,..., of the simplex?,, corresponding
the (k — 1)-dimensional facel;, A;, - - - A;, is defined as

N

(22) sin Pivigeip, — <_D1112’Lk) s
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where

(23) DiliZ'“ik = 1 o2 Qijip, (l, m = 1, 2, ooy k)
—gsin” =

We will prove that

The Generalized Sine Law and
i . i i Some Inequalities for Simplices
If n = 2, the sine of the 2-dimensional vertex angle of the triangleA; A, A3

is the sine of the angle formed by two edggs4; and A4, A;. Shiguo Yang
With the notation introduced above, we establish the law of sines fok the
-dimensional vertex angles of ansimplex as follows. Title Page
Theorem 2.1. For an n-dimensional simple®,, in E™ andk € {2,3,...,n + Contents
1}, we have
44 44
Vitigei (QR)k_l ) ) )
2.5 1R = 1<ii<ig < < < 1). < >
( ) sin wiliz“'ik (k’ — 1)' ( =N "2 =T + )
) Go Back
Putois.itisi,.mi1 = 0, Viewictivr,onn = Fi (1 =1,2,...,n+ 1), by
Theorem2.1 we obtain the law of sines for the-dimensional vertex angles of Close
n-simplices as follows. Quit
Corollary 2.2. Page 5 of 23
n—1
(26) Fl == F2 = Fn+1 = (2R) J. Ineq. Pure and Appl. Math. 5(4) Art. 106, 2004
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If we taken = 2 in Theorem2.1or Corollary2.2, we obtain the law of sines

for a triangleA; A; A5 in the form

aq (05} as
2.7 = = =2R.
27 sinA; sinA; sin Aj

Proof of Theoren2.1. Leta;; = |A;A;] (i,j =1,2,...,n+ 1), then

. Oy
a;; = 2R sin 7],

(28) sin2g0m'2...ik

0 1 1
1
= _Dil’ig---ik = - :
i _Wa’zlz
0 1 1
= (—1)*(8R*») -V ; (ILm=1,2,...
@i,

1
By the formula for the volume of a simplex, we have

(29) sin” Pivigeify — —D;

11021
= (1R (=12 (k- PV,
(k — 1)

= (R Vo

k).
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From this equality 2.5) follows.
Now we prove that inequality?(4) holds. Whenk > 2, we havek < 21,
Using the Voljan-Korchmaros inequality][ we have

1 E\? :
(2.10) Vi”?'“iké(k—n! (2k_1) ( 11 amm) .

1<l<m<k

Equality holds if and only if the simpled;, 4;, - - - A4, is regular.
Combining inequality Z.10 with equality ¢.5), we get e ERiErEmEes Sl Levy e

Some Inequalities for Simplices

1 2 ;
(QR)kfl k 3 o, k Shiguo Yang
(211) ‘/;11'2'"2'1@ < (]{7 — 1)' . ok—1 H SIHIT
1<i<m<k .
1 Title Page
< (2R)k_1 Py Contents
(k=1 \ 2k
(2R)*1 4« 44
<
~ (k-1)! < >
Using equality £.5) and inequality 2.11), we get Go Back
) ' (k—1)! Close
0< (_Diligmik)Q = SIN Pjyjgiy, = Wv;lwlk <1. Quit
] Page 7 of 23
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Theorem 2.3. Let 5,0, (1 < 43 < in < --+ < i < n + 1) denote
the k-dimensional vertex angles of ansimplex(2, in £™, and\; > 0 (i =
1,2,...,n+ 1) be arbitrary real numbers, then we have

(212) Z /\i1 )\iQ T )‘Zk Sin2 Pirigeig

1<i1 <t <<t <n+1

n!- (Z?:Jrll Ai)k
T (n—k+ 1)1k —1)(4n)1

The Generalized Sine Law and

Equality holds ifA\; = A\, = --- = \,;; and the simplex, is regular. Some Inequalities for Simplices
: . . . Shiguo Yang
By taking\; = \s = --- = \,,;;1 in the inequality 2.12), we get: -
Corollary 2.4. Title Page
. n!-(n+ 1)k Contents
(2.13) > st < -
_ | _ | k—1
1<y <dg <+ <ip<n+1 (n =k + Dk = 1)l(4n) 44 44
Equality holds if the simpleR,, is regular. < >
To prove Theoren2.3 we need a lemma as follows. Go Back
Lemma 2.5. LetQ, be ann-simplex inE”, z; >0 (i = 1,2,...,n+1) be real Close
numbersV; ;,....., be thes-dimensional volume of thedimensional simplex Quit
AilAig SR Ai5+1 for 11,19, . .. ,is+1 S {]., 2, o, n+ ].} Put Page 8 of 23
n+1
MS = Z Li1 Ly = -xis+1‘/;?i2...i 410 MO = Z X, J. Ineq. Pure and Appl. Math. 5(4) Art. 106, 2004
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then we have

(2.14) M > [[((Z:g <(2'))3]]5( Lo M) MF(1 < s <1<n).

Equality holds if and only if the intertial ellipsoid of the pois, As, ..., A,
with masses, =, ..., z,,1 IS @ sphere.

For the proof of Lemma&.5. the reader is referred ta]or [9].

Proof of Theoren2.3. By puttings = 1,l = k—landz; = \; (i = 1,2,...,n+
1) in the inequality .14), we have

k—1
(2.15) ( > AiAja§j>

1<i<j<n+1

(n—k+1)! -

- [(n—l

._.
P
v
|
I\

i=1

X Z Ay Nig -+ Ni, V2

U V41120

.

By Theorem2.1, we have

(216) ‘/illé---ik =

SN Dj 144, -

n+1 2
>\i)\ja?j S (Z )\1> RQ,
=1

Using the known inequality]

(2.17) >

1<i<j<n+1
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with equality if and only if the pointP = Z?jll A A; is the circumcenter of
simplexs?,,.

Combining .15 with (2.16 and @.17), we obtain inequality4.12). Itis
easy to see that equality holds ih12) if A\; = Ay = --- = \,;1 and simplex
Q,, is regular. O
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Let P be an arbitrary point inside the simpl€k, and B; the orthogonal pro-
jection of the pointP on the (n — 1)-dimensional plane; containing(n —
1)-simplex f; = A+ A; 1 Ajy1-+ Anyr. SimplexQ, = BBy By is
called the pedal simplex of the poiit with respect to the simplek,,. Let

r; = |PBy| (i = 1,2,...,n + 1), V be the volume of the pedal simplex
Q,, V(i) andV (i) denote the volumes of two-dimensional simplice®,, (i) =
Ay Ai_PA - A,y andQ,(i) = By---Bi_1PBi, - Bny1, respec-
tively. Then we have an inequality for volumes of just defimesimplices as
follows.

Theorem 3.1.Let P be an arbitrary point inside:-dimensional simple®,, and
i (1=1,2,...,n+ 1) positive real numbers, then we have

n+1 n
—=,. 1 .
(31) Z /\1 s /\i—l)\i+1 cee /\n+1V(Z) S — [Z )\ZV(Z)
i=1 ]

with equality if the simpleX?,, is regular, P is the circumcenter of2,, and
A=A == Ay

Now we state some applications of Theor@rh

If taking Ay = Ay = --- = \,41 Ininequality B.1), we have
n+1 1 n+1 n
. /(. < _ - . lfn.
(3.2) ; Vi) < — ; V@) -V
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Since the poinf is in the interior of the simpleg,,, then

(3.3) ZV@) =V, Z Vi) =V.

Using @3.2) and .3 we obtain an inequality for the volume of the pedal sim-

plex (2, of the pointP with respect to the simpleR,, as follows.

Corollary 3.2. Let P be an arbitrary point inside the-simplex2,,, then we
have

— 1
(3.4) V<—V,
nn
with equality if simpleX2,, is regular andP is the circumcenter af,,.

Corollary 3.3. Let P be an arbitrary point inside the-simplex(2,,, then we
have

(3.5) Y V@) V(i) < ———V
=1
with equality if the simple®,, is regular andP is the circumcenter ai,,.

Proof. Let \; = [V(i)]"! (i =1,2,...,n+ 1) in inequality 3.1); we get

n+1 n n+1
3.6) > v < (M) v ITvon

- n
=1
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Using the arithmetic-geometric mean inequality and equadtity) (we have

mtl n+1\" TRas m 1
Vi) - V) < yion V(i -y
Svavos (") v S0 = e

It is easy to see that equality i8.6) holds if the simplexX,, is regular and the
point P is the circumcenter df,,. O

Proof of Theoren8.1. Leth, be the altitude of simple,, from vertexA,, PB,
= r;e;, wheree; is the unit outer normal vector of theth side facef; = A, - - -
A;_1Aiq - -+ A,yq Of the simplex?,,, and” sin «, be then-dimensional sine of
the k-th corneray, of the simplex2,,. Wang and Yangd] proved that

(3.7) "sin v, = [det(e; - ej)i#k]% (k=1,2,...,n+1).
By the formula for the volume of an-simplex and 8.7), we have

_ 1 . 1 n+1 ‘
(3.8) V(i) = ] [det(rirrer - ex)ipz)? = ] H r; | - "sina.
Jj=1
i

Using 3.9), (2.1) andnV = h;F;, we get that

n+1
Z )\1 T >\i—1/\i+1 e >\n+1V(Z>
=1

n+1 n+1

1
>

| | A | - " sinay
j=1

J#i
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1 n+1 n+1 n+1

= HMJ V)" (=) ] F

i=1

j=1
J#L KE)
n+1 n+1
= [(n))?- V] Z H Airihi |
= J#%
ie.
n+1 n+1l [ n+l
(3.9  (D)V D A Aidi A V) =Y H Arih;
i=1 =1
J#l

Takings =n — 1, [ = nin inequality €.14), we get

n

n+1 [ n+l 3n n+1 n+1 n—1
(3.10) Z H x; Ff Z (Z xz> (H x2> V2=,
i=1 j i=1
J#i

Letx; = (\rihy) ™t (i = 1,2,...,n+ 1) ininequality @.10. Then we have

n+1 n3n n+l [ n+1
(3.11) <Z/\nhF2> Z(n!)Q Z H)\ﬂ‘jhj F2| .21,

=1 =
J#i
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Using inequality 8.11) andr; F; = nV (i), h;F; = nV, we get

n+1

Z/\V

n+1 n+1
IR

J#i

(3.12) 1%

2)2

Substituting equality3.9) into inequality 8.12 we get inequality §.1). Itis
easy to prove that equality irB(1) holds if simplex(2, is regular, P is the
circumcenter of),, and\; = A\ = --- = A, 1. Theorenm3.1is proved. O

Finally, we shall establish some inequalities for volumes of samplices.

As corollaries, the generalizations to several dimensions of the Neuberg-Pedoe

inequality and P.Chiakui inequality will be given.
Leta; (: = 1,2, 3) denote the sides of the trianglg A, A3 with area/, and
a; (1 = 1,2,3) denote the sides of the trianglg A} A, with area/\’, then

>t ()

=1

(3.13) —2(a )2> > 16AN,

with equality if and only ifAA4; A, Az is similar toA A} A5 A5.
Inequality 3.13) is the well-known Neuberg-Pedoe inequality.
In 1984, P. Chiakui J] proved the following sharpening of the Neuberg-
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Pedoe inequality:

=1 7j=1
2 2 2
S g (@) + (a5)” + (a5)" GGGy
- a} + a3 +aj (a4)” + (ag)” + (a3)” ’
with equality if and only ifAA; A; Az is similar toA A} AL AL, SThe Gleneralil_z_ed ?ines I'_awl'and
Recently, Leng Gangson]has extended inequality (14) to the edge lengths ome Inequaliies for Simplices
and volumes of twa-simplices. In this paper, we shall extend inequalityi{) Shiguo Yang
to the volumes of two:-simplices and the contents of their side faces. As a
_corollar_y, we get a generalization to several dimen_sions of t_he Neuber_g-Pedoe Title Page
inequality. LetA; (i = 1,2,...,n + 1) be the vertices ofi-simplex(2,, in
E", V the volume of the simpleg,, and F;(n — 1)- dimensional content of Contents
the (n — 1)-dimensional facef; = A;--- A; 1A 1+ A,yq Of Q,. For two PP Y
n-simplices(2,, andQ?/, and real numbers, 5 € (0, 1], we put > S
n+1 n+1 3 1
_ o _ NG _n n+1\" Go Back
(315) oula) = DB onld) = Y (F), bn—nH( np) | °
=1 i=1 ose
We obtain an inequality for volumes of twaesimplices as follows. Quit

Theorem 3.4. For any twon-dimensional simpliceg,, and¢?. and two arbi- FES LI C2E

J. Ineq. Pure and Appl. Math. 5(4) Art. 106, 2004
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trary real numbersy, 5 € (0, 1], we have

(3.16) f} Ee (f} ()" -2 <F;>">

=1 7=1
Z (TL _2 1)2 [bzgngi; V2(n—1)a/n +b§gn(a) (Vl)2(n*1)5/n )

On on(0)

Equality holds if and only if simplice8,, and(2/, are regular.

Using inequality 8.16 and the arithmetic-geometric mean inequality, we

get the following corollary.

Corollary 3.5. For any twon-dimensional simpliceg,, and(2, and two arbi-
trary real numbersy, 5 € (0, 1], we have

n+1 n+1
B17) )_F (Z ()" 2 (F{)ﬁ) > b2 — 1) (Ve (1)),

i=1 j=1

Equality holds if and only if simpliceS,, and(2/, are regular.

If we let « = [ in Corollary 3.5, we get Leng Gangson’s inequality][as
follows. For anyd € (0, 1] we have

n+1 n+1
@18) D F (Z (F)" =2 <F£>9> > by (n? = (V)

j=1

with equality if and only if simplice$?,, and(2/, are regular.
To prove Theoren3.4, we need some lemmas as follows.
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Lemma 3.6. For ann-simplex(2,, and arbitrary number € (0, 1], we have

n3n @
V2(n—1)a
i

with equality if and only if simple®,, is regular.

ZTH-I F2a — (n_|_ 1)(7171)044*1

(3.19)

Proof. If takingl =
(2.14), we get an inequality as follows

n,s=n—landr; = F?(i=1,2,...

1

,n+1)ininequality

2 n+1 n+1
(n+13 HF2>V2n 1)ZF2
n n
or
1 no 20 n+1 n+1
(3.20) (n+ )3 (n!) H Fi2a > }2(n-Da <Z F2
n no
i=1

It is easy to prove that equality ir8 20 holds if and only if simplex?,, is
regular. From inequality3;20 we know that inequality3.19 holds fora = 1.
Fora € (0, 1), using inequality .20 and the well-known inequality

n+1 1 n+1 é
3.21 F? > H| —— F2e
(3.21) ;l_m)(nﬂz,) ,

i=1

we get inequality§.19). Itis easy to see that equality i8.0L9 holds if and only
if the simplex(2,, is regular. O]
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Lemma 3.7. For an n-simplex2,,(n > 3) and an arbitrary numbet € (0, 1],
we have

n+1 2 n+1
(322) (Z Ea) o 2ZE20¢ Z bg(n2 . 1)v*2(n—1)o¢/n7
i=1 i=1

with equality if and only if the simpleR,, is regular.
For the proof of Lemma&.7, the reader is referred t6]

Lemma 3.8. Leta; (i = 1,2,3) and A denote the sides and the area of the
triangle (A; Ay A3), respectively. For arbitrary number € (0, 1], denote by
A, the area of the trianglé A; A, A3), with sidesad (i = 1,2,3), then the
following inequality holds

(3.23) Az> 2 (EN)
16 \ 3

For o # 1, equality holds if and only if; = a; = as.
For the proof of Lemm&.8, the reader is referred t6][

Lemma 3.9. Let numbers;; > 0,y >0 (i =1,2,...,n4+ 1), 0, = S04 2y,
O';L = En+11 Yis then

n+1

(3.24) o,0, —2 Z Tili
i=1

[_;L <a —2Zx > — ((02)2—22%2)] ,

1
> —
2
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with equality if and only if

YoYU
T1 T9 Tn+1
Proof. Inequality 3.24) is
(3.25) %§m2+@§y2>2§my
In i3 Lo i=1 T i=1 o

Now we prove that inequality3(25 holds. Using the arithmetic-geometric
mean inequality, we have

0_/

! On .
—1;124—0_—,%2221’2% (z:1,2,...,n—|—1).

Op n

Adding up those: + 1 inequalities, we get inequality3(29. Equality in 3.29
holds if and only ifZ22? = Z2y? (i = 1,2,...,n+ 1), i.e.

n_u

/
_ Yn+1 Oy
T1 T2 Tnt1 On

]

Proof of Theoren3.4. Forn = 2, consider two trianglegA; A As),, and( A} A, A%) 5.

Using inequality 8.14) and LemméB.8, we have

~ o (S (1 o) > L[ %8) e p92(@) (s
020 3 at (Yo - 20) = § [ 20 2

Jj=1
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Equality in 3.26) holds if and only ifa; = a» = a3 andd) = a), = a};. Hence,
inequality 3.16) holds forn = 2.

Forn > 3, takingz; = F°, y; = (F/)° (i =1,2,...,n+ 1) in inequality
(3.24), we get

n+1 n+1
(3.27) Y F? (Z (F)" —2 (F;)ﬂ>
=1
n+l n+1 n+1
o o The Generalized Sine Law and
- ( F ) 5 <F;>ﬂ) oS me Ry T orentzg L
i=1 =1 =
B n 2 el Shiguo Yang
1 [ o (3) ( +1 > +
> PO () 2y
? {an(a) | \i=l i=1 Title Page
ntl ntl Contents
0n<a) / B 26
+ . -2 F; .
an(B) (Zl ) Z “ »
_— . < 4
Using inequality 8.27) and Lemmé&B.7, we get
Go Back
n+1 n+1
ZFQ (Z ) > n® —1 |:ba O-;z(ﬁ) VQ(nfl)a/n + bﬁgn(a) V2(n1)6/n:| ) Close
— n n /
i=1 2 O'n<O() Un(ﬁ) QUlt
Hence, inequality3.16) is true forn > 3. Forn > 3, it is easy to see that Page 21 of 23
equality in @.16 holds if and only if two simplices?,, and ¢/, are regular.
Theorem3.4is proved. ] J. Ineq. Pure and Appl. Math. 5(4) Art. 106, 2004
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