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Abstract

In this paper, by means of a sharpening of Holder's inequality, Hardy-Hilbert's
integral inequality with parameters is improved. Some new inequalities are
established.
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Letp > 1,0+, =1,f,9 > 0. 1f 0 < [ fP(t)dt < +00,0 < [ gU(t)dt <

+00, then

(1.1) /OOO /UOO %ﬁ’s/)d:pdy

<Sm(ﬂw(/ooof”(t)dt); (/Ooogq(t)dt>;,

where the consta@{#/m is best possible. The inequality.() is well known as
Hardy-Hilbert's integral inequality. In recent years, some improvements and ex-
tensions of Hilbert's inequality and Hardy-Hilbert’s inequality have been given
in [Z] —[6], Yang [Z] gave a generalization of (1) as follows:
If A > 2 —min{p,q},a <T < ocothen

Tt fo)g(y)
(1.2) /a/amdxdy
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and

= f(@)gy)
(1.3) /a /a mdmdy

+A—=2 g+ A—-2
k)\(p):B(p ,q )7

p q

O5(r) = /O 1 ﬁ (%)(M/T d (r=p.aq).

The main purpose of this paper is to build a few new inequalities which
include improvements of the inequalitieks %) and (L.3), and extensions of cor-
responding results irs] — [5].

where
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For convenience, we firstly introduce some notations:

T T .
)= [ £rwe@de 1= ([ rwd) s =11,
We next introduce a function defined by

S, (H,z) = (H"?z) |H|;"",

wherezx is a parametric variable vector which is a variable unit vector. Under
the general case, it is properly chosen such that the specific problems discussed

are simplified.
Clearly, S, (H,z) = 0 when the vector selected is orthogonal t&?/2.

Throughout this paper, the exponentindicatesm = min {}9, %} a<T <
Q.

In order to verify our assertions, we need to build the following lemmas.

Lemma2.1. Letf (v),g(x) > 0, , +; =landp > 1. If 0 < [|f[|, < +oo
and0 < [[g||, < +oo, then

(2.1) (f;9) < If1l, llglly (1= R)™,

where R = (S, (f.h) — S, (g.0)’, |l = 1, f7/*(x), g*(x)and h(z) are
linearly independent.
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Proof. First of all, we discuss the case pf# ¢. Without loss of generality,
suppose that > ¢ > 1, since; + . = 1, we havep > 2. LetR = £, Q = 5.
Then% + % = 1. By Holder’s inequality we obtain,

22)  (f.g9) = / f (@) (¢) da

— / (f ) gQ/p)gl_(Q/p)dx

a

T n \E /[T o \@
< (/ (f.gtJ/p) dx) (/ (glf(Q/P)) dx)
2 1—2
= (72, 97) gl
And the equality in 2.2) holds if and only if f7/? and ¢%/? are linearly depen-
dent. In fact, the equality ir2(2) holds if and only if, there exists@ such that
(f- g‘J/p)R =c (gl—(q/P))Q. It is easy to deduce thgt/? = ¢, ¢%/2.

In our previous paperd], with the help of the positive definiteness of the
Gram matrix, we established an important inequality of the form

23)  (a.8) <[al* 181" = (lall = = 18]l y)* = llal* 1817 (1 =7)

2
wherey = (H%H - ﬁ) yx = (6,7),y = (a,7) with ||y]] = 1 andzy > 0.
The equality in 2.3) holds if and only ifa and 3 are linearly dependent; or the
vector-y is a linear combination o and3, andzy = 0 butx # y. If o, 3 and
~vin (2.3) are replaced by?/?, ¢%/? andh respectively, then we get

(2.4) (/72,92 < IFIE lg)e (1 = R)
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whereR = (S, (f,h) — S, (g, h))* with ||h|| = 1. The equality in 2.4) holds

if and only if f?/2and¢?/? are linearly dependent, @ris a linear combination
of f7/2 andg?/?, and (f7/?,h) (¢?/?,h) = 0, but (f*/?,h) # (g% h). Since

fP/2 andg?/? are linearly independent, it is impossible to have equalityi)(

Substituting 2.4) into (2.2), we obtain after simplifications

(2.5) (f.9) < I£1, gl (1 = R)~ .

Provided that:(x) is properly chosen, theR # 0 is achieved. (The choice of
h(x) is quite flexible, as long as conditidk|| = 1 is satisfied, on which we
can refer to §, 4], etc.). Noticing the symmetry gf andg, the inequality 2.1)
follows from (2.5).

Next, we discuss the case pt= ¢. According to the hypothesis: whefg
andh are linearly independent, we immediately obtain fréh8) the following
result:

NG

(f:9) < IlfIHlgll (t=7)=,

2
wherei = <(|{T’ﬁ) — %) , and||h|| = 1. Thus the lemma is proved. O

Lemma 2.2.Letp > 1, >+ o = 1, A > 2 —min{p,q},a < T < oco. Define
the weight functiow, as follows:

2—X

r rT—a\ "
(2.6) w,\(oz,T,’r,x)—/ (x—l—yl—Za)’\ (y—a) dy z € (o, 7).

Settinguy (v, 00,7, ) = limy_o wr(a, T, 7, 2) andky(p) = B (p_+;—2, _q+3—2>,
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1 (2=2N)(1-1/7)
(27) g)\(’/’) = /0 (; <l) du, (T =D, Q)7

1+ u)* \u
then we have

)1—>\

(2.8) wr(a, 00,7, 7) = ky(p)(x —a) ™", 1z € (a,0)

and

(2.9) wy(a,T,r,x)

T—«

o — o\ A=D1/
< (fa(p)—@(r)( ) )(x—a)l-*, v € (a,T)

whereB(m,n) is the beta function.

The proof of this lemma is given in the papét;[it is omitted here.
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In order to state it conveniently, we need again to define the functions and in-
troduce some notations

r_ @ v—a\" o ) y—a\m
(x+y—2a)M? \y — « ’ (x+y—2a)M1 \z —a ’

2
F hT {/ / Fp/ thxdy} {/ / dexdy} ’ On Hardy-Hilbert’s Integral
Inequality with Parameters

G hT {/ / Gq/2th:17dy} {/ / GQd$dy} 7 Leping H@x:gga*:: CEm EE

whereh; = hr(z,y) is a unit vector with two variants, namely

-

Title Page
T T 3
Izl = {/ / h%dxdy} —1, a<T<oo Contens
oo «“ >
andFP/2 | G42 h; are linearly independent. > N
Theorem 3.1.Letp > 1,1+ L =1, A\ > 2 —min{p,q},a < T < o0
i I Go Back
f(t),g(t) > 0.If
oo 1 Close
— - P n
0</a (t—a) " fP(t)dt < +oo and Quit
0< / (t — a)l—/\gq (t)dt < 400, Page 9 of 19
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(i) ForT' < oo, we have

(3.1) / / x+y dxdy
) {/ (’“( )= @__Z)W_Q)/p) (t- Oé)“f”(t)dt}p

T b\ @A)/ q
X / ky (p) — 9,\(q) (t — a)l A ( )dt (1—RT)m, On Hardy-Hilbert's Integral
a T—« Inequality with Parameters

where Leping Hs\}eh{jlggga?z Gao and
kA(P)ZB(p+>\_2 ‘“A_Q)
b 9 Title Page
1 2—A
Or(r) = / ; l ' du (r=p,q). Contents
’ (1 ru A 44 42
(i) ForT = oo, we have p R
(3.2) /OO /OO Mdmdy Go Back
“ “ (:1: v 20&>A Close
< k(p) (/ (t — a)l‘*f”(t)dt> ’ Quit
i 0o 1 Page 10 of 19
x(/ (t—a)'= ()dt)q(l—RO@)m,
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whereRy = (S, (F, hy) — S, (G, hr))?,

(2) (=) e
™) (r+y—2a)2 \Yy—a

T —« _ T-a _ T-a
e(l 2(z—a) 2(y—o) )7 T < 0.
(z —a)(y—a)

Proof. By LemmaZ2.1, we get On Hardy-Hilbert's Integral
Inequality with Parameters
Leping He, Mingzhe Gao and

3.4 2 dad i

( ) l‘ + Y — 2@ Y Weijian Jia

/ / FGdxdy Title Page
5 T T 3 Contents

FPdxd / / Gldzxd } 1—Rp)™
{/ / y} {a o vy (1 Hir) «“ S

1

P < >
- ([ wntesanr wa)
Go Back
T @

. ( [ st @ar) - ron Close

o Quit
wherew, (o, T, r,t) (r = p, q) is the function defined by2(6) . Page 11 of 19

Now notice thatdy(p) = 01(q), 0x(q) = 0\(p) and substituting4.9) and
(2.8) into (3.4) respectively, the inequalities (1) and @.2) follow. 3. Ineq. Pure and Appl. Math. 4() Art. 94, 2003
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It remains to discuss the expressioniyf. We may choose the functidne
indicated by 8.3).

WhenT = oo, settings =z — «, t = y — a, then

lhaell = ( [ hio<sc,y>da:dy)
_ /2 e—%ds/ 1 <E>§dt —1.
T 0 0 S+t t
WhenT < oo, settingé = =2, = =2, then we have

||hT||—(/ / h?dxdy)
T 3

_ T—a (1=), /uo—gg)d

{/ (z—a)’ ) —ay© Y

e o

According to Lemma2.1 and the givenhy, we haveRy = (S, (F,hr)—
S, (G, hr))?%. It is obvious thatF?/2, G%/? and hy are linearly independent,

so it is impossible for equality to hold irB(4). Thus the proof of theorem is
completed. O

N|=

Remark 3.1. Clearly, the inequalities3.1) and (3.2) are the improvements of
(1.2) and (1.3) respectively .
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Owing top,q > 1, when\ = 1,2, 3, the condition\ > 2 — min(p, q) is

satisfied, then we have

Lo /1\~ ]
91(7"):/ 1—|—u<a) du>/ T
0 0

1 s

1 1

%“%:AIQ+UVW“:

57

du=1n2,

'p)  sin(r/p)’

Y

p

q

h@%=B(p+2_2q+2_2>:BuJ):L

o= g (0)
i (1) -

k3(p) =

2=

(p

2p? sin(m/p)

>/1 U d 1
——adu = —
o (1+u)3 8’

— 7

By Theorem3.1, some corollaries are established as follows:

+;:1A—1a<T<waMﬂ)

Corollary 3.2. If p > 1, 1
0< [Tfr

09 [ [
T

dt<+ooand0< IF g (t

dy

t)dt < +o0 , then we have

<{A @m

() 'ln2> ! %)dt};

g(t) >0,
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AL

-ln2) -gq(t)dt}q (1—mr)™,

for T < oo,

" {/ <Sm<fr/p> ) (;_—D
and

(3.6) / / +y_2adxdy
< @ </:° fp(t)dt)’l’ (/:O gq(t)dt)é (1—7)™.

Remark 3.2. Whena = 0 andp = ¢ = 2, the inequality 8.6) is reduced to a

result which is equivalent to inequaliti.(l) in [ 3] after simple computations.

As a result, the inequalities3(1), (3.2) and 3.5) —
(3.)in[3].

Corollary 3.3. Letp > 1, L+ 1 =1,a < T < oo and f(t), g(t) > 0. If

T
1
0</
cxt_

T

(3.6) are all extensions of

afp (t)dt < 400

and

0< g7 (1) dt < o0,

t—«

«
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then we obtain

(3.7) / / x+y—2a) oty 20

[ (-strt) o)

r t—« 1 a
X {/ (1 o 2 (T _ a)) t— ' gq(t)dt} (1 B TQ) ) On Hardy-Hilbert’s Integral
a Inequality with Parameters
for T < oo,
Leping He, Mingzhe Gao and
Weijian Jia
and
(3.8) / / dm dy Title Page
(z "’ Y- 20‘) Contents
D > 1 q
< (/ f”( )d ) </ - gq(t)dt) (1 —75)™. < >
@ «a -«
< >
1 _ —
Corollary 3.4. If p > 1, +— LA=3,a<T <occandf(t),g(t) >0, Go Back
T 1 Close
0< P(t)dt <
/a (t — a)Zf (®) o0, Quit

Page 15 of 19
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then we get
(3.9) /aT /aT % -
{1 (4= ) o)
’ {/aT (219(581_7(172729) N é (é__&o)lﬁ) (t _1a)29q(t)dt}q (1 = ry)™
and
(3.10) /:O/j%dmy
<t L @ 1a>zf”<t>dt)’l’

( )dt)1 (1 —73)™.

Sincek\(2) = B(3,3), 6,(2) =1iB(3,3),and\ > 2 —min(2,2) =
0, we also have
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Corollary 3.5. lIf p=g¢=2,A>0,a <T < oo andf(t),g(t) > 0,
T
0< / (t—a) 2 () dt < o0,

T
0< / (t—a) g (1) dt < +o0,

then we have

T fla)gly)
(3.11) /a /a mdxdy

B[ 32 oo o)

1
2

(t—a)™ gz(t)dt} (1—R)"™,

for T < >

On Hardy-Hilbert’s Integral
Inequality with Parameters

Leping He, Mingzhe Gao and
Weijian Jia

Title Page

Contents
44 44
< >
Go Back
Close
Quit
Page 17 of 19

J. Ineq. Pure and Appl. Math. 4(5) Art. 94, 2003
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:lianheping@163.com
mailto:
mailto:mingzhegao@163.com
mailto:
mailto:jwj1959@163.com
http://jipam.vu.edu.au/

Remark 3.3. The inequalities3.11), (3.12 are new generalizations of (20) in
[4] and improvements of the inequalities (4) and (12)Ghrespectively.
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