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In this note, we obtain inequalities for the Lamb#rt function W (z), defined
by W (xz)e"*) = z forz > —e~". Also, we get upper and lower bounds for

the hyperpower functioh(z) = "

Lambert W Function and
Hyperpower Function
Abdolhossein Hoorfar
and Mehdi Hassani

vol. 9, iss. 2, art. 51, 2008

Title Page
Contents
44 44
| 4
Page 1 of 11
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au
mailto:hoorfar@ut.ac.ir
mailto:mmhassany@member.ams.org
mailto:sever.dragomir@vu.edu.au

Contents

1 Introduction 3
2 Some Sharp Bounds for the Lambert}” Function 4
3 Studying the Hyperpower Functionh(z) = 2 9

Title Page

Contents

A
A

44

KN

Page 2 of 11
Go Back

Full Screen

Close



http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

1. Introduction

The Lambert¥ function W (), is defined by (z)e"'® = z for 2 > —e~'. For
—e~! < x <0, there are two possible valuesiéf(z), which we take values not less
than—1. The history of the function goes back to J. H. Lambert (1728-1777). One
can find in P] a more detailed definition dfi” as a complex variable function, some

historical background and various applications of it in Mathematics and Physics.

The expansion

(logl
W(zx) = 1ogx—10glogx—|—zz Chom—————— (loglog )™ ,

10 xk+m
k=0 m=1 g

holds true for large values af, with ¢, = 1) —=S[k + m,k + 1], whereS[k +
m, k—+1] is Stirling cycle numberd]. The series | |n the above expansion is absolutely
convergent and it can be rearranged into the form

Ly Ly(Ly—2) Ly(2L2 — 9L, +6) Ly\*
W(x) =Ly — Ly + = o=
() =Li— Lo+ 7.t 2L + 6L + I :

whereL; = logx and L, = loglog z. Note that bylog we mean logarithm in the
basee. Since the Lamberitl’ function appears in some problems in Mathematics,
Physics and Engineering, it is very useful to have some explicit bounds for &] In [
it is shown that

(1.1) logz —loglogx < W(z) < logz,

where the left hand side holds true for>- 41.19 and the right hand side holds true
for z > e. The aim of the present paper is to obtain some sharper bounds.
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2. Some Sharp Bounds for the Lamberti’ Function

It is easy to see thal/(—e!) = —1, W(0) = 0 andW (e) = 1. Also, forz > 0,

sinceW (z)e" @ =z > 0 ande"® > 0, we havelV (x) > 0. An easy calculation

yields that
d B W (x)
dx (z) = z(1+W(x))

Thus,x%W(:p) > ( holds true forz > 0 and consequently/ () is strictly increas-
ing forz > 0 (and also for-e~! < z < 0, but not for this reason).

Theorem 2.1. For everyz > e, we have
1
(2.1) logz —loglogz < W(zx) < logx — 5 loglog x,

with equality holding only for: = e. The coefficients-1 and —3 of loglog = both
are best possible for the range> e.

Proof. For the given constarit < p < 2 consider the function
1
f(z) =logz — —loglogx — W (z),
p

for x > e. Obviously,

d _ plogz —1—W(x)
%f(x) ~ pz(1+ W(x))loga’
and ifp = 2, then
d _ (logz —W(x)) + (logz — 1)
%f(x) B 22(1+ W(x))logx '
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Considering the right hand side df.{), we have%f(x) > ( for x > e and conse-
quently f(x) > f(e) = 0, and this gives right hand side df.(). Trivially, equality
only holds forx = e. If 0 < p < 2, then%f(e) = %5 < 0, and this yields that the
coefficient—% of log log = in the right hand side of/( 1) is the best possible for the
ranger > e.

For the other side, note thia; 1V (x) = log x—W (z) and the inequalityog W (z)
< loglog x holds forz > ¢, because of the right hand side af1). Thus,logx —
W (z) < loglogx holds forz > e with equality only forz = e. The sharpness of
(2.1) with coefficient—1 for log log = comes from the relatiohim (W (z) — log = +

loglog x) = 0. This completes the proof. m

Now, we try to obtain some upper bounds for the functitiiz) with the main
termlog x — loglog x. To do this, we need the following lemma.

Lemma 2.2. For everyt € R andy > 0, we have
(t —logy)e' +y > ¢,
with equality fort = log y.
Proof. Letting f(t) = (t — logy)e' + y — €', we haved f(¢) = (¢ — logy)e" and

L f(t) = (t + 1 — logy)e'. Now, we observe that(logy) = 4 f(logy) = 0 and

j%f(log y) = y > 0. These show that the functiof{t) takes its only minimum
value (equal t®) att = log y, which yields the result of Lemma 2. O

Theorem 2.3.For y > £ andz > —1 we have

Tty
2.2 <1 —_—
22) W) < og (1570,

with equality only forz = ylogy.
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Proof. Using the result of Lemma.2with ¢t = W (z), we get
(W (z) —logy)eV @ — (@ —y) >0,

which, consideringV (z)e""®) = z, gives (1 + logy)e"'® < 2 4 y and this is
desired inequality foy > 1 andz > —1. The equality holds whef/(z) = logy,
i.e.,r = ylogy. ]
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We r:javej—tf(t) = e 1 andZ f(t) = & > 0. Now, we observe tha f(log ) =
0 and so

min f(t) = f(logz) = 0.

Thus, fort > 0 andz > 1 we havef(t) > 0, with equality att = log x. Putting
t = W(x) and simplifying, we get the result, with equality &t(z) = logz, or,

equivalently, atr = e. O Lambert W Function and
Hyperpower Function
Corollary 2.6. For z > 1 we have Abdolhossein Hoorfar
Jog and Mehdi Hassani
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Proof. This refinement of the right hand side af {) can be obtained by simplifying
(2.4 with W (z) = logz — log W (z). O Title Page
The bounds we have obtained up to now have the féftw) = log x—log log z+ Contents
O(1). Now, we give bounds with the error terf(*£%2) instead ofO(1). « N
Theorem 2.7. For everyz > e we have p R
1loglogx e loglogx
(2.5) logz —loglogz + 2 loga < W(z) <logz —loglogz + =1 logz Page 7 of 11
with equality only forz = e. Go Back
Proof. Taking the logarithm of the right hand side &f (), we have Full Screen
1 logl of
log W (z) < log (logm b log log x) = loglog x + log <1 — (;gi ng) . o€
og T
) & journal of inequalities
Usinglog W (x) = logx — W (x), we get in pure and applied
log log mathematics
W(z) > logz —loglogz —log | 1 — , issn: 1443-575k
2logx

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

which, considering- log(1 —t) > tfor0 < t < 1 (see [1]) with ¢ = %222 ‘implies

2log x

the left hand side of4.5). To prove the other side, we take the logarithm of the left
hand side of%.1) to get

log1
log W(x) > log(log x — loglog x) = loglog = + log (1 — w> :
og T

. . . Lambert W Function and
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x’

3. Studying the Hyperpower Function h(x) = x*

Consider the hyperpower functidriz) = 2*° . One can define this function as the
limit of the sequencéh,, () }nen With by (2) = z andh,, ., (z) = 2@, Itis proven
that this sequence converges if and onlyif < z < e (see f] and references
therein). This function satisfies the relatiéfiwr) = 2", which, on taking the
logarithm of both sides and a simple calculation yields

W (log(x~))

"= oga )

In this section we obtain some explicit upper and lower bounds for this function.

Since the obtained bounds foir (x) hold for large values of and since for such
values ofr the value oflog(z~!) is negative, we cannot use these bounds to approx-
imateh(z).

Theorem 3.1.Taking\ = ¢ — 1 —log(e — 1) = 1.176956974 . .., fore™® < z < e«
we have

A + log(1 — log z)
1—2logx

1+ log(1 —logx) < hx) <

where equality holds in the left hand side for= 1 and in the right hand side for
T = €e.

(3.1)

9

1 —2logx

Proof. Fort > 0, we havet > logt + 1, which takingt = z — log z with z > 0,
implies
z (1 — 2log(z%)> > log (1 — log(zi)) + 1,

Lambert W Function and

Hyperpower Function
Abdolhossein Hoorfar

and Mehdi Hassani

vol. 9, iss. 2, art. 51, 2008

Title Page
Contents
<44 44
< 14
Page 9 of 11
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
mailto:
http://jipam.vu.edu.au

and puttingz: = z, or equivalentlyz = h(z), yields thath(z)(1 — 2logx) >
log(1 — log x) + 1; this is the left hand side3(1), sincel — 2logx is positive for
e~¢ < x < e<. Note that equality holds far= z = z = 1.

For the right hand side, we definz) = z —logz with 1 < 2z < e. We
immediately see that < f(z) < e — 1; in fact it takes its minimum valué at
z = 1. Also, consider the functiop(t) = logt —t + Afor 1 <t < e — 1, with
A =e—1-1log(e—1). Sincedg(t) = + — 1 andg(e — 1) = 0, we obtain the
inequalitylogt —t+ X > 0for1 <t < e — 1, and puttingt = z — log z with
% < z < ein this inequality, we obtain

log(1 —logz)+A> =z (1 — 2log(z%)> :

Taking 2t =z, 0r equivalently: = h(z) yields the right hand side3(1). Note that
equality holds for: = e- (z = e,t = e—1). This completes the proof. O
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