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Abstract

In this paper, we investigate the monotonicity of difference results from the G.
Seitz inequality. An application is given, with some resulting inequalities.

2000 Mathematics Subject Classification: 26D15
Key words: G. Seitz inequality, Convex function, Difference, Monotonicity, Exponen-
tial convex.

The first author is partially supported by the Key Research Foundation of the Daxian
Teacher’s College under Grant 2003-81.

Contents
1 INtrodUCTION. . . ottt e 3
2 Proofof Theoreml.1 . ... 7
3 Applications. . ... e e 14

References

On Certain Inequalities Related
to the Seitz Inequality

Liang-Cheng Wang and Jia-Gui
Luo

Title Page

44 44
< 4
Go Back
Close
Quit
Page 2 of 19

J. Ineq. Pure and Appl. Math. 5(2) Art. 39, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:wangliangcheng@163.com
mailto:wangliangcheng@163.com
http://jipam.vu.edu.au/
http://www.ams.org/msc/

For a given positive integer > 2, let X = (21,22, ...,2,),Y = (Y1,Y2,- - -, Yn)s
U = (u,ug,...,u,) and Z = (21, 2, ..., 2,) be known sequences of real
numbers, and let; >0 (i = 1,2,...,n),T; = >1_,t (j = 1,2,...,n) and
a;; (1,7 = 1,2,...,n) be known real numbers. Define the functiofis/, C,
W andG by

A S - ! . On Certain Inequalities Related
A(n) - Z Ty —n (H Qiz> (xl >0i=12,... ’n)’ to the Seitz Inequality
=1 =1
Liang-Cheng Wang and Jia-Gui
A n 1 n Luo
J(n) = tif(vi) =Tof | = > tivi |,
%3500 -1 (Yot
= = Title Page
wheref is convex function on the intervdlandv; € 1(i = 1,2,...,n),
Contents
1
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Rade investigated the monotonicity of difference for G mean inequality,
and obtained the following inequality]

(1.1) A(n) > A(n —1).

P. M. Vast and J. E. P&aric generalized inequalityL(1) to convex functions,
and obtained the following inequality:,[ 6]

(1.2) J(n) > J(n—1). ——
On Certain Inequalities Related
. . . . to the Seitz Inequality
Recently the first author and Xu Zhang studied inequalit9)(in depth, and
obtained some inequalities. L.-C. Wang also obtained some applications, one

of them is the following inequality]

Liang-Cheng Wang and Jia-Gui
Luo

(1.3) C(n)>C(n—1). Title Page
. . . Contents
Inequality (L.3) resulted from the Cauchy inequality
<4< >
n n n 2
(1.4) (Z %2) (Z ?/3) > (Z %‘yi) . S %
i=1 i=1 i=1 Go Back
In[7], L.-C. Wang proved the following inequality Close
it
(1.5) W(n) > Wn - 1), Qi
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Inequality (L.5) resulted from the following Chebyshev inequality

(1.6) T, i Lix;z; 2 <i ti%) <i tﬂz’) )
i=1 i=1 i=1

with X andZ both increasing or both decreasing. If oneXobr 7 is increasing
and the other decreasing, then the inequalitg)(reverses.

Assume that, j,r,s € Nsuchthatl <i < j<nandl <r <s<n,we
have

(17) Z; .I'j Zr Rg ZO
Yi Yj Up  Us
and
a; a;
- ir is | > (.
(1.8) ‘%T%s_o

When both {.7) and (L.8) are true, the following inequality by G. Seit?][
holds:

n

n
DTz Y QY

=1 ij=1
(1.9) - > 1 .
Do ATy Y QY
iG=1 =1
If

1 1=
(110) X=2, Y=U and a;— Toii=12 ),
0 i#j
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then inequality {.9) changes intoX(.4). If

(111) Y =U=(1,1,...,1) and a;; = !
0 i#7

then inequality {.9) changes into(.6).

In this paper, we investigate inequalitly.9) in depth, obtaining the following
main result.

Theorem 1.1. If both inequalities {.7) and (L.8) are true, then we have
(1.12) G(n) > G(n—1).

Remark 1.1. If we put (.10 and (L.11) into (1.12), then (L.12 becomesX.3)
and (1.5), respectively. Hencel (12 is an extension ofl(3) and (L.5).
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1.1
Using

(Clz‘jﬂ%‘zj) (%‘n%%) = <aijyizj> (ain$iun> (i,j =1,2,...,n— 1)7

<az-jyiuj) (amxizn) = <aija:iuj) (amyizn) (t,j=1,2,....,n—1),
and (L.7) — (1.8), we have

t,j=1 ,j=1
n—1 n—1 n—1
+ g Qi YiUs E AinTiZn — E Qi T U E AinYiZn
i,j=1 1,7=1 =1
n—1 n—1 n—1 n—1
= E § Qi U525 E ApnYrUn — E § ;Y Z5 E ApnTEUnp
=1 j5=1 =1 j5=1
n—1 n—1 n—1 n—1
+ E E QYU E ApnTrin — E E Qi TiUj E ArnYkin
=1 j5=1 i=1 j=1

n—1n—-1 n-—1

=20 D

i=1 j=1 k=1k#i

X <$izjykun + Tp2nYily — YiZj Ty — Ii“j%%)

On Certain Inequalities Related
to the Seitz Inequality

Liang-Cheng Wang and Jia-Gui
Luo

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 7 of 19

J. Ineq. Pure and Appl. Math. 5(2) Art. 39, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:wangliangcheng@163.com
mailto:wangliangcheng@163.com
http://jipam.vu.edu.au/

j=1 \i=1 k=2ji<k =2 k=1i>k

X N\ TiZjYrUn + Ti2nlYily — YiZjTply — %ijkzn)
n—1n—-2 n—1
E Q5 Qkp, <l‘z‘2’jykun + TpzpYit; — YiZ; Ty — xiujykzn)
=1 i=1 k=2,i<k
n—1n—-1 n-—2
+ g g O jCin <$kzzjyiun + TiZn YUy — YpZjTily — xk“j%%)
7=1 k=2 i=1,k>i

E (au Afn — ak]a'm>
<i<k<n

3
,_.

7j=11<
X <$¢ijkun + Tr2nYily — YiZj Ty — xz’“j?/k%)
n—1
Qi Qip T; Tk Zj Zn >0
Qrj  Akn Yi Yk U;  Up B

<aijmizj) (anjynuj) = <az~jxiuj> (anjynzj> (’L,j = 1, 2, e, — 1),
(aijyﬂ,t]) (anjxnzj> = <aijyizj> <anj$nuj> (Z,] = 1, 2, e, — 1),
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(1.7) — (1.8) and the same method as in the proofafl), we obtain

n—1 n—1 n—1 n—1
(2.2) E Qi TiZj E AnjYnlU; — E Qi Tl E AnjYnZs
=1 j=1

i,j=1 B,j=1
n—1 n—1 n—1 n—1
+ E QYU 5 O TnZj — 5 ;Y% E (U TpUj
i,j=1 J=1 i,j=1 J=1

X (l'izjynuk + YiljTp 2l — TiUjYn2y — yizj:ﬁnuk>

B>

=1 1<j<k<n

Ty Tn

Zj Rk
U; Ug

> 0.

Qi Qg
Qpj  Ank

Using
<amyiun> (ajnszn) = (amyizn> <ajnxjun> (1,7 =1,2,...,n)

and

<&niynui) (anjxnz]) = <aniynzi> (anjxnuj) (Z>] = 17 27 e, = 1)a

we obtain

n n

(23) Z AinlYiUn Z AjnLjzn — i AinYiZn i AjndjUp = 0
i=1 =1

i—1 j=1
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and

n—1 n—1 n—1 n—1
(24) Z Qi YnUy Z AnjTnzj — Z AniYn i Z QpjLnU;j
i=1 j=1 i=1 j=1
respectively.

Using

(annynun> (anjxnzj) = (anjynzj> (annl‘nun) (] = 17 2a S
<anjynuj) (amxnzn> = <amynzn) (anjxnuj> j=12,...

and (L.7) — (1.8), we have

n n—1 n—1 n
=1 7j=1 7=1 =1

n—1

j=1
n—1 n—1

+ g a'ijannmizjynun - § aijannyizjxnun
i,j=1 i,j=1
n—1 n—1

+ E Qi ApnYiUjTpZn — E Qi jAnnTiU;YnZn
i,j=1 i,j=1

n n n—1
+ § anjynqu ainIizn_E ainyian Qpj T Uy
=1 i=1 j=1
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n—1 n—1 n—1 n—1

E AinlYiUn E ApjlnZj — § AnjilYnzj § Qi L5 Up,

=1 j=1 7=1 i=1
n—1 n—1 n—1 n—1

+ E AnjYnt; E AinTiZn — E AinlYiZn E QA TpUj
j=1 i=1 i=1 j=1
n—1 n—1 n—1 n—1

+ E g aijannxizjynun - § § aijannyizjxnun
=1 j=1 =1 j=1
n—1 n—1 n—1 n—1

+ E E Qi ApnYiU;TnZn — E E Q35 AppLiUijYnin
i=1 j=1 =1 j=1

n—1 n—1

=1 j=1
n—1 n—1
+ QjjQnp (%ijnun + Tp2pYily — YiZjTplUy — xiujynzn>
i=1 j=1
n—1 n—1
(aijann - ainanj>
i=1 j=1
X (wizjynun + mnznyiuj — injfL’nun — x,ujynzn>
n—1 n—1
Qi5  Qin T; Ty Zj Zn >0
Qn;i @ ; w; Uy |
P, nj Qnn Yi Yn j n
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By (2.1)-(2.5) and definition ofG(n), we have

n—1 n n—1
Gn)—Gn-1)= E a;; iz + g QinTiZy + E Ui T2
ij=1 i=1 j=1
E azjyzuj + E AinYiUn + E anjynu]
t,j=1
o On Certain Inequalities Related
Z (g Tithy + Z inLilly =+ Z AnjLnll; to the Seitz Inequality
,5=1
n—1 n—1 Liang-Cheng Wang and Jia-Gui
Luo
X E awyzzj + E AinYiZn + E anjynzj
i,j=1 7j=1
n—1 n—1 n—1 n—1 Title Page
- E QijTi%j E QijYithy — E ATl E AijYiz; Contents
@j:l i,j=1 i,j=1 t,j=1
44 44
= E al]x’tz_] E AinYiUn — § aljylzj E Qi LiUp 4 >
t,j=1 ,5=1
n—1 n—1 Go Back
+ E QijApnTiZjYntn — E QijAnnYiZjTnln Close
i,jil 5,5=1
Quit
E az]yzu] E QipnliZp — E amx u] E AinlYizn Page 12 of 19
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>0

Y

n—1 n—1

E Q5 ApnLiUjYnzn
z‘,jzl ij=1

E Q5 ApnYiUjTnzn —

E awaslzjg ApjYnlhj —

,Jl

E awyzujg UnjTnZj —

3,j=1

n n
E AinYiUn E ajnszn -
i=1 Jj=1

n—1 n—1

§ anzynuzg Anjlnzj —

i—1 j=1

n n—1
E AinYiUn § anjxnzj_
i=1 Jj=1
n—1 n
E anjynujg QinTiZn —
j=1 i=1

E al]xlu]E AnjYnZ;

,Jl

E azjyzzjg U j T U

3,j=1

n n
E AinYiZn E ajnl'jun
i=1 Jj=1
n—1 n—1

E QpiYnzi § ApjTpU;
i=1 j=1

n—1 n
E AnjilYnzj E Qi L Unp,
=1 i=1

n n—1
E AinYiZn E anjmnuj
i=1 Jj=1

i.e., inequality (.12 is true. This completes the proof of theorem .
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Let £ be a convex subset of an arbitrary real linear sgacand letf : £ —
(0, +00). f is an exponential convex function di if and only if

(3.1) f<ML+(1—tﬁ0j§f%uﬁﬂ*@0

for anyu,v € E and anyt € [0, 1]. f is an exponential concave function éh
if and only if the inequality 8.1) reverses (se€']).

For anyu,v € E(u # v) andag;, Bx; € [0, 1], we letzy; = agu+ (1 —ayy)v
andyg; = Oru+ (1 — Br)v (k= 1,254 = 1,2,...,n;n > 2). Define a
function L by

L(n) = Z az‘jf(ﬁu)f(@j) Z aijf(yli)f(?bj)

— Z aij f(x1:) f(y25) Z aij f (Y1) [ (w2;).

ij=1 ij=1

Proposition 3.1. Let f be an exponential convex (or concave) functionfon
and inequality {.8) be true. Fork = 1,2 and every pair of positive integeis
andj suchthatl <i < j <n,if
(3.2) i < Bri < o and ;= Qi = Brj — B
then we have

(3.3) L(n) > L(n — 1).
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Proof. 1. Supposef is an exponential convex function din. Fork = 1,2
andl < < 7 <n, from (3.2), we haves,; = ai;j + Bri — i > gj.

Case 1.Whenay,; < B < aij < B, We takel = g:%:ii thenl — ¢t =
j 1
Bei=Pri Hence, we have

Brj—ki
(3.4) tyrj + (1 — )2 = Brau + (1 — Bri)v = Y-
From (3.1) and 3.4), we have , -
On Certain Inequalities Related
. 1t to the Seitz Inequality
(3.5) Fri) < frurg) £ ()
Liang-Cheng Wang and Jia-Gui
From (3.2), we get the other form gfand1 — ¢: ¢t = % andl —t = -0
g’”% Then we have ,
kg ki Title Page
(3.6) (1 —t)ykj + tag = agju + (1 — agj)v = xp;. Contents
From (3.1) and (3.6), we have « dd
1—-t t 4 }
(3.7) f(rrs) < 7 (g f (0na)-
Go Back
From (3.5 and (3.7), we obtain Close
f(xri)  f(g) ‘ Quit
3.8 71 >0.
(3:8) ’ fluk)  flug) | =

Page 15 of 19

Case 2.Whenay; = Bk (or cu; = Bi;j), by 3.2), then we havey,; = Gy,
(Or aka — Bkz)- Hence1 the equality 0’8(8) hOIdS- J. Ineq. Pure and Appl. Math. 5(2) Art. 39, 2004
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Foranyl <i < j<nandanyl <r < s <mn, by (3.8, we obtain

as [ L o[ e S
ylz ylj y2r -

(y2s)

2. Let f be an exponential concave function BnThen 3.5), (3.7) and 3.9)
reverse. Hence3(9) is still valid.

Replacingz;, y;, z; andw; in Theoreml.1with f(z1;), f(y1:), f(z9;) and
flyei)(i = 1,2,...,n), respectively, we obtair3(3). This completes the
proof of ProposmorB.J_

O

Remark 3.1. In Proposition3.1, whenFE is a real intervall, we only need

Tri <Yk < 2y and T — Thi = Ykj — Yk

wherek = 1,2, i, j are every pair of positive integers such that i < j < n,
Thir Thys Yi> Yrj € 1.
In order to verify Propositio.3, the following lemma is necessary.

Lemma 3.2. Letc, d
increasing or both decreasing. Furthermore, tet [a,b] — (0,400
integrable function. Then

(3.10) / bq(m)c(m)dm / bq(x)d(x)dx < / bq(x)dx / bq(:z)c(x)d(m)dm.

If one of the functions af or d is increasing and the other decreasing, then the
inequality 3.10 reverses. (see’| 3]).

la,b] — R (b > a) be the monotonic functions, both
) be an
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Letp : [a,b] — (0,400) be continuousy : [a, b] —
continuous. Define a functiol by

— Z aijh(k“) m+]) Z ai;h l+z)
2
_ Z aigh*+) () R+
(2

wherek,l,m,w € N,i,j =1,2,...

(1, 400) be monotonic

w+]<)

) (),

Za hl+z)

,nand

b X
(3.11) h:Rw— R, h(x):/ p(t)(g(t)) dt  (seep)).

Proposition 3.3. Let the inequalities inX(.8) hold. Ifk < I, m < work > I,
m > w, then we have

(3.12) M(n) > M(n—1).

Proof. For (3.11), by continuity ofp andg, we may change the order of deriva-
tion and integration. By direct computation, we get

b
(3.13) B () = / p(t) (9(6))" (I g(£))" dt.

For every pair of integers j such thatl < i < j < n, whenk < [, replacey,
¢ andd in Lemma3.2by p(t) (¢(t))" (In g(t))***, (In g(t))’ " and(In g(¢))"*,
respectively. Using3.13), we get

(3.14) REHD () pH+D (z) > h(’““)(a:)h(’“)(x).
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By (3.14), we have

R (1) pOHI) ()
(3.15) ’ B () B () | 20
Similarly we obtain
h(m+r)(m) h(m+s) (I)
>
(316) ‘ h(erT) (,’]j) h(w+s) (QL‘) = O,

wherer, s are pair of integer such that< r» < s < n andm < w.

Replacingr;, v, z; andu; in Theoreml.1by hc+9) (x), B+ (1), RO (1)
andh*)(2)(i = 1,2, ...,n), respectively, we obtair8(12).

By Lemma3.2, whenk > [ andm > w, both .15 and (3.16) reverse.
Hence, the product on the left for botA.{5 and (3.16 is still nonnegative,
hence, by Theorer.1, (3.12 is also satisfied.

This completes the proof of PropositiGri. O
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