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Abstract

We obtained the estimates of Normal structure coefficient N(X) by Neumann-
Jordan constant Cy;(X) of a Banach space X and found that X has uniform
normal structure if Ciy;(X) < (3 + /5)/4. These results improved both Prus’

[6] and Kato, Maligranda and Takahashi's [4] work.
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Let X = (X, | - ||) be areal Banach space. Geometrical properties of a Banach
spaceX are determined by its unit babbxy = {z € X : ||z|| < 1} or its unit
sphereSx = {z € X : ||z|| = 1}. A Banach spac« is called uniformly non-
square if there exists@e (0, 1) such that for any:, y € Sx either|jz+yl|/2 <
1—odor|z—yl|/2 <1-4. The constant

J(X) = sup{min([lz +y[|, [z —yll) : 7,y € Sx}

is called the non-square constantXfin the sense of James. It is well-known
thatv/2 < J(X) < 2if dim X > 2. The Neumann-Jordan constarn (X)) of
a Banach spac¥ is defined by

2 o 2
e Dl Uy e notbot zerd
2(]jal2 + 1yTP)

Cny(X) = sup {

Clearly,1 < Cys(X) < 2. and X is a Hilbert space if and only i’y ;(X) =
1. Kato, Maligranda and TakahaskHi][proved that for any non-trivial Banach
spaceX (dim X > 2),

J(X)?
(J(X) =12+ 1

(L.1) SI(X)? < Cny(X) <

A Banach spacg is said to have normal structurerifK') < diam(K) for
every non-singleton closed bounded convex suhsef X, where dianik’) =
sup{||x — y|| : =,y € K} is the diameter o andr(K) = inf{sup{|z —
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yl| -y € K} : x € K} is the Chebyshev radius @f. The normal structure
coefficient of X is the number

N(X) = inf{diamK)/r(K) : K C X bounded and convegiam(K) > 0}.

Obviously,1 < N(X) < 2. Itis known [5], [7] that if the spaceX is reflexive,
then the infimum in the definition a¥(.X') can be taken over all convex hulls
of finite subsets oX. The spaceX is said to have uniform normal structure if
N(X) > 1. If X has uniform normal structure, then is reflexive and hence
X has fixed point property. Gao and Lat] showed that ifJ(X) < 3/2,
then X has uniform normal structure. Prus] [gave an estimate oWV (X) by
J(X) which contains Gao-Lau’s3] and Bynum’s [] results: For any non-
trivial Banach space&,

(1.2) N(X)> J(X)+1—={(J(X)+1)% -4}z

Kato, Maligranda and Takahaski [proved

D=

N
13) Ve = () -1)
which implies that iiC'y ;(X) < 5/4 thenX has uniform normal structure. This
result is a little finer than Gao-Lau’s condition by X'). This paper is devoted
to improving the above results.
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Our proofs are based on the idea due to PriJsWwho estimatedV (X) by
modulus of convexity ofX. Let C' be a convex hull of a finite subset of a
Banach space&. SinceC' is compact, there exists an elemegnt C' such that
sup{||lz—vy| : x € C} = r(C). Translating the set' we can assume that= 0.
Prus [] gave the following

Proposition 2.1. Let C' be a convex hull of a finite subset of a Banach space

X such thatsup{||z|| : « € C'} = r(C). Then there exist points,, ..., z, € On Estimates of Normal
C, norm-one functionals* * ¢ X* and nonnegative numbey A Structure Coefficients of
, R o g 15+ 5An Banach Spaces

suchthaty " |\ =1,

7 (@) = Jlail = r(C) o
fori=1,...,nand) ], \iz}(z) = 0 whenevenz € C for some\ > 0. Title Page
Without loss of generality, we assum@”') = 1 thereforeC' C By. Contents
Theorem 2.2.Let X be a non-trivial Banach space with the Neumann-Jordan pp >
constantCy ;(X). Then
< >
2
(2.1) N(X) > - Go Back
V8Cns(X)—1—1
Close
Proof. Let C' be a convex hull of a finite subset af such thatup{||z|| : = € Quit
C} = r(C) = 1 and dian®' = d. By Proposition2.1 we obtain elements
x1,...,2, € C,norm-one functionalsy, ...,z € X* and nonnegative num- Page 5 of 11
bersA;, ..., A\, suchthad " | A = 1, 27 (x;) = Land) 7, A\;z(z;) = 0 for
Z. — 1’ . ’n. J. Ineqg. Pure and Appl. Math. 5(1) Art. 10, 2004
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Define
(2.2) Tij = =@ — ;) pi =
i,j =1,... , n. Clearlyxm,yi,j € By andxm + Yij = (1 + 1/d)l’l — (1/d)$],
Tij — Yij = (—1 + 1/d)$€l — (1/d)l’] It follows that
D AN (o + il + iy — yosl1°]

ij=1

>ZA ZA (g + i) +ZA ZA

xw yi,j)]g

—Z/\ ;:A [1+——61l ;kx]} +ZA ZA [ (1—2):1:;7(%)}2

n n

+%+2<1——>;ZA ZM: ) (1——) ZAzZAﬂ

> (141 2+l
= d) " &

Therefore there exist j such that

2
i + yi |12+ i — visl2 > 1+1 +i
2y yl,] Ilv.j yz:] — d d2
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From the definition of Neumann-Jordan constant we see that

Hxij+yz‘j||2+||Iij_yij||2 1 1\’ 1
23) Cy;(X)>— ’ ’ JIL> 2 (142 ) + =
(2:3) Cws(X) 2 4 4 d d?

This inequality is equivalent to the following one
d> 2 :
V8Cns(X)—1-1

Therefore, we obtain the desired estimaiel) sinceC' C X is arbitrary. The
proof is finished. O]

(2.4)

It is easy to check that

1 2
/C’NJ(X) _% = \/80NJ<X) —1-1

whenl < Cy;(X) < 5/4. Therefore, the estimate of the above theorem im-
proves (L.9). Itis also not difficult to check that

2
8Cns(X)—1-1

(2.5) V2Cns(X)+1— (( 2CN (X)) + 1) — 4)5 <

whenl < Cy;(X) < 5/4. Since J(X) < /2Cn,(X), and the function
r+1— ((x+1)? —4)%is decreasing, we havé.Q) from (2.1) and @.5). So
(1.2) becomes a corollary o2(1).
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Prus ] gave the resultthat if (X)) < 4/3,thenN(X) > 1. Gao and Lau{]
gave a condition that if (X') < 3/2 thenN (X)) > 1. Then they asked whether
the estimate/(X') < 3/2is sharp forX to have uniform normal structure. Kato,
Maligranda and Takahashi][found that if Cy;(X) < 5/4, which implies
J(X) < V/10/2, then N(X) > 1. The following theorem will give a wider
interval of Cy;(X) for X to have uniform normal structure.

Theorem 2.3.Let X be a non-trivial Banach space with the Neumann-Jordan
constantCy;(X) and normal structure coefficied¥ (X'). Then

2
N2(X) 1 1 1
e N2(X) + N(X> B N(X)) + N2(X)

Cny(X) > (

(2.6) — ay
2[1+( : +N2%X)+N(X)——N(2X)) ]

Moreover, ifCy;(X) < (3+ v5)/40r J(X) < (1++/5)/2, thenN(X) > 1
and henceX has uniform normal structure.

Proof. We modify the first step in the proof of Theoreh®. In (2.2), let

1

Tij = a(%’ — ), Y = tx;

with ¢t > 0. Then||z; ;|| <1, |ly:;|| = t. Similar to €.3), we obtain

2.7)

08 (t+3)+ &
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for anyt > 0. The function

()
)= 2(1+ t?)

reach the maximum at the point

to = \/cp TR
0TV T d _
On Estimates of Normal

It is decreasing on > t, and increasing ofi < t < t,. Therefore, we have Structure Coefficients of
Banach Spaces

2
d? 1 1 1 Y. Q. Yan
(\/z+d—2+d—a) tz

(2.9) Cny(X) > R _
) 1+(\/ﬁ+d—2> Title Page
! & ¢ Contents
Since the function 44 44
2 < 4
d? 1 1 1
(Vz+d—2+d_3> K Go Back
¢ = g(d) == . >
2 ose
2 1+(w/dz+d%+d—§>] .
Quit
is strictly decreasing and continuous on< d < 2, we know that the in- Page 9 of 11
verse functiond = g~!(c) exists and must also be decreasing. Thus, we have
from (2.9) thatd > ¢~ '(Cy,(X)). It follows by take the infimum of/ that i3, U ant Al VR, S, 49, 200t
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N(X) > g Y(Cy,(X)). Equivalently, we haveZ.6). From the above state-
ments of monotony property, we deduce thatX) = 1 is corresponding to
Cn7(X) = (3++/5)/4. Therefore, ifCy;(X) < (3++/5)/4,thenN(X) > 1.
Since the non-square constakit') < /2Cyx, we have in other word that if
J(X) < (14++/5)/2,thenN(X) > 1. O
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