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ABSTRACT. We obtained the estimates of Normal structure coefficléqk) by Neumann-
Jordan constantt'y y(X) of a Banach spac& and found thatX has uniform normal structure

if Cns(X) < (34 +/5)/4. These results improved both Prus! [6] and Kato, Maligranda and
Takahashi's[[4] work.
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1. INTRODUCTION

Let X = (X, | - ||) be a real Banach space. Geometrical properties of a Banach Spaiee
determined by its unitbalBx = {z € X : ||z|| < 1} orits unit spheréSx = {z € X : ||z| =
1}. A Banach spacg is called uniformly non-square if there exist$ @& (0, 1) such that for
anyz,y € Sx either||z +y||/2 <1—-dor|z —y|/2 <1-4. The constant

J(X) = sup{min([lz + y[|, [z —yll) : 7,y € Sx}

is called the non-square constant®fin the sense of James. It is well-known th@® <
J(X) < 2if dimX > 2. The Neumann-Jordan constafit;;(X) of a Banach spac& is
defined by

lz+yl* + |z — y|I”
ONJ(X):SUP{ :x,y € X, not both zerg .
2(][|* + llyl[?)

Clearly,1 < Cyx;(X) < 2. and X is a Hilbert space if and only i€y ;(X) = 1. Kato,

Maligranda and Takahashi [4] proved that for any non-trivial Banach sfagbm X > 2),
J(X)?

(J(X)—1)2+1

(1.1) %J(X)Q < Ony(X) <
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A Banach spaceX is said to have normal structureifK') < diam(K') for every non-
singleton closed bounded convex sub&enf X, where dianiK) = sup{||z — y| : 2,y € K}
is the diameter ofC andr(K) = inf{sup{||lz — y[| : y € K} : € K} is the Chebyshev radius
of K. The normal structure coefficient of is the number

N(X) = inf{diam(K)/r(K) : K C X bounded and convegiam(K) > 0}.

Obviously,1 < N(X) < 2. Itis known [5], [2] that if the spac« is reflexive, then the infimum

in the definition of N (XX') can be taken over all convex hulls of finite subsets{ofThe space

X is said to have uniform normal structureNf(X') > 1. If X has uniform normal structure,
then X is reflexive and henc& has fixed point property. Gao and Lau [3] showed that if
J(X) < 3/2, then X has uniform normal structure. Prus [6] gave an estimat& oX') by

J(X) which contains Gao-Lau’s [3] and Bynum's [1] results: For any non-trivial Banach space
X,

(1.2) N(X) > J(X)+1—{(J(X)+1)2 -4}z
Kato, Maligranda and Takahashi [4] proved

NI

1

(1.3) N(X) > (CNJ(X) — Z>_ :

which implies that ifC'y ;(X') < 5/4 thenX has uniform normal structure. This result is a little
finer than Gao-Lau’s condition by(.X). This paper is devoted to improving the above results.

2. MAIN RESULTS

Our proofs are based on the idea due to Frlus [6], who estimétéd) by modulus of con-
vexity of X. Let C' be a convex hull of a finite subset of a Banach sp&c8inceC' is compact,
there exists an elemeptc C such thatup{|lz — y|| : z € C} = (C). Translating the set’
we can assume that= 0. Prus [6] gave the following

Proposition 2.1. Let C' be a convex hull of a finite subset of a Banach spacsuch that

sup{||z|| : = € C} = r(C). Then there exist points,,...,z, € C, norm-one functionals
zi,...,x; € X* and nonnegative numbey, ..., A, such thaty""" A\, =1,

i () = ||l = r(C)
fori=1,...,nand)_; , \jz}(z) = 0 whenevenz € C for some\ > 0.

Without loss of generality, we assum@’') = 1 thereforeC' C By.

Theorem 2.2.Let X be a non-trivial Banach space with the Neumann-Jordan constant.X ).
Then

(2.2) N(X) > -

V8CN(X)—1—-1

Proof. Let C be a convex hull of a finite subset &f such thatup{||z|| : z € C} =r(C) =1
and diant’ = d. By Propositiorj 2./l we obtain elements ..., z, € C, norm-one functionals

zi, ...,z € X* and nonnegative numbelks, ..., A, such thaty """ |, A\, = 1, z}(z;) = 1 and
S Aai(z) =0fori=1,...,n.
Define
1
(2.2) Lij = 3(% —T5), Yij = T
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’i,j = ]_, RN Clearlyxm,ym € BX andxm + Yij = (]_ + 1/d)l’Z — (1/d)$], Tij — Yij =
(=1+1/d)x; — (1/d)x;. It follows that

> AN [l + yigll® + iy — visll°]

1,7=1

>Z)\ Zz:)\ H(@ig + vig)] +Z>\Z>\ Sy —vig)]
_Z)\ 12)\ [1+—— :cj} +ZA ZA { (1—2)37;*(%)}2

i B e

n

+%+2(1——) ZA ZM z;) (1——) Z&ZAJ

> (141 2+i
= d d2

Therefore there exigt j such that
) ) 1\N? 1
i+ yigll" + lzij —visll> = 1+ 5] + =
d d
From the definition of Neumann-Jordan constant we see that

2
i+ gil* + llij = gisll* o 1 1
1+o) T

4 _4

(2.3) Cns(X) =

This inequality is equivalent to the following one
2
8Cns(X)—1-1

Therefore, we obtain the desired estimate|(2.1) sirice X is arbitrary. The proof is finished.
O]

(2.4)

It is easy to check that
2

\/CNJ(X) —1 ) V8Cns(X)—1-1

whenl < Cy,;(X) < 5/4. Therefore, the estimate of the above theorem imprdves (1.3). Itis
also not difficult to check that
2

25) V20N, (X)+1- ((\/ 20N (X) +1)° = 4) S RN =11

whenl < Cy;(X) < 5/4.SinceJ(X) < /20y ;(X), and the function+1— ((x+1)2—4)"/2
is decreasing, we have (1.2) from (2.1) and](2.5).[Sqg (1.2) becomes a corollaryj of (2.1).

Prus [6] gave the result that if(X) < 4/3, then N(X) > 1. Gao and Lau([3] gave a
condition that ifJ(X) < 3/2 thenN(X) > 1. Then they asked whether the estimdteX') <
3/2is sharp forX to have uniform normal structure. Kato, Maligranda and Takahashi [4] found

J. Inequal. Pure and Appl. Mathb(1) Art. 10, 2004 http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 Y. Q. YAN

that if Oy ;(X) < 5/4, which implies.J(X) < v/10/2, thenN(X) > 1. The following theorem
will give a wider interval ofC'y ;(X) for X to have uniform normal structure.

Theorem 2.3.Let X be a non-trivial Banach space with the Neumann-Jordan constanf X))
and normal structure coefficiet (X ). Then

2
N2(X) 1 1 1
( TJFWJFN(X)—W) + &
aty
N2(X) 1 2
2{1+( ( +N2(X)+N(X)——N(X))]

Moreover, ifCy;(X) < (3++/5)/4 0r J(X) < (14+/5)/2, thenN(X) > 1 and henceX has
uniform normal structure.
Proof. We modify the first step in the proof of Theorém|2.2.[In[2.2), let
1
(2.7) Tij = 3(5& —x5), Yij = T
with t > 0. Then||z; ;|| <1, ||y; ;|| = ¢. Similar to [2.3), we obtain

(2.6) Cns(X) >

28) oz ke

for anyt > 0. The function
t4+ 074 L
f(t) — ( + d) + d
2(1 +12)

reach the maximum at the point

t —y/d—2+i+d—2
07 Vg T2 d’

It is decreasing on > t, and increasing ofl < t < t,. Therefore, we have
2
d? 1 1 1
( Tretd- a) tz

—.
1+(\/%+d%+d—§)]

2
d? 1 1 1
(\/z+d—z+d—a> tz
2
1+(\/d§+di2+d—§)]

is strictly decreasing and continuous dbrn< d < 2, we know that the inverse functiah =
g~ '(c) exists and must also be decreasing. Thus, we have (2.9 thag ' (Cvs(X)).
It follows by take the infimum of that N (X)) > ¢~(Cy;(X)). Equivalently, we have (26).
From the above statements of monotony property, we deducévthé) = 1 is corresponding
to Cys(X) = (34 v/5)/4. Therefore, ifCy;(X) < (3 +/5)/4, thenN(X) > 1. Since the
non-square constadi X) < +/2Cyx, we have in other word that if (X) < (1++/5)/2, then
N(X)>1. O

(2.9) Cns(X) >
2

Since the function

c=g(d) =

2
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