Journal of Inequalities in Pure and
Applied Mathematics

ON A NEW MULTIPLE EXTENSION OF HILBERT'S
INTEGRAL INEQUALITY

BICHENG YANG

Department of Mathematics,
Guangdong Institute of Education,
Guangzhou, Guangdong 510303,
People’'s Republic Of China.

EMail: bcyang@pub.guangzhou.gd.cn
URL: http://page.gdei.edu.cn/~yangbicheng

(©2000Victoria University
ISSN (electronic): 1443-5756
114-04

volume 6, issue 2, article 39,
2005.

Received 04 June, 2004;
accepted 18 March, 2005.

Communicated by: B.G. Pachpatte

Abstract
Contents
44
| 2
Home Page
Go Back

Close

Quit


Please quote this number (114-04) in correspondence regarding this paper with the Editorial Office.

mailto:bgpachpatte@hotmail.com
http://jipam.vu.edu.au/
mailto:bcyang@pub.guangzhou.gd.cn
http://page.gdei.edu.cn/~yangbicheng
http://www.vu.edu.au/

Abstract

This paper gives a new multiple extension of Hilbert's integral inequality with a
best constant factor, by introducing a parameter A and the I' function. Some
particular results are obtained.

2000 Mathematics Subject Classification: 26D15.
Key words: Hilbert's integral inequality; Weight coefficient , I" function.

1 INtrodUCtioN. . ... oo e 3
2 SomelLemmas. ......... e e 7
3 Proof of the Theoremand Remarks................... 13
References

On a New Multiple Extension of
Hilbert's Integral Inequality

Bicheng Yang

Title Page

44 44
< >
Go Back
Close
Quit
Page 2 of 18

J. Ineq. Pure and Appl. Math. 6(2) Art. 39, 2005
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:bcyang@pub.guangzhou.gd.cn
http://jipam.vu.edu.au/
http://www.ams.org/msc/

If f,g > 0 satisfy

0 </ f*(z)dr < oo and 0 </ g*(z)dz < oo,
0 0

then

1
f(x * > o ipl jon of
ay [ [y < { [T ot [T e frioadinartomile
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where the constant factaris the best possible (cf. Hardy et at]). Inequality
(1.1) is well known as Hilbert’s integral inequality, which had been extended by

Hardy [1] as: Title Page
Ifp>1, % + % =1, f,g > 0 satisfy Contents
00 &) 44 44
0< / fP(z)dr <00 and 0< / gl (x)dx < oo,
0 0 4 >
then Go Back
Close
<[ f(x)g(y)
(1.2) /0 /0 x—dxdy Quit
0 A Page 3 of 18
{/ fP(x dx} {/ gq(x)dx} ,
sm 1 0
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where the constant fact%m is the best possible. Inequality.p) is called
Hardy- Hilbert’s integral inequality, and is important in analysis and its appli-
cations (cf. Mitrinovt et al.[3]).

Recently, by introducing a parametgrYang [°] gave an extension ofi(2)
as:

If A > 2 —min{p,q}, f,g > 0 satisfy
0< / ' fP(r)dr < 0o and 0 < / ' g (x)dr < oo,
0 0

then
[T f@)el)
(1.3) /0 /0 —(a: P dxdy

<m{ [ wxl—*fpmdx}; {/ Ooﬂcl—kg%a:)ozac}é ,

where the constant factéy (p) = B (’%, #+2-2 ) is the best possibleH(u, v)

is the function). For\ = 1, inequality (L.3) reduces toX.2).
On the problem for multiple extension df.(), [3, 4] gave some new results
and Yang ] gave an improvement of their works as:

Ifne N\{1},p; > 1,21, i_ =1, A>n— lliliiiln{p,-}, fi > 0, satisfy

O</ "I P ) dr < 0o (1 =1,2,...,n),
0
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then

(u)/ (/ Aﬁﬁawl dz,,

n .
g 1 x]) =1

- pz+)\_n OO n—1-=X ¢pi }pll
oy LT () ) e

where the constant fact% [T, T (”*pﬂ) is the best possible. Far= 2,

inequality (L.4) reduces toX.3). It follows that (L.4) is a multiple extension of
(1.3, (1.2 and (L.1).

In 2003, Yang et. all1] provided an extensive account of the above results.

The main objective of this paper is to build a new extensionldf) (with a
best constant factor other thah4), and give some new particular results. That
is
Theorem 1.1.1f n € N\{1},p; > 1,251, - = 1,A >0, f; > 0, satisfy

0< / PP () de < 0o (1= 1,2,...,n),
0

then

(m)/ ‘/ AHﬁ%wl
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where the constant factq&L -, r < ) is the best possible. In particular,

(a) for A =1, we have

(1.6)/0 / H;{i L.,

<Z»le(z%) {/Oool”” 2 {7 (2)d }7’11';

(b) for n = 2, using the symbol ofl(3) and settingEA(p) =B (ﬁ 5) , we
have

1) /000 /Ooo %dxdy
<R { [T o) { [T’

where the constant factors i) and (L.7) are still the best possible.

In order to prove the theorem, we introduce some lemmas.
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Lemma2.l.ifke N7 >1(i=1,2,....,k+1),and > r; = \(k), then
k k+1
ri— I %
ey [ / i Lot = L

Proof. We establishZ.1) by mathematical induction. Fér= 1, sincer; +r, =
A(1), and (seeT])

(p,q > 0),

@2) B = [ = Ba)

we have 2.1). Suppose fok € N, that 2.1) is valid. Then fork + 1, since
4 S = Ak + 1), by settingy = u, /(1 + 3 uj) , we obtain

k+1

(2.3) / / - )A(Hl)Hu?ldul...dukH
0 1+Z : '

Jj=1

d’l)dUQ . duk+1

k+1 Tookt1 ri—1
/ /oo (1S ) T
0

A(k+1)
(14 5w) (e
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k+1 r;j—1
I1= uj

7j=2 Uy
oo ,UT‘lfl
></0 (1+U)A(k+1)dv

In view of (2.2) and the assumption &f we have
0o Un—l k41
(2.4) /0 T oD v)w“)dv =G Zr,

k+1 Tj—l
0

U
A(k—i—l)—rl

Then, by 2.9, (2.4 and Q.B) we find

P i
0 1+Zk+1 ) A(k+1) 1. k+1 F()\(k‘—l—l))

Hence £.1) is valid fork € N by induction. The lemma is proved. O

Lemma2.2.1fn e N\{1}, p; > 1 (i=1,2,...,n), 3, .- = landA > 0,
set the weight coefficient(z;) as

du2 ce duk+1

/\ —p;)/P;

w(zm;) = xpj/ / HJ 1(#2 AT
J 1% )

.. dIi_1d$i+1 e dlEn
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Then, eaclwv(z;) is constant, that is

1 n
2.7 = —— =1,2,...,n).
@7) ) “E() (=12...m)

Proof. Fix i. Settingp,, = p;, andp; = p;,u; = x;/z;, forj =1,2,... i —1;
P; = Dj+1,Uj = i/, forj =i i+ 1,.
we have

(2.8) w(x;) / / 3 H w, du1 cdug, 1.
g 1 “J)

7j=1

Substitution ofn. — 1 for k, A for )\( )and\/p; forr; (j = 1,2,...,n) into
(2.1, in view of (2.8), we have

o=l (5) = 110 ()

Hence, 2.7) is valid. The lemma is proved. O

Lemma 2.3. As in the assumption of Lemrd&, for 0 < ¢ < A, we have

oo o] n (A—pi—e)/pi
1:28/ / Uon = 0 e,
! ! (Z?:l xj)

2.9) > ﬁ f[r <3>

(e —0M).

,n — 11in (2.6), by simplification,
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Proof. Settingu; = xi/xn (t=1,2,...,

) n— 1 )\ Pi— 5)/171
Izs/ x, 1 7F / . it /\d uy...duy,_1 | dz,
1 -1

00 00 H (2\ Pi—€)/Pi
> 6/ :1:;1_5 / . vduy .. du, | dr,
! 0 0 (1 + Z =1 UJ)

n — 1) in the following, we find

00 n—1
(2.10) 5/ xnleJ T )dy,
7=1
where, forj = 1,2,...,n— 1, Aj(x,) is defined by
- u/\ Pi—€)/Pi
(2.11) Aj(zy) - / / =1 duy ... du,_1,
1 + Z] 1 u])

satisfyingD; = {(u1, ua, ..., up—1)|0 < u; <t 0 <uy, <oo(k+#j)}
Without loss of generality, we estimate the integfalz,,) for j = 1.

(a) Forn = 2, we have

1
Tr 1 \
A(x,) = u( —p1—¢ /pldu
1( ) /0 (1 + Ul) 1 !
—1

< / e T W R SV
0 A—¢
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(b) Forn € N\{1, 2}, by (2.1), we have

_ A—e

P Tnl  A—pi—c
1(zn) / / s duy ..dunl/ uy M duy
0 1 + Z] 2 u]> 0
- _1+()‘ 6)/1)1
1$n Ui — dU1 e dun_l
>(>\—6)(1—p1 )
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_ plxn? ) H7:2 F(%)
D N (P S [T )
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By virtue of the results of (a) and (b), fgr=1,2,...,n — 1,we have Title Page
. Contents
(2.12) Ai(zy) < ~BLg=0-9/0.(1) (e — 0F, n € N\{1}).
A—e «“ b

By (2.11), since fore — 07, < >

Go Back

A—1+ (A\—¢)/p; HZn: T i
/ / H —duy ... dup,_y = W@ + o(1); Close
> Quit

Page 11 of 18
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[e'e] n—1 n
/ x? ZAj(xn)dxn =
1 j=1 j

=1
n—1 00
Pj —1-(A—¢)/p
< 0;(1 id
<o [ = .
7j=1
n—1 D 2
— J
_ . ()\—5) OJ(1)7
7j=1

then by .10 , we find

> H?:;(—FA)(E)H(D . (A%E)Z@-(l)

o r ()
T(\)

- — (e — 07).

Thereby, £.9) is valid and the lemma is proved.
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Proof of Theorenmi..1. By Holder’s inequality, we have

(3.1) J = / / H Filay)dzy ..

—pj On a New Multiple Extension of

(l‘l) “ Hilbert's Integral Inequality
/ / A/pi H dz; dn ;
] 1 CL’j> J; Bicheng Yang
(4
1
Pi Title Page
n pl '
H / / ) (pz )(1-p; ") H z n dey . dr, S Contents
=1 ] 1 (]751) ‘{ >>
If (3.1) takes the form of equality, then there exists constants’s. ..., C,, S '
such that they are not all zero and for any k € {1,2,...,n} (see f]), Go Back
PN n A - (-N1-p;Y) n A-wy Close
f (i) - (k) -
Oz - py H ZE]- = Ck: k nk BN H ZE]- " ’ QUlt
(Zj:l xj) (}2) (Zj:l xj) (;;}c) Page 13 of 18
(3.2) a.e. in(0,00) x -+ x (0,00).
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Assume that’; # 0. By simplification of 3.2), we find

fL‘fl_)\flpl(fL'l) = F(l’l, e, L1, ZEH_l, e ,In)

= constant a.e. 0, c0) x --- x (0, 00),

which contradicts the fact that< [ 22"~ AP (2)da < oo. Hence by 2.6)

and (3.1), we conclude

1

(3.3) J < H{/ w(a)ah Af’”(xz)dxz}pi.

Then by @.7), we have (.9).
For0 < & < A, settingf;(z;) as: f(z;) = 0, for z; € (0,1);
filw)) = a7 Horz e [1,00) (i=1,2,...,n),

then we find

n 00 1

(3.4) EH {/ x?i*lf/\ﬁpi (xl>dxl}m _q
0

i=1

By (2.9, we find

@) - /

)\ Hfz xz dxl
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If the constant factoh [, T ( ) in (1.5) is not the best possible, then
there exists a positive constait < F— -, T <—> such that 1.5 is still
valid if one replaceg— I, T ( > by K. In particular, one has

ok

Hfz zdml--- Tn,

] 1

and in view of ¢.4) and @.59), it follows that 5 A) [T 1F< ) < K (e —
0*). This contradicts the fadt’ < W [T, T ( ) Hence the constant factor

m) I, T ( > in (1.5 is the best possible.
The theorem is proved. =

Remark 1. For A = 1, inequality (L.7) reduces to (seel[])

(3.6) /00o /OOO %ﬁ%xd
< $ {/Ooo xp_pr(x)d:U}; {/Ooo xq_zgq(a:)dx};.

p
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For p = ¢ = 2, both 3.6) and (L.2) reduce to {.1). It follows that inequalities
(3.6) and (L.2) are different extensions of.(1). Hence, inequalityX.5) is a
new multiple extension of.(1). Since all the constant factors in the obtained
inequalities are the best possible, we have obtained new results.
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