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ABSTRACT. In this present investigation, the authors obtain a sharp Fekete-Szegd's inequality
for certain normalized analytic functiong(z) defined on the open unit disk for which

@ 1+«
(14 9) (ﬁ) — Bf'(2) (f(zz)) , (B € C,0 < a<1)liesin a region starlike with
respect tol and is symmetric with respect to the real axis. Also, certain applications of our
results for a class of functions defined by convolution are given. As a special case of this result,
Fekete-Szeg6’s inequality for a class of functions defined through fractional derivatives is also
obtained.
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1. INTRODUCTION
Let.A denote the class of alnalyticfunctionsf(z) of the form
(1.1) f)=z2+) ad (zeA:={zeC/|z| <1}
k=2
andS be the subclass ofl consisting of univalent functions. Letz) be an analytic function
with positive real part om\ with ¢(0) = 1, ¢/(0) > 0 which maps the unit disk\ onto a region
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starlike with respect td and is symmetric with respect to the real axis. Eéto) be the class
of functionsf € S for which

) = ¢(2), (z€4)
andC'(¢) be the class of functiong € S for which
2f"(2)
1+ 702 < ¢(z), (z€A),

where< denotes the subordination between analytic functions. These classes were introduced
and studied by Ma and Mindal![3]. They have obtained the Fekete-Szegot inequality for the
functions in the clasg’(¢). Sincef € C(¢) if and only if z f" € S*(¢), we get the Fekete-
Szego inequality for functions in the claS$(¢). Recently, Shanmugam and Sivasubramanian

[9] obtained Fekete- Szegd inequalities for the class of functfoas4 such that

2f'(2) + a2?f"(2)
(1—a)f(z) +azf'(z2)
Also, Ravichandran et all [7] obtained the Fekete-Szeg6 inequality for the class of Bazilevi
functions. For a brief history of the Fekete-Szegd problem for the class of starlike, convex

and close-to-convex functions, see the recent paper by Srivastala[11]. Obradovic [4]
introduced a class of functionse A, such that, fo0 < o < 1,

ére{f’(z) (ﬁ)a} >0, z€A.

He called this class of function as "Non-Bazil&vitype. Tuneski and Daru$ [14] obtained
the Fekete-Szego inequality for the non-Bazitetliass of functions. Using this non-Bazilévi
class, Wang et al.[15] studied many subordination results for the 8léss3, A, B) defined as

N(a,, 4, B) = {f € A: (1+5) (ffz))a - B1'(2) (ffz))m < iig}

wheref e C,—1<B<1,A#B, 0<a<l.

In the present paper, we obtain the Fekete-Szeg6 inequality for functions in a more general
classN, s(¢) of functions which we define below. Also we give applications of our results
to certain functions defined through convolution (or Hadamard product) and in particular we
consider a class/;) ;(¢) of functions defined by fractional derivatives. The aim of this paper
is to give a generalization the Fekete-Szeg6 inequalities for some subclass of Non-Bazilevi
functions .

< 6(2) (0<a<1).

Definition 1.1. Let ¢(z) be an univalent starlike function with respect to 1 which maps the unit
disk A onto a region in the right half plane which is symmetric with respect to the real axis,
»(0) = 1 and¢’'(0) > 0. Afunction f € Ais in the classV, g(¢) if

[e% 1+«
(1+5) (ffz)) - 81'(2) (m) <6(z), (BeCo0<a<l).
For fixedg € A, we define the clasd’! ;(¢) to be the class of functiong € A for which
(f *g) € Naﬁ(¢)'

Remark 1.1. N, 4 (}fj) is the class of Non-Bazileifunctions introduced by Obradovi(d [4].

Remark 1.2. N, (20=212) 0 < 4 < 1is the class of Non-Bazile¥ifunctions of order

~ introduced and studied by Tuneski and Darus [14].
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Remark 1.3. We call N, s {1 + % <log }fﬁ) } the class of "Non-Bazilegi parabolic star-

like functions".
To prove our main result, we need the following:

Lemma 1.4([3]). If p1(2) = 1+ c12 + c22® + - - - is an analytic function with a positive real
partin A, then
—4v+2 ifv<0,

lcg —ved| <K 2 ifo<wv<1,

4y — 2 if v >1.

Whenv < 0 or v > 1, the equality holds if and only #,(z) is (1 + z)/(1 — z) or one of its
rotations. If0 < v < 1, then the equality holds if and onlyif(z2) is (1 + 2%)/(1 — 2?) or one
of its rotations. Ifv = 0, the equality holds if and only if

1 1 \1+z (1 1\1-z
S (- ) <i<1
() (2+2>1—z+(2 2)1+z O<Ar<

or one of its rotations. I = 1, the equality holds if and only §; is the reciprocal of one of
the functions such that equality holds in the case ef 0.
Also the above upper bound is sharp, and it can be improved as followsWhen< 1:

lco —ved| +vle]? <2 (0<v<1/2)

and
lco — v |+ (1 —v)|a]* <2 (1/2<wv <)
2. FEKETE-SZEGO PROBLEM
Our main result is the following:

Theorem 2.1.Let¢(z) = 14 Biz+ Boz? + B3z®+-- - . If f given by[(1.]11) belongs &, 5(¢),
then

B B} (1+a) . '
_(D‘Jr;ﬁ) N 2(Z+23)2 + 2(a+p)? By it p<o;
las = pa3| <~ @ity it o1 << on;
B B2 (14+a) .
(OH‘;B) + 2(Z+/16)2 ~ 2(a4p)? B% if W > o9,
where,
. (1+0)28+0)B — 2B, — B1) (3 + )’
b 220+ ) B :
o (+a)28+ a)B? — 2(By + By)(8 + a)?
T 2020 + ) B2 :

The result is sharp.
Proof. For f € N, 5(¢), let

21)  p(z):=(1+09) (%) — Bf'(2) (fé))w — 14 bzt b+

From [2.1), we obtain
—(a+ B)az = b
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(264‘04) (a—glag - ag) = bg.

Since¢(z) is univalent ang < ¢, the function
1+67'(p(2))

2)= ——F=

) = T 60
is analytic and has a positive real partdin Also we have

2.2) mw=¢(%%§%)

:1+012+C222+"'

and from this equation (2.2), we obtain
1

bl = 53161

and

Therefore we have
R 2
as — [ay 25 + {02 vcl}
where

1 {1 By (28+a)(a+] _2“)31}

v 5 Bl 2(/6 + 04)2

Our result now follows by an application of Lemina]1.4. To show that the bounds are sharp, we
define the functiond?"; (n = 2,3,...) by

_ g (K - z : — (1
(+ﬁ)<K%()) 5 (K )()<kﬁa@> o),

Kp(0) = 0= [KZ3]'(0) — 1
and the functior¥} ; andG? ; (0 < o < 1) by

ﬂ+m<ﬁiaﬁ _6W%HQ<E£GQ )
[F2pl(0) = 0 = [Fs]I(0) - 1

and

(1+03) (@) — BG4/ (2) (m) = ¢(z"1),
(G2 51(0) = 0 =[G) 5)'(0) — 1.

Clearly, the functiongs?",, [F2 ;] and[G2 5] € No ()

Also we write K¢ ; 1= K¢2

If < oy 0rp> oy, then the equality holds if and only ffis K ﬁ or one of its rotations.
Wheno; < p < 09, the equality holds if and only if is ijﬂ or one of its rotations. Ifi = o,
then the equality holds if and only ffis Fgﬁ or one of its rotations. Ifi = o, then the equality
holds if and only iff is Ggﬁ or one of its rotations. 0
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Corollary 2.2. Let¢(z) =1+ % (log }fg) _If f given by | ) belongs ¥, 5(¢), then

8 3p . + ((1+a)

% if pu<oy

_37r2(a+2,3) - 7F4(Oé+,6) CH-,B)Q
8 8u (1+a) 8 .
570120 T M@t T (adgEal N M2 02

where,

. (1+a)28+a)8 —2(3% — %) (B+a)?

2(26 + )5

T

(1+a)(28+ a)% — (3% + %) (B + a)?
2(26 + )% '

09 =

The result is sharp.

Corollary 2.3. For 3 = —1, ¢(z) = 2U=202" (< ~ < 1in Theorenj 2/1, we get the
. ! 1—2
results obtained by Tuneski and Daidgl].

Remark 2.4. If o; <y < 0y, then, in view of Lemma@ 1|4, Theorgm R.1 can be improved. Let
o3 be given by

(1+ )26+ a)B? —2By(3 + a)z'

78 2(28 + o) B?
1
If 09 < pu < o3, then
2 (ﬁ+a)2 [ 2(a+1—2,u)(25+a)_ 2 By
_ - "% _|B,—-B,+B _ .
a3 =zl = g aym B B BT gy a2l <~
If 03 < pu < 09, then
2 B+a) | Jla+1 =228+ )], By
—pal) — 2T B, — B <
a5 — a3 (26 4 o) B2 _Bl+ 2 2(8 + a)? jaz|” < (26 + )

3. APPLICATIONS TO FUNCTIONS DEFINED BY FRACTIONAL DERIVATIVES
In order to introduce the class) ;(¢), we need the following:

Definition 3.1 (see [5] 6]; see also [12, [13])et f be analytic in a simply connected region of
the z-plane containing the origin. THeactional derivativeof f of order\ is defined by

D)= e | gl 0<A<)

where the multiplicity of(z — ¢)* is removed by requiring thasg(z — ¢) is real forz — ¢ > 0.

Using the above Definition 3.1 and its known extensions involving fractional derivatives and
fractional integrals, Owa and Srivastava [5] introduced the opefator4 — A defined by
(QY)(2) =T(2=N2*D2f(2), (A#2,3,4,..).
The classV; 4(¢) consists of functiong € A for whichQ*f € N, 5(¢). Note that\,) ;(¢)
is the special case of the cla&§ ;(¢) when

(3.1) g(z) =z + Z P(?<—; _131;(3 ;)/\) 2"
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Letg(z) = 24>, 5 gn2" (gn > 0). Sincef(z) = z + 37, an2" € NI 5(¢) if and only if
(fxg) =2+ ", gna,2" € N, g(¢), we obtain the coefficient estimate for functions in the
classN; ;(¢), from the corresponding estimate for functions in the cladsg(¢). Applying

Theoren{ 21 for the functioff * g)(z) = 2 + gaasz® + gsazz® + - - -, we get the following
Theoren 3.1 after an obvious change of the parameter

Theorem 3.1. Let the functiony be given bys(z) = 1+ Byz + Byz? + B3z +---. If f given
by ) belongs tdV¥ ;(¢), then

L{_( By #933%2_’_ (14+a) BIZ} if p< o

93 at+2B)  g32(atB)? T 2(atf)?
|Cl3 - M(Z§’ < _g%(aféﬁ) if o1 < 1 < o9
1 B 1193 B (1+a) P2 .
93 {(Oé-f—%ﬂ) + 2(cu—|—3,6’)é 2(a+ﬁ)2B } if ] > o9,
where
. g3 (1 +a)(28 + ) B} — 2(B; — B1) (8 + @)’
g 2026+ o) B?
gy o G2 (L 0)2B+0)BE —2(By + B)(B +)?
YT g 226 + a)B?
The result is sharp.
Since
I'(n + ININCEEDY I
( o Z I'(n+ 1 — ) A2
we have
I'B3)rE2-x 2
3.2 — _
&2 PEETTPE N T 2o
and
(4T 2 — M\ 6
(3.3) g5 = (HL@2-N)

F4—-X)  2-MNB-=X\)
For g, andgs given by [3.2) and (3]3), Theorgm B.1 reduces to the following:

Theorem 3.2. Let the functiony be given by (z) = 1+ Bz + Byz? + B3z +---. If f given
by ) belongs tdV¥ ;(¢), then

(2=N)(E=N) B ng. B (1+a) 9 . )
6 {_(‘Héﬁ) ety T 2(a+/3’)2B } it p<omy
|ag — pa3| < _(2_)\)6(3_)\) (afég) if o <pu<oy;
2=MB=N) B g3 B? (1+a) 9 .
6 {(O‘Jr;ﬂ) * 2(afﬁ)ég§ = 2(atp)? Bl} it > o,
where
P 23 -2 (1+a)268+a)Bf —2(B; — B1)(B+a)’
RN 2(26 + a) B )
o= 28N (1 +0a)25+a)Bi — 2(32 + B +0a)*
2 pum—

3(2—-X) 2(20 + «)B?
The result is sharp.
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