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ABSTRACT. A generalization of Pearic's extension of Montgomery’s identity is established
and used to derive ne@ebysSev type inequalities.
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1. INTRODUCTION

In the present work we establish a generalization d@faPé's extension of ‘Montgomery's’
identity and use it to derive ne@ebysSev type inequalities.
We recall theCebysSev inequality |1], given by the following:

1

(1.1) 7 (f.9)l = 35

2
b=a) 1l 119l -
wheref, g : [a,b] — R are absolutely continuous functions, whose first derivatjf/esnd ¢’
are bounded,

@a T =it [ r@ewa (7 [rwa) (7 [awa)

and||-|| denotes the norm if [a, b] defined ad|p|| . = esssup |p(t)|.
t€la,b]
Pachpatte ir [6] established new inequalities of@edySev type by using Baric’s extension
of the Montgomery identity [7].
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2. STATEMENT OF RESULTS

From [3], if f : [a,b] — R is differentiable ora, b] with the first derivativef’(t) integrable
on [a, b] , then the Montgomery identity holds:

1 b b
1) f@) =y [ 1wdes [ Peor@a
whereP (z,t) is the Peano kernel defined by
t—a
, a<t<zx
b—a
P (x,t) =
t—0b
, v <t<hb.
b—a

We assume that : [a,b] — [0, +oc[ is some probability density function, i.9(;w (t)dt =1,
and setlV (t) = ftw(x)dm fora <t <0b W(t) =0fort < aand fort > b. We then

a

have the following identity given by Faric in [7], that is the weighted generalization of the
Montgomery identity:

(2.2) f@ = [w®r®ds [ P

where the weighted Peano kerrg] is:
W (t), a<t<zx
(2.3) P, (z,t) =
W) -1, z<t<b
Let ¢ : [0,1] — R be a differentiable function ofo, 1], with ¢ (0) = 0, ¢ (1) # 0 and¢’

integrable orj0, 1]. To simplify the notation, for some given functions f, g : [a,b] — R, we
set

(2.4) T(w,f.9.9) = /:wm ’ (/:wu) dt) f () g (x) da

- [/jw(z)d ([ wora) sl [/fw(x)d ([ wora) o)

Theorem 2.1.Let f : [a,b] — R be differentiable and”(¢) integrable onfa, b] , then,

@5 S - =5 / "Wty ( / () ds) rayas— [ P (1) (0

whereP, ,, is a generalization of the weighted Peano kernel defined by:

(W (1)), a<t<uw;

(2.6) Py, (z,t) = {
(W (t) —p(1), z<t<b
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Proof. Using the hypothesis op,

en | Py (1) (1)
b

_ /‘ZO(W@)) Pyt + / (e (W (1) — @ (1)) f(t)dt
~ [ swi-o) [ s
eV O) SO~ [ wi)d (V) f @)t - (O ¢) - f (@)

Zw(l)f(w)—/abw(t)w’ (/atms)ds)f(t)dt-

Multiplying both sides byt /¢ (1), we obtain,

r@ = [wwe ([ wos) oar s [P o

and this completes the proof. O

Theorem 2.2.Let f, g [a,b] — R be differentiable ona, b] and f’, ¢’ be integrable orja, b|
and letw, ¢ be as in Theoremn 2.1, then,

1 b
(£, < S 1191 19 [0 G0) 2 G0)
whereH (z) = fab |Py (z,t)| dt and||¢'|| = esssup |¢’ (t)].

t€(0,1]

Since the functiong andg satisfy the hypothesis of Theordm 2.1, the following identities
hold:

@8 f@-— | wit) ( / w(s) ds) ey P () P (1)t

and

29) o) = ﬁ/gbwu)@' (/:w<s>ds)g(t)dt+ﬁ/jzﬂw,ww,t)g'(t)dt-

Using (2.8) and[(2]9) we obtain,

10—t [were ([ weras) roal
9 [g@)—ﬁ/:w(w (/:w<s>ds)g<t>dt]

= 9021(1) Vab Py, (x,1) f’(t)dt] Uab Py, (x,t) g (t) dt} .
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Consequently,

@10) @90~ 7w [(wre ([ wea) s

—ﬁgm/jw(w (/atwws) P (/abwu)so' (/:w<s>ds) Fioa)
X (/abw(t)go’ (/atw(s)ds)g(t)dt>

_ so%(l) [ / "By (@t) f’(t)dt] [ / P wt) g (1) dt] |

Multiplying both sides ofO) by () ¢’ ([ w (s) ds) and then integrating the resultant
identity with respect ta: from a to b, we get,

(2.11) T(w,f,g,so’>=¢%(1)/abw<x>so’ (/:w(wdt)
X {/ab Py, (z,t) f’(t)dt} {/ab Py, (z,t) g (t) dt] dzx.

Finally,
1 b
T (w, f,g,¢")| < 201 Hf’Hong’HooHso’Hoo/ w(x) H? (z) dz.
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