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ABSTRACT. A delayed periodicn-species simple food-chain system with Holling type-II func-
tional response is investigated. By means of Gaines and Mawhin’s continuation theorem of
coincidence degree theory and by constructing appropriate Lyapunov functionals, sufficient con-
ditions are obtained for the existence and global attractivity of positive periodic solutions of the
system.
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1. I NTRODUCION

The traditional Lotka-Volterra type predator-prey model with Michaelis-Menten or Holling
type II functional response has received great attention from both theoretical and mathematical
biologists, and has been well studied (see, for example, [1] – [12]). Up to now, most of the
works on Lotka-Volterra type predator-prey models with Michaelis-Menten or Holling type II
functional responses have dealt with autonomous population systems. The analysis of these
models has been centered around the coexistence of populations and the local and global stabil-
ity of equilibria. We note that any biological or environmental parameters are naturally subject
to fluctuation in time. As Cushing [13] pointed out, it is necessary and important to consider
models with periodic ecological parameters or perturbations which might be quite naturally
exposed (for example, those due to seasonal effects of weather, food supply, mating habits,
hunting or harvesting seasons, etc.). Thus, the assumption of periodicity of the parameters is a
way of incorporating the periodicity of the environment.
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2 QIMING L IU AND HAIYUN ZHOU

It has been widely argued and accepted that for various reasons, time delay should be taken
into consideration in modelling, we refer to the monographs of Cushing [14], Gopalsamy [15],
Kuang [16], and MacDonald [17] for general delayed biological systems and to Beretta and
Kuang [18], Gopalsamy [19, 20], He [21], Wang and Ma [22], and the references cited therein
for studies on delayed biological systems. In general, delay differential equations exhibit much
more complicated dynamics than ordinary differential equations since a time delay could cause
a stable equilibrium to become unstable and cause the population to fluctuate. Time delay due
to gestation is a common example, because generally the consumption of prey by the preda-
tor throughout its past history governs the present birth rate of the predator. Therefore, more
realistic models of population interactions should take into account the effect of time delays.

The main purpose of this paper is to discuss the combined effects of the periodicity of the
ecological and environmental parameters and time delays due to gestation and negative feed-
back on the dynamics of ann-species food-chain model with Michaelis-Menten or Holling type
II functional responses. To do so, we consider the following delay differential equations

(1.1)



ẋ1(t) = x1(t)

[
r1(t)− a11(t)x1(t− τ11)−

a12(t)x2(t)

1 + m1x1(t)

]
,

ẋj(t) = xj(t)

[
−rj(t) +

aj,j−1(t)xj−1(t− τj,j−1)

1 + mj−1xj−1(t− τj,j−1)

− ajj(t)xj(t− τjj)−
aj,j+1(t)xj+1(t)

1 + mj+1xj(t)

]
, 1 < j < n,

ẋn(t) = xn(t)

[
−rn(t) +

an,n−1(t)xn−1(t− τn,n−1)

1 + mn−1xn−1(t− τn,n−1)
− ann(t)xn(t− τnn)

]
,

with initial conditions

(1.2) xj(s) = φj(s), s ∈ [−τ, 0], φj(0) > 0, j = 1, 2, . . . , n.

In system (1.1),xi(t) denotes the density of theith population, respectively,i = 1, . . . , n.
τj,j−1(j = 2, . . . , n) are time delays due to gestation, that is, mature adult predators can only
contribute to the reproduction of predator biomass.τii ≥ 0 denotes the delay due to negative
feedback of the speciesxi. τ = max{τij, 1 ≤ i, j ≤ n}; ri(t), aij(t) (i, j = 1, 2, . . . , n) are
positively periodic continuous functions with common periodω > 0 andmi(i = 1, 2, . . . , n−1)
are positive constants.

It is well known by the fundamental theory of functional differential equations [23] that
system (1.1) has a unique solutionx(t) = (x1, x2, . . . , xn) satisfying initial conditions (1.2).
It is easy to verify that solutions of system (1.1) corresponding to initial conditions (1.2) are
defined on[0, +∞) and remain positive for allt ≥ 0. In this paper, the solution of system (1.1)
satisfying initial conditions (1.2) is said to be positive.

The organization of this paper is as follows. In the next section, by using Gaines and
Mawhin’s continuation theorem of coincidence degree theory, sufficient conditions are estab-
lished for the existence of positive periodic solutions of system (1.1) with initial conditions
(1.2). In Section 3, by constructing suitable Lyapunov functionals, sufficient conditions are
derived for the uniqueness and global attractivity of positive periodic solutions of system (1.1).

2. EXISTENCE OF PERIODIC SOLUTIONS

In this section, by using Gaines and Mawhin’s continuation theorem of coincidence degree
theory, we show the existence of positive periodic solutions of system (1.1) with initial condi-
tions (1.2). In order to prove our existence result, we need the following notations.

Let X, Y be real Banach spaces, letL : Dom L ⊂ X → Y be a linear mapping, and
N : X → Y be a continuous mapping. The mappingL is called a Fredholm mapping of
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index zero ifdim Ker L = codim Im L < +∞ andIm L is closed inY . If L is a Fredholm
mapping of index zero and there exist continuous projectorsP : X → X, andQ : Y →
Y such thatIm P = Ker L, Ker Q = Im L = Im(I − Q), then the restrictionLP of L to
Dom L ∩ Ker P : (I − P )X → Im L is invertible. Denote the inverse ofLP by KP . If Ω is
an open bounded subset ofX, the mappingN will be calledL−compact onΩ̄ if QN(Ω̄) is
bounded andKP (I − Q)N : Ω̄ → X is compact. SinceIm Q is isomorphic toKer L, there
exists an isomorphismJ : Im Q → Ker L.

For convenience of use, we introduce the continuation theorem of coincidence degree theory
(see [24, p. 40]) as follows.

Lemma 2.1. Let Ω ⊂ X be an open bounded set. LetL be a Fredholm mapping of index zero
andN beL-compact on̄Ω. Assume

(a) For eachλ ∈ (0, 1), x ∈ ∂Ω∩ Dom L, Lx 6= λNx;
(b) For eachx ∈ ∂Ω ∩Ker L, QNx 6= 0;
(c) deg{JQN, Ω ∩Ker L, 0} 6= 0.

ThenLx = Nx has at least one solution in̄Ω∩ Dom L.

In what follows we shall also need the following notations:

f̄ =
1

ω

∫ ω

0

f(t)dt, fL = min
t∈[0,ω]

f(t), fM = max
t∈[0,ω]

f(t),

wheref is a continuousω-periodic function.

Theorem 2.2. System (1.1) with initial conditions (1.2) has at least one strictly positiveω-
periodic solution provided that

aj+1,j > mjrj+1, aj,j−1 > mj−1Hj, 2 ≤ j ≤ n,(H1)

r1 > K1 +
a11H2

a21 −m1H2

e2r1ω,(H2)

where

(2.1)



K1 = a12
(a21/m1)− r2

a22

e2(a21/m1)ω, Hn = rn

Hj = Kj +
ajjHj+1

aj+i,j −mjHj+1

e2aj,j−1ω/mj−1 , 2 ≤ j ≤ n− 1,

Kj = rj + aj,j+1
aj+1,j −mjrj+1

mjajj

e2aj+1,jω/mj , 2 ≤ j ≤ n− 1.

Proof. Let

(2.2) yi(t) = ln[xi(t)], i = 1, . . . , n.

On substituting (2.2) into system (1.1), it follows

(2.3)



ẏ1(t) = r1(t)− a11(t)e
y1(t−τ11) − a12(t)e

y2(t)

1 + m1ey1(t)
,

ẏj(t) = −rj(t) +
aj,j−1(t)e

yj−1(t−τj,j−1)

1 + mj−1eyj−1(t−τj,j−1)
− ajj(t)e

yj(t−τjj) − aj,j+1(t)e
yj+1(t)

1 + mjeyj(t)
,

j = 2, . . . .n− 1,

ẏn(t) = −rn(t) +
an,n−1(t)e

yn−1(t−τn,n−1)

1 + mn−1eyn−1(t−τn,n−1)
− ann(t)eyn(t−τnn).
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4 QIMING L IU AND HAIYUN ZHOU

It is easy to see that if system (2.3) has oneω−periodic solution(y∗1(t), . . . , y
∗
n(t))T , then

x∗(t) = (x∗1(t), . . . , x
∗
n(t))T = (exp[y∗1(t)], . . . , exp[y∗n(t)])T

is a positiveω-periodic solution of system (1.1). Therefore, to complete the proof, it suffices to
show that system (2.3) has oneω-periodic solution.

Take

X = Y = {(y1(t), . . . , yn(t))T ∈ C(R, Rn) : yi(t + ω) = yi(t), i = 1, . . . , n}

and

‖(y1(t), . . . , yn(t))T‖ =
n∑

i=1

max
t∈[0,ω]

|yi(t)|,

here| · | denotesL∞−norm.. It is easy to verify thatX andY are Banach spaces with the norm
‖ · ‖. Set

L : Dom L ∩X, L(y1(t), . . . , yn(t))T =

(
dy1(t)

dt
, . . . ,

dyn(t)

dt

)T

,

whereDom L = {(y1(t), . . . , yn(t))T ∈ C1(R, Rn)} andN : X → X,

N


y1(t)

...
yj(t)

...
y(t)

 =



r1(t)− a11(t)e
y1(t−τ11) − a12(t)e

y2(t)

1 + m1ey1(t)

...

−rj(t) +
aj,j−1(t)e

y1j−1(t−τj,j−1)

1 + mj−1eyj−1(t−τj,j−1)
− ajj(t)e

yj(t−τjj) − aj,j+1(t)e
yj+1(t)

1 + mjeyj(t)

...

−rn(t) +
an,n−1(t)e

yn−1(t−τn,n−1)

1 + mn−1eyn−1(t−τn,n−1)
− ann(t)eyn(t−τnn)


.

Define two projectorsP andQ as

P


y1
...
yj
...

yn

 = Q


y1
...
yj
...

yn

 =



1

ω

∫ ω

0
y1(t)dt

...
1

ω

∫ ω

0
yj(t)dt

...
1

ω

∫ ω

0
yn(t)dt


,


y1
...
yj
...

yn

 ∈ X.

It is clear that

Ker L = {x| x ∈ X, x = h, h ∈ Rn},

Im L = {y| y ∈ Y,

∫ ω

0

y(t)dt = 0} is closed inY,

and
dim KerL = codim ImL = n.

Therefore,L is a Fredholm mapping of index zero. It is easy to show thatP andQ are contin-
uous projectors such that

Im P = Ker L, Ker Q = Im L = Im(I −Q).
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Furthermore, the inverseKP of LP exists and is given byKP : Im L → Dom L ∩Ker P ,

KP (y) =

∫ t

0

y(s)ds− 1

ω

∫ ω

0

∫ t

0

y(s)dsdt.

ThenQN : X → Y andKP (I −Q)N : X → X read

QNx =



1

ω

∫ ω

0

[
r1(t)− a11(t)e

y1(t−τ11) − a12(t)e
y2(t)

1 + m1ey1(t)

]
dt

...
1

ω

∫ ω

0

[
−rj(t) +

aj,j−1(t)e
y1j−1(t−τj,j−1)

1 + mj−1eyj−1(t−τj,j−1)
− ajj(t)e

yj(t−τjj) − aj,j+1(t)e
yj+1(t)

1 + mjeyj(t)

]
dt

...
1

ω

∫ ω

0

[
−rn(t) +

an,n−1(t)e
yn−1(t−τn,n−1)

1 + mn−1eyn−1(t−τn,n−1)
− ann(t)eyn(t−τnn)

]
dt


,

KP (I −Q)Nx =

∫ t

0

Nx(s)ds− 1

ω

∫ ω

0

∫ t

0

Nx(s)dsdt−
(

t

ω
− 1

2

) ∫ ω

0

Nx(s)ds.

Clearly,QN andKP (I −Q)N are continuous.
In order to apply Lemma 2.1, we need to search for an appropriate open, bounded subsetΩ.
Corresponding to the operator equationLx = λNx, λ ∈ (0, 1), we obtain

(2.4)



ẏ1(t)=λ

[
r1(t)− a11(t)e

y1(t−τ11) − a12(t)e
y2(t)

1 + m1ey1(t)

]
,

ẏj(t)=λ

[
−rj(t) +

aj,j−1(t)e
yj−1(t−τj,j−1)

1 + mj−1eyj−1(t−τj,j−1)

−ajj(t)e
yj(t−τjj) − aj,j+1(t)e

yj+1(t)

1 + mjeyj(t)

]
, 1 < j < n,

ẏn(t)=λ

[
−rn(t) +

an,n−1(t)e
yn−1(t−τn,n−1)

1 + mn−1eyn−1(t−τn,n−1)
− ann(t)eyn(t−τnn)

]
.

Suppose that(y1(t), . . . , yn(t))T ∈ X is a solution of system (2.4) for someλ ∈ (0, 1). Inte-
grating system (2.4) over[0, ω] gives

(2.5)
∫ ω

0

a11(t)e
y1(t−τ11)dt +

∫ ω

0

a12(t)e
y2(t)

1 + m1ey1(t)
dt =

∫ ω

0

r1(t)dt,

(2.6)
∫ ω

0

aj,j−1(t)e
yj−1(t−τj,j−1)

1 + mj−1eyj−1(t−τj,j−1)
dt

=

∫ ω

0

rj(t)dt +

∫ ω

0

aj,j+1(t)e
yj+1(t)

1 + mjeyj(t)
dt +

∫ ω

0

ajj(t)e
yj(t−τjj)dt,

j = 2, 3, . . . , n− 1,

(2.7)
∫ ω

0

rn(t)dt +

∫ ω

0

ann(t)eyn(t−τnn)dt =

∫ ω

0

an,n−1(t)e
yn−1(t−τn,n−1)

1 + mn−1eyn−1(t−τn,n−1)
dt.
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It follows from (2.5)-(2.7) that∫ ω

0

|ẏ1(t)|dt = λ

∫ ω

0

∣∣∣∣r1(t)− a11(t)e
y1(t−τ11) − a12(t)e

y2(t)

1 + m1ey1(t)

∣∣∣∣ dt(2.8)

≤
∫ ω

0

[
r1(t) + a11(t)e

y1(t−τ11) +
a12(t)e

y2(t)

1 + m1ey1(t)

]
dt

= 2r1ω
∆
= d1,∫ ω

0

|ẏj(t)|dt(2.9)

= λ

∫ ω

0

∣∣∣∣−rj(t) +
aj,j−1(t)e

yj−1(t−τj,j−1)

1 + mj−1eyj−1(t−τj,j−1)
− ajj(t)e

yj(t−τjj) − aj,j+1(t)e
yj+1(t)

1 + mjeyj(t)

∣∣∣∣ dt

≤
∫ ω

0

[
rj(t) +

aj,j−1(t)e
yj−1(t−τj,j−1)

1 + mj−1eyj−1(t−τj,j−1)
+ ajj(t)e

yj(t−τjj) +
aj,j+1(t)e

yj+1(t)

1 + mjeyj(t)

]
dt

≤ 2
aj,j−1

mj−1

ω
∆
= dj, j = 2, . . . , n− 1,

∫ ω

0

|ẏn(t)|dt = λ

∫ ω

0

∣∣∣∣−rn(t) +
an,n−1(t)e

yn−1(t−τn,n−1)

1 + mn−1eyn−1(t−τn,n−1)
− anne

yn(t−τnn)

∣∣∣∣ dt(2.10)

≤
∫ ω

0

[
rn(t) +

an,n−1(t)e
yn−1(t−τn,n−1)

1 + mn−1eyn−1(t−τ32)
+ anne

yn(t−τnn)

]
dt

≤ 2
an,n−1

mn−1

ω
∆
= dn.

Since(y1(t), . . . , yn(t))T ∈ X, there existsti, Ti such that

yi(ti) = min
t∈[0,ω]

yi(t), yi(Ti) = max
t∈[0,ω]

yi(t), i = 1, . . . , n.

We derive from (2.5) that ∫ ω

0

a11(t)e
y1(t−τ11)dt ≤

∫ ω

0

r1(t)dt,

which implies

y1(t1) ≤ ln
r1

a11

∆
= ρ1.

This, together with (2.8), leads to

y1(t) ≤ y1(t1) +

∫ ω

0

|ẏ1(t)|dt(2.11)

≤ ln
r1

a11

+ 2r1ω.

It follows from (2.6) and (2.7) that∫ ω

0

ajj(t)e
yj(t−τjj)dt ≤

∫ ω

0

aj,j−1(t)e
yj−1(t−τj,j−1)

1 + mj−1eyj−1(t−τj,j−1)
dt− rjω

≤ aj,j−1

mj−1

ω − rjω,
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which implies

yj(tj) ≤ ln
aj,j−1 −mj−1rj

mj−1ajj

∆
= ρj.

This, together with (2.8) and (2.9), leads to

yj(t) ≤ yj(tj) +

∫ ω

0

|ẏj(t)|dt(2.12)

≤ ln
aj,j−1 −mj−1rj

mj−1ajj

+ 2
aj,j−1

mj−1

ω, j = 2, . . . , n.

From (2.5) and (2.12) we obtain

a11e
y1(T1) ≥ r1 −

1

ω

∫ ω

0

a12(t)e
y2(t)dt(2.13)

≥ r1 − a12
(a21/m1)− r2

a22

e2(a21/m1)ω

= r1 −K1,

that is

(2.14) y1(T1) ≥ ln
r1 −K1

a11

∆
= δ1.

It follows from (2.8) and (2.14) that

(2.15) y1(t) ≥ y1(T1)−
∫ ω

0

|ẏ1(t)|dt ≥ ln
r1 −K1

a11

− 2r1ω.

We obtain from (2.6) and (2.15) that

a22e
y2(T2) ≥ 1

ω

∫ ω

0

a21(t)e
y1(t−τ21)

1 + m1ey1(t−τ21)
dt− r2 −

1

ω

∫ ω

0

a23(t)e
y3(t)dt(2.16)

≥
a21(

r1 −K1

a11

)e−2r1ω

1 + m1(
r1 −K1

a11

)e−2r1ω

−K2

=
a21(r1 −K1)

a11e2r1ω + m1(r1 −K1)
−K2

∆
= ∆1 −K2.

If ∆1 −K2 > 0 then

(2.17) y2(T2) ≥ ln
∆1 −K2

a22

,

this, together with (2.9), leads to

y2(t) ≥ y2(T2)−
∫ ω

0

|ẏ2(t)|dt(2.18)

≥ ln
∆1 −K2

a22

− 2
a21

m1

ω.
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It follows from (2.7) and (2.18) that

a33e
y3(T3) ≥ 1

ω

∫ ω

0

a32(t)e
y2(t−τ32)

1 + m2ey2(t−τ32)
dt− r3 −

∫ ω

0

a34(t)e
u4(t)dt

≥ a32(∆1 −K2)e
−2(a21/m1)ω/a22

1 + mM
2 (∆1 −K2)e−2(a21/m1)ω/a22

−K3

≥ a32(∆1 −K2)

a22e2(a21/m1)ω + m2(∆1 −K2)
−K3

∆
= ∆2 −K3.

If ∆2 −K3 > 0, together with (2.9), it follows

(2.19) y3(t) ≥ ln
∆2 −K3

a33

− 2
a32

m2

ω
∆
= δ2 − 2

a21

m1

ω.

Similarly, we have

ajje
yj(Tj) ≥ aj,j−1(∆j−2 −Kj−1)

aj−1,j−1e2[aj−1,j−2/mj−2]ω + mj−1(∆j−2 −Kj−1)
−Kj

∆
= ∆j−1 −Kj.

If ∆j−1 −Kj > 0, we have

yj(t) ≥ yj(Tj)−
∫ ω

0

|ẏj(t)|dt(2.20)

≥ ln
∆j−1 −Kj

ajj

− 2
aj,j−1

mj−1

ω,

∆
= δj − 2

aj,j−1

mj−1

ω,

where

(2.21) ∆j =
aj+1,j(∆j−1 −Kj)

ajje
2aj,j−1
mj−1

ω
+ mj(∆j−1 −Kj)

, 3 ≤ j ≤ n− 1.

From (2.7) and (2.20), we have

anne
yn(Tn) ≥ ∆n−1 − rn.

If ∆n−1 − rn > 0, together with (2.10), it follows that

yn(t) ≥ yn(Tn)−
∫ ω

0

|ẏn(t)|dt(2.22)

≥ ln
∆n−1 − rn

ann

− 2
an,n−1

mn−1

ω

∆
= δn − 2

an,n−1

mn−1

ω.

We note that (2.15), (2.18) – (2.20) and (2.22) hold if the following are true:

(2.23) r1 > K1, ∆j > Kj+1(j = 1, 2, . . . , n− 2), ∆n−1 > rn.

We now show that assumptions (H1) and (H2) imply (2.23).
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Let (H1) and (H2) hold. Then we have

r1 > K1 +
a11H2e

2r1ω

a21 −m1r2

, a21 > m1H2,

which implies
r1 > K1, ∆1 > H2.

Noting thata32 −m2r3 > 0, a32 −m2H3 > 0, we have

r1 > K1, ∆1 > K2, ∆2 > H3,

which, together witha43 −m3r4 > 0, a43 −m3H4 > 0, leads to

r1 > K1, ∆1 > K2, ∆2 > K3, ∆3 > H4.

Similarly, we have

r1 > K1, ∆l > Kl+1 (1 ≤ l ≤ j − 2), ∆j−1 > Hj,

which, together withaj+1,j > mjrj+1, aj+1,j > mjHj+1, implies

r1 > K1, ∆l > Kl+1 (1 ≤ l ≤ j − 1), ∆j > Hj+1.

Finally, by a similar argument we obtain

r1 > K1, ∆l > Kl+1 (1 ≤ l ≤ n− 2), ∆n−1 > rn.

From what has been discussed above, we finally derive that

(2.24) max
t∈[0,ω]

|yi(t)| ≤ max{|ρi|+ di, |δi|+ di}
∆
= Bi, i = 1, . . . , n.

Clearly,Bi (i = 1, 2, . . . , n) are independent ofλ. DenoteB =
∑n

i=1 Bi +B0, hereB0 is taken
sufficiently large such that each solution(v∗1, v

∗
2, . . . , v

∗
n)T of the system of algebraic equations

(2.25)



r1 − a11e
v1 − 1

ω

∫ ω

0

a12(t)e
v2

1 + m1ev1
dt = 0,

−rj +
1

ω

∫ ω

0

aj,j−1(t)e
vj−1

1 + mj−1evj−1
dt− ajje

vj − 1

ω

∫ ω

0

aj,j+1(t)e
vj+1

1 + mjevj
dt = 0,

2 ≤ j ≤ n− 1

−rn +
1

ω

∫ ω

0

an,n−1(t)e
vn−1

1 + mn−1evn−1
dt− anne

vn = 0,

satisfies‖(v∗1, v∗2, . . . , v∗n)T‖ =
∑n

i=1 |v∗i | < B (if it exists). Now, we takeΩ = {(y1, y2, .., yn)T ∈
X : ‖(y1, y2, . . . , yn)T‖ < B}. Thus, the condition (a) of Lemma 2.1 is satisfied. When
(y1, y2, . . . , yn)T ∈ ∂Ω ∩ Ker L = ∂Ω ∩ Rn, (y1, y2, . . . , yn)T is a constant vector inRn with∑n

i=1 |yi| = B. If system (2.25) has solutions, then

QN


y1
...
yj
...

yn

=



r1 − a11e
y1 − 1

ω

∫ ω

0

a12(t)e
y2

1 + m1ey1
dt

...

−rj +
1

ω

∫ ω

0

aj,j−1(t)e
yj−1

1 + mj−1eyj−1
dt− ajje

yj − 1

ω

∫ ω

0

aj,j+1(t)e
yj+1

1 + mjeyj
dt

...

−rn +
1

ω

∫ ω

0

an,n−1(t)e
yn−1

1 + mn−1eyn−1
dt− anne

yn


6=


0
...
0
...
0

 .
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10 QIMING L IU AND HAIYUN ZHOU

If system (2.25) does not have a solution, then we can directly derive

QN

 y1
...

yn

 6=

 0
...
0

 .

Thus, the condition (b) in Lemma 2.1 is satisfied.
In the following, we will prove that the condition (c) in Lemma 2.1 is satisfied. To this end,

we defineφ : Dom L× [0, 1] → X by

φ(y1, . . . , yn, µ)

=



r1 − a11e
y1

...

−rj +
1

ω

∫ ω

0

aj,j−1(t)e
yj−1

1 + mj−1eyj−1
dt− ajje

yj

...

−rn +
1

ω

∫ ω

0

an,n−1(t)e
yn−1

1 + mn−1eyn−1
dt− anne

yn


+ µ



− 1

ω

∫ ω

0

a12(t)e
y2

1 + m1ey1
dt

...

− 1

ω

∫ ω

0

aj,j+1(t)e
yj+1

1 + mjeyj
dt

...
0


,

whereµ is a parameter. When(y1, y2, . . . , yn)T ∈ ∂Ω ∩ Rn, (y1, y2, . . . , yn)T is a constant
vector inRn with

∑n
i=1 |yi| = B. We will show that when

(y1, y2, . . . , yn)T ∈ ∂Ω ∩Ker L, φ(y1, y2, . . . , yn, µ) 6= 0.

Otherwise, there is a constant vector(y1, . . . , yn)T ∈ Rn with
∑n

i=1 |yi| = B satisfying
φ(y1, y2, . . . , yn, µ) = 0, that is

r1 − a11e
y1 − µ

1

ω

∫ ω

0

a12(t)e
y2

1 + m1ey1
dt = 0,

−rj +
1

ω

∫ ω

0

aj,j−1(t)e
yj−1

1 + mj−1eyj−1
dt− ajje

yj − µ
1

ω

∫ ω

0

aj,j+1(t)e
yj+1

1 + mjeyj
dt = 0, 2 ≤ j ≤ n− 1

−rn +
1

ω

∫ ω

0

an,n−1(t)e
yn−1

1 + mn−1eyn−1
dt− anne

yn = 0.

By some similar arguments in (2.11), (2.12), (2.14), (2.15), (2.17), (2.18), (2.20) and (2.22) we
can show that

|yi| ≤ max{|δi|, |ρi|}, i = 1, 2, . . . , n.

Thus
n∑

i=1

|yi| ≤
n∑

i=1

max{|ρi|, |δi|} < B,

which is leads to a contradiction. Using the property of topological degree and takingJ = I :
Im Q → Ker L, (y1, y2, . . . , yn)T → (y1, y2, . . . , yn)T , we have

deg(JQN(y1, . . . , yn)T , Ω ∩Ker L, (0, . . . , 0)T )

= deg(φ(y1, . . . , yn, 1), Ω ∩Ker L, (0, . . . , 0)T )

= deg(φ(y1, . . . , yn, 0), Ω ∩Ker L, (0, . . . , 0)T )
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= deg

((
(r1 − a11e

y1 , . . . ,−rj +
1

ω

∫ ω

0

aj,j−1(t)e
yj−1

1 + mj−1eyj−1
dt− ajje

yj , . . . ,

−rn +
1

ω

∫ ω

0

an,n−1(t)e
yn−1

1 + mn−1eyn−1
dt− anne

yn

)T

, Ω ∩Ker L, (0, . . . , 0)T

)
.

Under assumptions (H1) – (H2), one can easily show that the following system of algebraic
equations

(2.26)



r1 − a11u1 = 0,

−rj +
aj,j−1uj−1

1 + mj−1uj−1

− ajjuj = 0, 2 ≤ j ≤ n− 1

−rn +
an,n−1un−1

1 + mn−1un−1

− annun = 0,

has a unique solution(u∗1, . . . , u
∗
n)T which satisfiesu∗i > 0, i = 1, . . . , n.

A direct calculation shows that

deg(JQN(y1, y2, . . . , yn)T , Ω ∩Ker L, (0, 0, . . . , 0)T ) = sgn

{
n∏

i=1

(−aii)

}
= (−1)n 6= 0.

Finally, it is easy to show that the set{KP (I −Q)Nu|u ∈ Ω̄} is equicontinuous and uniformly
bounded. By using the Arzela-Ascoli theorem, we see thatKP (I −Q)N : Ω → X is compact.
Moreover,QN(Ω̄) is bounded. Consequently,N is L−compact.

By now we have proved thatΩ satisfies all the requirements in Lemma 2.1. Hence, system
(2.3) has at least oneω-periodic solution. As a consequence, system (1.1) has at least one
positiveω-periodic solution. This completes the proof. �

3. GLOBAL ATTRACTIVITY

We now proceed to a discussion on the global attractivity of the positiveω−periodic solution
of system (1.1). It is immediate that if any positive periodic solution of system (1.1) is globally
attractive, then it is in fact unique. We first derive certain upper and lower bound estimates for
solutions of (1.1) – (1.2).

Lemma 3.1. Let x(t) = (x1(t), x2(t), . . . , xn(t))T denote any positive solution of system (1.1)
with initial conditions (1.2). Then there exists aT > 0 such that

(3.1) 0 < xi ≤ Mi for t > T, i = 1, 2, . . . , n,

where

M1 =
rM
1

aL
11

erM
1 τ1 ,(3.2)

Mj =
aM

j,j−1/mj−1 − rL
j

aL
jj

e[aj,j−1M/mj−1−rL
j ]τjj , j = 2, 3, . . . , n.

The proof of Lemma 3.1 is similar to that of Lemma 2.1 in [22], we therefore omit it here.
We now formulate the global attractivity of the positiveω−periodic solutions of system (1.1)

as follows.

Theorem 3.2. In addition to (H1) – (H2), assume further that

(H3) lim inf
t→∞

Ai(t) > 0, i = 1, 2, . . . , n,
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12 QIMING L IU AND HAIYUN ZHOU

where

A1(t) = a11(t)−m1a12(t)M2 − a21(t + τ21)(3.3)

− [r1(t) + a11(t)M1 + a12(t)M2]

∫ t+τ11

t

a11(s)ds

− a11(t + τ1)M1

∫ t+2τ11

t+τ11

a11(s)ds

− a21(t + τ21)M2

∫ t+τ21+τ22

t+τ21

a21(s)ds,

Aj(t) = ajj(t)−mjaj,j+1(t)Mj+1 − aj+1,j(t + τj+1,j)(3.4)

− aj1,j(t)

mj−1

∫ t+τj−1,j−1

t

aj−1,j−1(s)ds

−
[
rj(t) +

aj,j−1(t)

mj−1

+ ajj(t)Mj + aj,j+1(t)Mj+1

] ∫ t+τjj

t

ajj(s)ds

− ajj(t + τjj)Mj

∫ t+2τjj

t+τjj

ajj(s)ds

− aj+1,j(t + τj+1,j)Mj+1

∫ t+τj+1,j+τj+1,j+1

t+τj+1,j

aj+1,j+1(s)ds, 2 ≤ j ≤ n− 1,

An(t) = ann(t)− an−1,n(t)(3.5)

−
[
rn(t) +

an,n−1(t)

mn−1

+ ann(t)Mn

] ∫ t+τnn

t

ann(s)ds

− ann(t + τnn)Mn

∫ t+2τnn

t+τnn

ann(s)ds

− an−1,n(t)

mn−1

∫ t+τn−1,n−1

t

an−1,n−1(s)ds.

Then system (1.1) has a unique positiveω−periodic solutionx∗(t) = (x∗1(t), . . . , x
∗
n(t))T which

is globally attractive.

Proof. Due to the conclusion of Theorem 2.2, we need only to show the global attractivity of the
positive periodic solution of (1.1). Letx∗(t) = (x∗1(t), . . . , x

∗
n(t))T be a positiveω− periodic

solution of (1.1), andy(t) = (y1(t), . . . , yn(t))T be any positive solution of system (1.1) – (1.2).
It follows from Lemma 3.1 that there exist positive constantsT andMi (defined by (3.2)) such
that for allt ≥ T ,

(3.6) 0 < x∗i (t) ≤ Mi, 0 < yi(t) ≤ Mi, i = 1, 2, . . . , n.

We define

(3.7) V11(t) = | ln x∗1(t)− ln y1(t)|.
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Calculating the upper right derivative ofV11(t) along solution of (1.1), it follows fort ≥ T that

D+V11(3.8)

=

(
ẋ∗1(t)

x∗1(t)
− ẏ1(t)

y1(t)

)
sgn(x∗1(t)− y1(t))

= sgn(x∗1(t)− y1(t))

[
− a11(t)(x

∗
1(t− τ11)− y1(t− τ11))

− a12(t)x
∗
2(t)

1 + m1x∗1(t)
+

a12(t)y2(t)

1 + m1y1(t)

]
= sgn(x∗1(t)− y1(t))

[
−a11(t)(x

∗
1(t)− y1(t))−

a12(t)(x
∗
2(t)− y2(t))

1 + m1x∗1(t)

+
m1a12(t)y2(t)(x

∗
1(t)− y1(t))

(1 + m1x∗1(t))(1 + m1y1(t))
+ a11(t)

∫ t

t−τ11

(ẋ∗1(u)− ẏ1(u))du

]
≤ −a11(t)|x∗1(t)− y1(t)|+ a12|x∗2(t)− y2(t)|+ m1a12(t)y2(t)|x∗1(t)− y1(t)|

+ a11(t)

∣∣∣∣∫ t

t−τ11

(ẋ∗1(u)− ẏ1(u))du

∣∣∣∣
= −a11(t)|x∗1(t)− y1(t)|+ a12(t)|x∗2(t)− y2(t)|+ m1a12(t)y2(t)|x∗1(t)− y1(t)|

+ a11(t)

∣∣∣∣∫ t

t−τ11

{
x∗1(u)

[
r1(u) − a11(u)x∗1(u− τ11)−

a12(u)x∗2(u)

1 + m1x∗1(u)

]
− y1(u)

[
r1(u)− a11(u)y1(u− τ11)−

a12(u)y2(u)

1 + m1y1(u)

]}
du

∣∣∣∣
= −a11(t)|x∗1(t)− y1(t)|+ a12(t)|x∗2(t)− y2(t)|+ m1a12(t)y2(t)|x∗1(t)− y1(t)|

+ a11(t)

∣∣∣∣∫ t

t−τ11

{[
r1(u)− a11(u)y1(u− τ11)

− a12(u)y2(u)

(1 + m1x∗1(u))(1 + m1y1(u))

]
(x∗1(t)− y1(t))

− a11(u)x∗1(u)(x∗1(u− τ11)− y1(u− τ11))

− a12(u)x∗1(u)

1 + m1x∗1(u)
(x∗2(u)− y∗2(u))

}
du

∣∣∣∣
≤ −a11(t)|x∗1(t)− y1(t)|+ a12(t)|x∗2(t)− y2(t)|+ m1a12(t)y2(t)|x∗1(t)− y1(t)|

+ a11(t)

∣∣∣∣∫ t

t−τ11

{
[r1(u) + a11(u)y1(u− τ11) + a12(u)y2(u)]|x∗1(u)− y1(u)|

+ a11(u)x∗1(u)|x∗1(u− τ11)− y1(u− τ11)|+
a12(u)

m1

|x∗2(u)− y2(u)|
}

du

∣∣∣∣ .

We derive from (3.6) and (3.8) that fort ≥ T + τ

D+V11(t)(3.9)

≤ −a11(t)|x∗1(t)− y1(t)|+ a12(t)|x∗2(t)− y2(t)|+ m1a12(t)M2|x∗1(t)− y1(t)|
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+ a11(t)

∣∣∣∣∫ t

t−τ11

{
[r1(u) + a11(u)M1 + a12(u)M2]|x∗1(u)− y1(u)|

+ a11(u)M1|x∗1(u− τ11)− y1(u− τ11)|+
a12(u)

m1

|x∗2(u)− y2(u)|
}

du

∣∣∣∣ .

Define

(3.10) V12(t) =

∫ t+τ11

t

∫ t

s−τ11

a11(s)

{
[r1(u) + a11(u)M1 + a12(u)M2]|x∗1(u)− y1(u)|

+a11(u)M1|x∗1(u− τ11)− y1(u− τ11)|+
a12(u)

m1

|x∗2(u)− y2(u)|
}
}duds.

It follows from (3.9) and (3.10) that fort ≥ T + τ

(3.11) D+(V11(t) + V12(t))

≤ −a11(t)|x∗1(t)− y1(t)|+ a12(t)|x∗2(t)− y2(t)|+ m1a12(t)M2|x∗1(t)− y1(t)|

+

∫ t+τ11

t

a11(s)ds

{
[r1(t) + a11(t)M1 + a12(t)M2]|x∗1(t)− y1(t)|

+ a11(t)M1|x∗1(t− τ11)− y1(t− τ11)|+
a12(t)

m1

|x∗2(t)− y2(t)|
}

.

We now define

(3.12) V1(t) = V11(t) + V12(t) + V13(t),

where

(3.13) V13(t) = M1

∫ t

t−τ11

∫ l+2τ11

l+τ11

a11(s)a11(l + τ11)|x∗1(l)− y1(l)|dsdl.

It then follows from (3.11) – (3.13) that fort ≥ T + τ

(3.14) D+V1(t)

≤ −a11(t)|x∗1(t)− y1(t)|+ a12(t)|x∗2(t)− y2(t)|+ m1a12(t)M2|x∗1(t)− y1(t)|

+

∫ t+τ11

t

a11(s)ds

{
[r1(t) + a11(t)M1 + a12(t)M2]|x∗1(t)− y1(t)|

+
a12(t)

m1

|x∗2(t)− y2(t)|
}

+ a11(t + τ11)M1

∫ t+2τ11

t+τ11

|x∗1(t)− y1(t)|.

Define

Vj(t) = | ln x∗j(t)− ln yj(t)|+
∫ t

t−τj,j−1

aj,j−1(s + τj,j−1)|x∗j−1(s)− yj−1(s)|ds(3.15)

+

∫ t+τjj

t

∫ t

s−τjj

ajj(s)

{[
rj(u)
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+
aj,j−1(u)

mj−1

+ ajj(u)Mj + aj,j+1(u)Mj+1

]
|x∗j(u)− yj(u)|

+ ajj(u)Mj|x∗j(u− τjj)− yj(u− τjj)|
+ aj,j−1(u)Mj|x∗j−1(u− τj,j−1)− yj−1(u− τj,j−1)|

+
aj,j+1(u)

mj

|x∗j+1(u)− yj+1(u))|
}

duds

+ Mj

∫ t

t−τjj

∫ l+2τjj

l+τjj

ajj(s)ajj(l + τjj)|x∗j(l)− yj(l)|dsdl

+ Mj

∫ t

t−τj,j−1

∫ l+τj,j−1+τjj

l+τj,j−1

ajj(s)aj,j−1(l + τj,j−1)|x∗j−1(l)− yj−1(l)|dsdl,

j = 2, 3, . . . , n− 1.

Vn(t) = | ln x∗n(t)− ln yn(t)|(3.16)

+

∫ t

t−τn,n−1

an,n−1(s + τn,n−1)|x∗n−1(s)− yn−1(s)|ds

+

∫ t+τnn

t

∫ t

s−τnn

ann(s)

{[
rn(u)

+
an,n−1(u)

mn−1

+ ann(u)Mn

]
|x∗n(u)− yn(u)|

+ Mnann(u)|x∗n(u− τnn)− yn(u− τnn)|

+ Mnan,n−1(u)|x∗n−1(u− τn,n−1)− yn−1(u− τn,n−1)|
}

duds

+ Mn

∫ t

t−τnn

∫ l+2τnn

l+τnn

ann(s)ann(l + τnn)|xn(l)− yn(l)|dsdl

+ Mn

∫ t

t−τn,n−1

∫ l+τn,n−1+τnn

l+τn,n−1

ann(s)an,n−1(l + τn,n−1))

× |x∗n−1(l)− yn−1(l)|dsdl.

Finally, we define

V (t) =
n∑

i=1

Vi(t).

We derive from (3.14) – (3.16) that fort ≥ T + τ

(3.17)
dV (t)

dt
≤ −

n∑
i=1

Ai(t)|x∗i (t)− yi(t)|,

whereAi(t)(i = 1, . . . , n) are as defined in (3.3) – (3.5).
By hypothesis (H3), there exist constantsαi > 0 (i = 1, . . . , n) andT ∗ ≥ T + τ , such that

(3.18) Ai(t) ≥ αi > 0 for t ≥ T ∗.

Integrating both sides of (3.17) on[T ∗, t], we derive

(3.19) V (t) +
n∑

i=1

∫ t

T ∗
Ai(t)|x∗i (s)− yi(s)|ds ≤ V (T ∗).
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It follows from (3.18) and (3.19) that

V (t) +
n∑

i=1

αi

∫ t

T ∗
|x∗i (s)− yi(s)|ds ≤ V (T ∗) for t ≥ T ∗

Therefore,V (t) is bounded on[T ∗,∞] and also
∫ t

T ∗
|x∗i (s)− yi(s)|ds < ∞, i = 1, . . . , n. On

the other hand, by Lemma 3.1,|x∗i (t) − yi(t)| are bounded on[T ∗,∞). According to system
(1.1), we see thaṫx∗i (t) and ẏi(t) are also bounded. Hence,|x∗i (t) − yi(t)| (i = 1, . . . , n) are
uniformly continuous on[T ∗,∞). By Barbalat’s Lemma (see [15]), we can conclude that

lim
t→+∞

|x∗i (t)− yi(t)| = 0, i = 1, . . . , n.

The proof is complete. �
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