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Abstract

In this present investigation, the authors obtain a sharp Fekete-Szegd's inequal-
ity for certain normalized analytic functions f(z) defined on the open unit disk

for which (1+ f) (W)O —Bf'(2) (f({::)y . (8 eC,0<a<1)liesinaregion
starlike with respect to 1 and is symmetric with respect to the real axis. Also,
certain applications of our results for a class of functions defined by convolution
are given. As a special case of this result, Fekete-Szegd’s inequality for a class

of functions defined through fractional derivatives is also obtained.

2000 Mathematics Subject Classification: Primary 30C45.
Key words: Analytic functions, Starlike functions, Subordination, Coefficient prob-
lem, Fekete-Szegt inequality.
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Let .4 denote the class of alnalyticfunctionsf(z) of the form

(1.1) f(z)=z+ Zakzk (ze A:={zeC/|z| <1})
k=2

andS be the subclass ofl consisting of univalent functions. Let(z) be an
analytic function with positive real part ai with ¢(0) = 1, ¢/(0) > 0 which

maps the unit disk\ onto a region starlike with respect toand is symmetric Fekete-Szego Functional for -
R . i some Subclass of Non-Bazilevi ¢
with respect to the real axis. Lét*(¢) be the class of functiong € S for Functions
WhICh Zf/(2> T.N. Shanmugam, M.P. Jeyaraman
f(z) < ¢(Z)7 (Z c A) and S. Sivasubramanian
andC'(¢) be the class of functions € S for which Title Page
"
L+ zj{(iz)) S o(2), (2€ D), Contents
44 44
where< denotes the subordination between analytic functions. These classes < >
were introduced and studied by Ma and Mindd [ They have obtained the
Fekete-Szeg0 inequality for the functions in the cl@$s). Sincef € C(¢) if Go Back
and only ifzf" € S*(¢), we get the Fekete-Szeg6 inequality for functions in the Close
classS*(¢). Recently, Shanmugam and Sivasubramantéoljtained Fekete- _
Szego inequalities for the class of functiohs .4 such that QU
Page 3 of 16

2f'(2) +az2f//(2) <o(z) (0<a<l).
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Also, Ravichandran et al/] obtained the Fekete-Szeg6 inequality for the class
of Bazilevic functions. For a brief history of the Fekete-Szegd problem for the
class of starlike, convex and close-to-convex functions, see the recent paper by

Srivastaveet al. [11]. Obradovic [] introduced a class of functions € A,
such that, fob < a < 1,

%{f’(z) (fé))&} >0, z€A.

He called this class of function as "Non-Bazil&iype. Tuneski and Darus{]
obtained the Fekete-Szegd inequality for the non-Baiilelass of functions.
Using this non-Bazilevi class, Wang et all[] studied many subordination re-
sults for the clas¥V(«, 3, A, B) defined as

N(a, 3, A, B)

freanen () e () < )

wheref e C,—1<B<1,A#B, 0<a<l.

In the present paper, we obtain the Fekete-Szeg6 inequality for functions in

amore general class, s(¢) of functions which we define below. Also we give

applications of our results to certain functions defined through convolution (or

Hadamard product) and in particular we consider a CM§§(¢) of functions

defined by fractional derivatives. The aim of this paper is to give a generaliza-

tion the Fekete-Szego inequalities for some subclass of Non-BaZilewtions
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Definition 1.1. Let¢(z) be an univalent starlike function with respect to 1 which
maps the unit disk\ onto a region in the right half plane which is symmetric
with respect to the real axi;(0) = 1 and¢’(0) > 0. A functionf € Aisin
the classV, g(¢) if

(1+5) (m) e (m) <), (BEC0<a<).

For fixedg € A, we define the clas¥? ;(¢) to be the class of functions € A
for which(f x g) € N, ().

Remark 1. N, _; (1£2) is the class of Non-Bazilevi¢ functions introduced by
Obradovic [].

Remark 2. N, _, (M , 0 < v < 1is the class of Non-Bazilevit

1—2

functions of ordery introduced and studied by Tuneski and Darg][

2
Remark 3. We call N, 4 {1 + % (log %) } the class of "Non-Bazilevit
parabolic starlike functions".
To prove our main result, we need the following:

Lemma 1.1 ([]). If p1(2) = 1+ c12 + 22 + - - - is an analytic function with
a positive real part inA, then

—4v+2 ifv <0,
leg —wvel| < ¢ 2 if0<wv<l1,

4v — 2 ifv>1.
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Whenv < 0 or v > 1, the equality holds if and only jf, (z) is (1 + z) /(1 — z)
or one of its rotations. 10 < v < 1, then the equality holds if and only;if(z)
is (1 + 2%)/(1 — 2%) or one of its rotations. I = 0, the equality holds if and

only if
1 1 \1+z (1 1\1-z
—(=+:za -\ <A<l
P <2+2)1—z+<2 2)1+z (0<ds<y

or one of its rotations. Ifv = 1, the equality holds if and only i, is the ] _
reciprocal of one of the functions such that equality holds in the case-06. o e o &

Also the above upper bound is sharp, and it can be improved as follows when Functions

O<v<l1: T.N. Shanmugam, M.P. Jeyaraman
|02 — UC%| + U|01’2 <2 (O <v < 1/2) and S. Sivasubramanian

e lco —vad| + (1 =) <2 (1/2<v<1). Title Page
Contents
<44 44
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Our main result is the following:

Theorem 2.1.Let¢(z) = 1 + Byz + Boz? + Bz + -+ -.
belongs taV, s(¢), then

If f given by (.1)

B B2 (14a) . )
_(0‘+§5) N 2(g+1ﬁ)2 + 2(a+ﬁ)2B% it p <o
|as — pa3| < —(afgﬁ) it o, < u< oo
B pB? (1+a) 9 .
(04435) + 2(a+%) 2(a+5)2B if > oo,
where,
S (1+a)(28 + a)B2 — 2(B;, — B)(8 + a)?
' 223+ a) B2 )
(1t a)28+ a)B2 — 2(B2 +B)(3+a)?
v 2(28 + a)B?

The result is sharp.

Proof. For f € N, 3(¢), let

z

(2.1) p(z) == (1+B)<f( )> 6f()(f<z)>1+a:1+b1z+b222+m

From 2.1), we obtain
—(a+ B)ag = b
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(20 + «) (aglag —Gg) = by.

Sinceg(z) is univalent ang < ¢, the function

1+ ¢~ (p(2))

P =) T et
is analytic and has a positive real partin Also we have
p(z) — 1)
2.2 2)=¢ | —F/————
22) po) =0 (25
and from this equatior(2), we obtain
1
b1 = 53101

and

1 1 1
b2 = §Bl (Cg — §Cl> + 4B2€1.

Therefore we have

— pai = 25-1— {cg vei )

where

=gt 2(8 + )2

V=

%[ By (26+a)(a+1—2u) 11_
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Our result now follows by an application of Lemnial. To show that the
bounds are sharp, we define the functiéfﬁs”ﬁ (n=2,3,...) by

« 1+«
1 - —B(K° / z - = (2" 1),
(1+5) (K%)) 5 (K2) >(K§%<Z)> o=
K2%(0) = 0= [K2%)'(0) — 1

and the functior¥} ; andG}, ; (0 < o < 1) by

o () e (i) e
[F(ig](o) =0= [Fo):,ﬁ“/(()) 1

and

(1+5) (G—B) — BIGA ) (2) (W) = ¢(="),
(G2 5)(0) = 0 = [GA,'(0) — 1.

Clearly, the functiong< %", [F2 ;] and[G 4] € No 5(¢)
Also we write K¢ ; := K2,
If © < oy Or u > o9, then the equality holds if and only ff is ijﬁ or one

of its rotations. Whemw; < i < o5, the equality holds if and only if is Kﬁf"ﬁ
or one of its rotations. Ifi = o; then the equality holds if and only ffis Fa{ﬁ
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or one of its rotations. If. = o, then the equality holds if and only ffis Gg,ﬁ
or one of its rotations. O

2
Corollary 2.2. Let¢(z) =1+ 5 (10g ﬁﬁ) . If f given by (..1) belongs to
Na,ﬂ<¢), then

8

(+a) 8
 3r(at28) ow (a+ﬂ)2 t laapea T p<on
8 8 (140) 8 .
T8 T Tl T @igp. 0 A2 0
where,
(1 +a)(25+a)% — (% _ _) (B + a)?
o1 16
(1+0)(28 )18 ~2 (5% + &) (5+ o)
09 = .

2026 + )%
The result is sharp.
¢<Z) _ 14+(1—27)z

Corollary 2.3. For g = —1, —, 0<y<1linTheoren?.],
we get the results obtained by Tuneski and Daru§.[

Remark 4. If o1 < pu < 09, then, in view of Lemma.1, Theorem?2.1 can be
improved. Let; be given by
(14 a)(28 + a)B} — 2By(8 + «)?

220+ o) Bt '

O3 (=

Fekete-Szeg6 Functional for
some Subclass of Non-Bazilevi ¢
Functions

T.N. Shanmugam, M.P. Jeyaraman
and S. Sivasubramanian

Title Page

Contents
44 44
< | 2
Go Back
Close
Quit
Page 10 of 16

J. Ineq. Pure and Appl. Math. 7(3) Art. 117, 2006
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:
mailto:shan@annauniv.edu
mailto:
mailto:jeyaraman mp@yahoo.co.in
mailto:
mailto:sivasaisastha@rediffmail.com
http://jipam.vu.edu.au/

If o1 < u < o3, then

|a3 - ,LLCL§| - (

(6 + )’

20+ a)B}

If o3 < 1 < 09, then

|CL3 - :uag‘ - (

(6 + )

20 + o)B?

{Bl — By+ B?

[Bl + By — B}

(a+1—2mwﬁ+aqsz

2(8 + «)?

B,

(28 +a)

(a+1—=2p)(268+ 04)] la?

2(8+a)?

B,

(26 +a)
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In order to introduce the clas§, ;(¢), we need the following:

Definition 3.1 (see §, 6]; see also 1.2, 13]). Let f be analytic in a simply
connected region of the-plane containing the origin. Thigactional derivative
of f of order \ is defined by

L d )
r<1—A>dz/o Goop®

where the multiplicity ofz — ¢)* is removed by requiring thabg(z — () is real
forz—( > 0.

DX f(z) = 0<A<1)

Using the above DefinitioB.1and its known extensions involving fractional
derivatives and fractional integrals, Owa and Srivast&ayanfroduced the op-
eratorQ* : A — A defined by

(2 f)(2) =T(2 -
The cIassNQﬂ(d)) consists of functiong € A for which Q*f € N, 5(¢).

NDAf(2), (A#2,3,4,...).

Note thatN; 5(¢) is the special case of the cla&§ ,(¢) when
B “I'(n+1DI2-N)
(3.1) g(z)—z+z RCESSY 2",
Letg(z) = 2+ > 75 9.2" (g, > 0). Sincef(z) = z+ > 2, a,2" €

N? 4(¢) ifand only if (f % g) = 2+ Y07, gnanz" € Nas(), we obtain the
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coefficient estimate for functions in the clazygﬁ(qs), from the corresponding
estimate for functions in the clas§, ;(¢). Applying Theoren®.1for the func-
tion (f * g)(2) = 2 + goag2® + gzazz® + - - -, we get the following Theorer. 1
after an obvious change of the parameter

Theorem 3.1.Let the functionp be given byp(z) = 1+ Byz + By2? + Bsz® +
-+ If f given by (.1) belongs taV; ;(¢), then

1 B pg3B? (1+a) 2 : .
% {_<a+3m ~ i T 2(a+ﬂ)231} it p <oy
B H .
|ag — pa3| < _g%,(aég) if o1 < p <oy
1 B pgs B3 (1+a) B2 :
% {(aéﬁ) t Satored 2(a+6)2Bl} ity 2o,
where
g BB (14 a)(26 4+ a)B} —2(By — By) (6 + a)?
1= 3
93 2(28 + o) B}
(4 a)28+)B} — 2By + B)(5 + o)
2 = — .

9 2(28 + o) By
The result is sharp.

Since )
(D f)(2) =2+ Z C(n+1T(2—N)

n

Tnt1—n) ™
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we have

(3.2) 2= "TE-x —a-A
and

_Ire-x 6
(3-3) BEZTPUoN T NGB

For g, andgs given by 3.2) and @.3), Theoren3.1reduces to the following:
Theorem 3.2. Let the functionp be given bys(z) = 1+ B,z + Bz + Bz +
-+ If f given by (.1) belongs taV; ;(¢), then

|ag — paj)|

(=0 E=A) B 193 BY (14+a) 12 , .
0 {_(‘”35) ~ Gz T 2(a+ﬂ)231} it p <oy

2-NGB-N B - :
<4q ~ 6 (a+29) if o1 < <o
(2—2)(3=X) B B? (1+a) .
6 {(a+§ﬁ> + Saratg ~ marsr Bl } it p =0y,
where
S 23— \) (14 a)(26 4 a)B? — 2(By — By)( + a)?
P32 - 2(26 +a)B; ’
. 230 (14+0a)28+a) B —2(Bs + B1)(8 + )?
92 = .

3(2—=X)
The result is sharp.

2(28 + a)B?
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