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ABSTRACT. In this paper we establish some results concerning the partial sums of meromorphic
p-valent starlike functions and meromorphiwalent convex functions.
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1. INTRODUCTION
Let) (p) (p € N={1,2,...}) denote the class of functions of the form

1

(1.1) f(z) = i arp-12PH (peEN)
k=1

which are analytic ang—valent in the punctured did¢* = {2z : 0 < |z| < 1}. Afunction f(z)
in > (p) is said to belong t®_"(p, «), the class of meromorphicallyvalent starlike functions
of ordera (0 < a < p), if and only if
(1.2) —Re{%i?}>a (0<a<pzeU=U"U{0}).
Afunction f(z) in > (p) is said to belong t _, (p, «) , the class op—valent convex functions
of ordera(0 < « < p), if and only if

o0

"
(1.3) —Re{1+zﬁ((zz))}>a 0<a<pzel).
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2 M.K. AOUF AND H. SILVERMAN

It follows from and({L.3) that
(1.4) f)e)  (pa) = —%fz) ed ().

The classe$ " (p, a)and}_, (p, o) were studied by Kumar and Shukla [6]. A sufficient condi-
tion for a functionf () of the form [1.1) to be i~ (p, @) is that

e}

(1.5) Y (k+p—1+a)|arpa] < (p—a)
k=1
and to be iny_, (p, «) is that
—~ (k+p—1
1.6 5 (FEEE) (e o= 14 eyl < (0 a).
k=1

Further, we note that these sufficient conditions are also necessary for functions of the form
(1.7) with positive or negative coefficients (séé [1], [2], [5]. [9]./[14] ahd| [15]). Recently ,
Silverman [11] determined sharp lower bounds on the real part of the quotients between the
normalized starlike or convex functions and their sequences of partial sums. Also, Li and Owa
[7] obtained the sharp radius which for the normalized univalent functiobis ihe partial sums
of the well known Libera integral operatar! [8] imply starlikeness. Further , for various other
interesting developments concerning partial sums of analytic univalent functionsi(seel[3], [10],
[12], [13] and [16]).

Recently , Cho and Owal[4] have investigated the ratio of a function of the (1.1) (with
p = 1) to its sequence of partial sunfs(z) = % + >, axz" when the coefficients are suffi-
ciently small to satisfy either conditiop (1.5) ¢r (]L..6) wjith= 1. Also Cho and Owal [4] have

i f(2) fn(2) f'(z) fn(2)
determined sharp lower bounds f¢ {fn(z)} , Re { o) } , Re { f;L(z)} ,andRe { e } :

In this paper, applying methods used by Silverman [11] and Cho andOwa [4], we will inves-
tigate the ratio of a function of the forrf (1.1) to its sequence of partial sums

1 n+p—1
frip-1(2) = pr + Z pyp12TP7
k=1

when the coefficients are sufficiently small to satisfy either condifios)) or (1.6]). More pre-
cisely, we will determine sharp lower boundstr{ 1(2) } .Re {f””—*l(z)} ,Re {%} ,

fn+p71(z) f(Z) n+p—1
andRe { Tty () } .

f'(2)

In the sequel, we will make use of the well-known result ﬂ%at{ }fzgj} >0(zeU)if

and only ifw(z) = >, , c,2" satisfies the inequalitjw(z)| < |z|. Unless otherwise stated,
we will assume that is of the form [1.1) and its sequence of partial sums is denoted by

n+p—1

1

frap—1(2) = > + Ak4p—1
k=1

Zlc+p—1_

2. MAIN RESULTS
Theorem 2.1.1f f of the form|(1.]1) satisfies conditidf.5), then

f(2) n+p—1+42a
(2.1) Re{fn+p—1(2)} > nro 1ta (z€U).
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The result is sharp for eveny andp, with extremal function

1 p—« et p—
(2.2) f(Z)=;+n+2p_1+oé2”1”1 (n>0;peN).

Proof. We may write

n+2p—1+a« f(z) n—l—p—l—i—?oz}

p—a forp-1(2) n+2p—1+a
1+ 330 gy 2F P21 4 <—”+ip__;+a) D ket Upyp12°H2P71
N 14+ Z”JFP 1 (Upppg 2EH2P1
1+ A(z)
1+ B(2)
1+A(z) _ 14w(z) A(z)—B
Set 4B(z) — 1=w(z)’ SO thatU)(Z) = m Then
(me2e) 32 aaip a0
w(z
2 +2 Znﬂg ! Apogp—1 28T~ - (—n-l—i)p_—al-i-a) Ziinﬂa Ay p1 2P 201
and

(ko) 575 L ok
2= 2500 ool — (222 ) 02 Lk

Now |w(z)| < 1if and only if

w(2)] <

n+p—1

n+2p—1+a«
2 (B221E) $ i <22 > fakiral,
k=n-+p
which is equivalent to
n+p—1
n+2p—1+a«
(2.3) Z | @t p— 1""( Y ) Z |agp1] < 1.
k=1 p k=n+p

It suffices to show that the left hand sid =1) is bounded above by ” | (’”ﬁ:%) |ktp—1] ,
which is equivalent to

n+p—1 00
k+2a—1 k—n—p
E (—> | @k tp—1| + E <—) |akp-1] > 0.
p—« p—a«
k=1 k=n+p

To see that the functiofi given by(2.2) gives the sharp result, we observe fog re™/ ("+3r=1)
that

f(Z) :1+ p_Oé ZTZ+3P—1_>1_ p_Oé
Jrip—1(2) n+2p—1+a« n+2p—1+a«
—1+4+2
_np 20 whenr — 17.
n+2p—1+a«
Therefore we complete the proof of Theorem 2.1. O
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Theorem 2.2.1f f of the form [1.11) satisfies condition (1.6), then

2 2p — 2 1—p)(1 —
(2.4) Re{ f(2) }Z(n+ p)(n+2p—2+a)+(1-p)(l+p—0a) (zel).
foip-1(2) (n+2p—1)(n+2p—1+a)
The result is sharp for eveny and p, with extremal function
1 p(p — a) -
2.5 = — n+2p—1 >0;p€eN).
(2:5) /) zp+(n+2p—1)(n+2p—1+a)z (n 2 0:p )
Proof. We write
(n+2p—1)(n+2p—1+a)
p(p — @)
B r2p)(nt2p—2+a)+ (1-p)(+p—a)
fatp-1(2) (n+2p—-1)(n+2p—-1+a)
_ 1+ Znﬂ? lakﬂ,,lzkﬂp 1y (n+2p— 11?2](0714;2)17 1+a) Zzo:nﬂ) ak+p712’k+2p_1
14+ Z”+P a/k+p712k+2p71
It w(z)
S l—w(z)
where
w(z) (n+2p—1z]()n-i(;2)p—1+a) Zk . Uppp 1Zk—f—Qp—l
242 Znﬂ) ! Ak+p _p 2kl (nt2p— ;%Z(,ntf)p L Zzozn+p a/k+p712k+2p_1
Now
n+2p—1)(n+2p—1+« 0o
w(z)] < = R D O]
wi= n 1 n+2p—1)(n+2p—1+a« [eS) —
2= 23 gy | — ) 57 ]
if
nedt m+2p—1)(n+2p—1+a)
(2.6) Z |@tp-1| + Z |apyp-1| < 1.
p(p — ) N

The left hand side of (2/6) is bounded above by

“(k+p-1D(k+p—1+a)
; p(p — @)

|ak+p—1 |

]ﬁ{ Z (k+p—1)(k+p—1+a)—pp—a)]|agrp-1]

+ ) lk+p-Dk+p—1+a)—(n+2p—1)(n+2p—1+a) |ak+p—1|} >0

and the proof is completed.

We next determine bounds fBre {f"}”(—;(z)} .
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Theorem 2.3.  (a) If f of the form(1.1)) satisfies conditior]1.5)), then

fn+p71<z) n+2p_1+05
@0 Re{ 1) }> n+3p—1

(b) If f of the form(L.1) satisfies conditior1.6]), then

(2.8) %{&%éﬁq

(z € U).

n+2p—1)(n+2p—1+a)
>
T (mt2p-1n+2p) —n(l-a)+ (1 -p)(1-p-0a)
Equalities hold in (a) and (b) for the functions given @2) and (2.7)), respectively.

(z € U).

Proof. We prove (a). The proof of (b) is similar to (a) and will be omitted. We write
(n+2p-1) lfwu(z) n+2p—1+ oz}

(p—a) f(z)  n+3p-1
1+ zn—hv 1 ak+p_lzk+2p71 _ (n+ip:;+a> Zzozm-p ak+p—12k+2p71
B L+ 00 apypa 22t
1T tw(z)
1 —w(2)’
where
<n+3p*1> Zoo ‘a |
—a k=n+ k+p—1
[wiz)l < +p—1 : pl+2 s L
2-2 Z p |k ip1| — (nﬂ;——aa> Zk:ner |y p]
The last inequality is equivalent to
n+p—1
n+2p—1+a«
(2.9) Z |agrp-1] + ( . ) Z |agrp-1] < 1.
p k=n+p
Since the left hand side o cl 9) is bounded abovedDy , “‘*ﬁ% |lagsp_1], the proof is
completed. O

We next turn to ratios involving derivatives.

Theorem 2.4.1f f of the form[(1.]) satisfies conditign (L.5), then

(2.10) Re{ f'(z) }22p(n+2p—1)—a(n+p—1) (el

ntp-1(2) p(n+2p—1+a)
ap—1(2) p(n+2p—1+a) .
(2.11) Re{ 702 } > o+ 3p—1) (zeU;a#0).

The extremal function for the cage10)) is given by(2.2) and the extremal function for the case
(2.11]) is given by(2.2)) with o # 0.

The proof of Theorer 2|4 follows the pattern of those in Thedrem 2.1 and (a) of Theorem
[2.3 and so the details may be omitted.

Remark 2.5. Puttingp = 1 in Theorenj 2.4, we obtain the following corollary:

J. Inequal. Pure and Appl. Math?(4) Art. 119, 2006 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

6 M.K. AOUF AND H. SILVERMAN

Corollary 2.6. If f of the form[(I.1L) (witlp = 1) satisfies conditiorj (I]5) (with = 1), then

f'(2) 2(n+1) —an
(2.12) Re{fé(z)} > m (Z S U),
fi(z) n+1l+a .
(2.13) Re{f/<z>}2 NPT (zeU;a#0).

The extremal function for the case (2.12) is giverj by (2.2) (with1) and the extremal function
for the case[(2.13) is given by (2.2) (wjth= 1 anda # 0).

Remark 2.7. We note that Corollarly 2|6 corrects the result obtained by Cho and Owa [4, The-
orem 5].

Theorem 2.8. If f of the form(.1]) satisfies conditiorf1.6)), then

1(2) n+p—1+2a

(2.14) Re{ 1,1+p1<z)} > T 1o (z € U),
map—1(2) n+2p—1+a

(2.15) Re{ 70 } > nt3p—1 (z € U).

In both cases, the extremal function is given(dy)).

Proof. It is well known thatf € ", (p.«) < —# € >."(p,a). In particular, f satisfies
condition ) if and only if— satisfies conditi05). Thus, (2/14) is an immediate
consequence of Theor¢mP.1 a.15) follows directly from Theprefu2.3 O

Remark 2.9. Puttingp = 1 in the above results we get the results obtained by Cho and Owa

[4].
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