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ABSTRACT. In this paper, by using the way of weight function and real analysis techniques,
a new integral inequality with some parameters and a best constant factor is given, which is a
relation to Hilbert's integral inequality and some base Hilbert-type integral inequalities. The
equivalent form and the reverse forms are considered.
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1. INTRODUCTION

If f,9>0,0< [7f2(x)dz < coand0 < [;* g*(z)dz < oo then we have the following
Hilbert’s mtegral mequallty[[]l]

(1.2) / / J( da:dy < W{/ f2(z) dx/ooog2(x)dx},

where the constant factaris the best possible. Under the same condition of (1.1), we also have
the following basic Hilbert-type integral inequalitiés [1/2, 3]:

(1.2) / / max{x y}dxdy < 4{/ f(z)dx /000 gz(x)dx} ;
(1.3) / /OO [In( I/i —||—fy (z)9(y >dxdy < ¢ {/000 A (x)dx /OOO gZ(x)dx}% ;

(1.4) / /oo [ In( Iﬁl/ai{ﬁ y)} 9ty )d:cdy <8 {/000 2 (x)dx /000 g2(:c)d:c}é ,
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2 BICHENG YANG

where the constant factoAsco( Py (Qk 1 = 7.3277% ) and8 are the best possible. In

2005, Hardy-Riesz gave a best extensiom Of] (1 1) by introducing one pair of conjugate exponents
(pq) (p>1,;+ . =1)as 4]

ao [ A < [ o) [ e

where the constant factcgm(ﬂw is the best possmle. Inequah .5) is referred to as Hardy-

Hilbert’s integral inequality, which is important in analysis and its applicatiohs [5]. In 1998,
Yang gave a best extension pf (1.1) by introducing an independent parameteas [6, 7]

(1.6) / / f d dy <B(;\ ;) {/ xl_AfQ(x)dx/oooxl Ag?(x )dx}é,

where the constant factd? (%, 2) is the best possible and the Beta functi®fu, v) is defined
by [8]:

(1.7) B(u,v) ::/0 mt“_ldt (u,v > 0).

In 2004-2005, by introducing two pairs of conjugate exponents and an independent parameter,
Yang et al. [9/_10] gave two different extensionsl.l) (1.5) agrif> 1, -+ L =1,

Ll = 1,050, 6(2) = 2?0707 (o) = 290D, . >0,

1
0 <||fllpe := {/ xp(li)lfp(:c)d:c}p < 00
0

and
0 <Nl i={ [~ a0 gp(ac} " < o

then
(1.8) //f Y twdy < 11l 9]
m n(Z)" L

A A
9) [ [T R daay < 5 (22) Wbl

where the constant factog;s— andB ( ) are the best possible. Yarig [11] also considered
the reverse of (1]8) an[(] 9)

In this paper, by using weight functions and real analysis techniques, a new integral inequality
with the homogeneous kernel ef\ degree

| In(z/y)|”
(z 4+ y)*~(max{z, y})*
is given, which is a relation t¢ (1.1) and the above basic Hilbert-type integral inequalities (1.2),

(1.3) and [(I.4). The equivalent and reverse forms are considered. All the new inequalities
possess the best constant factors.

ka(z,y) = A>0,0cR 3> —1)
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HILBERT S INTEGRAL INEQUALITY 3

2. SOME LEMMAS

We introduce the following Gamma function [8]:

(21) F(S) — / efttsfldt (S > 0)
0
Lemma 2.1. For a, b > 0, it follows that
1 1 0o
(2-2) / :Uail(— In m)bildx = Jr(b) — / yia*l(ln y)b’ldy.
0 1

Proof. Settingz = ¢~*/* in first integral of [2.2), by[(2]1), we find the first equation [of {2.2).
Settingy = 1/ in the first integral of|(2.2), we obtain the second equatiof of (2.2). The lemma
is hence proved. O

Lemma2.2.1fr>1,1+1 =1 X>0acRandg > —1, define the weight function as

(2.3) augﬁm;:g;uéw( (5

z 4y (max{z, y})o

ﬁyéil

dy (x € (0,00)).

Then we have
Inwlfus—1
| In ul du

u+ 1)A(max{u,1})> "~

(2.4) wi(s,x) = ky(r) == /000 (

wherek, (r) is a positive number and

o0

(2.5) () =T@E+1) Y (O‘ . A)

k=0

1 1
(AT A)ﬁ“] |

Proof. Settingu = z/y in (2.3), by simplification, we obtaif (4.4). In view df (2.2), we obtain

U (= Inw)Pur—! * (Inw)Pur—o!
0<k = ——d ——d
<) /0 (u+ e +/1 (u+ 1)

1 oo
< 2la=Al {/ (—lnu)(ﬁﬂ)_lui_ldu#—/ (lnu)(ﬂﬂ)_lu?_ldu]
0 1
_glaa [(TNT L (5
2 {(A) +(A) T(5+ 1) < oo

Hencek,(r) is a positive number. Using the property of power series, we find

A -2_1
™

1 —1 B, 2—1 00 1 Jé; =
b@:/ﬂ_ﬂil_w+/.gﬂﬁ__w
0 1

(u+ 1)r« (14 u-1)A-e

TS fa— )\ A 2 Sa— )\ N
= —Ilnu ﬁUTJrkldu—l—/ ( ) Inw)’u= *1du
L (e 2 )

1

. fa— ) ! B A4k > B, A g1
:Z (—Inuw)’ur**tdu+ [ (Inu)’u- du| .
=\ F 0 !

Then in view of [2.2), we hav¢ (3.5). The lemma is proved. O
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Lemma2.3.|fp>0(p7é1) r>1l4l=114+1=11>00€R F>-1,neN,

n> s \A’ then forn — oo, we have
A1 1 A_1 4
00 )ln xr np ys nq
2.6 drdy = k 1).
( ) / / x_'_y )\ a(max{x y}) ray /\(7“)4—0( )

Proof. Settingu = y/z, by Fubini’s theorem [12], we obtain
x B A1 1 A1 _q
(g e

I = %/100 /1 (2 +y)* e (maxiz, y})"

-1

1 [ [y Inulfustms
Y U S
nJy o (L+u)r~(max{l, u})

1

A1 A1 T
:l/ y ! /1 Sl 1du+/y (o)t ay
nJi 0 (1+u)r= 1 (T4 u)oue

R T S N R B (N EN T
—/ (=Inw) u/\_a du+—/ y n ! / (Inu) u/\_a —du| dy

0 (1+u) n J; 1 (T4+u)ru

1 —1 8 %-‘r,%p—l 1 () 00 1 Jé] %—i—nip—l
:/ (Elnw)fur T du+—/ (/ y‘i—ldy> nw)fu 7o ),

1

a1 . A1
2.7) :/ (— lnu)ﬁus+ 1du+/ (Inw)Pus na !
' 0 (1+u)r—e 1 (T4 u)rou

() If p>0(p+#1)andg > 0, then by Levi's theorem [12], we find

L R L O
/ ( nu) U du = / %du —+ 01(1)’
0 0

(14+u)r-e (1+u)r—e
A 1 A
° (Inw)Pus na /OO (Inw)Pus1
du = ——d 1 ;
/1 Tt apow U= ) Grupewietoeld) (=0
(ii) If ¢ <0, settingno € N, ng > 15, V= T e v = ¢ T ey then forn > ng, we find
% (In )Py s ~wa ! o) Pos " moa !
/ (Inw) u/\_a _ dug/ (Inw) u/\_aoa dit < (1),
. (IT+u)ru 1 (T+u)ru

and by Lebesgue’s control convergence theorem, we have
A_ L A
* (Inwu)Pus na /OO (Inw)Pus1
du = ——d 1 .
/1 Tt w7 ) Trupaw ol (1=00)
Hence by the above results and {2.7), we obfairfj (2.6). The lemma is proved. O

3. MAIN RESULTS
Theorem 3.1.Assume thap > 0 (p # 1), 7 > 1, 1+ 1 =1, 1 +1 =1,1> 0, a € R,
B> =1, ¢(x) = 2?0071 y(z) = 290971 (2 € (0,00)), f.g > 0,

oo L %
0 < ||f||p,¢={ [T 1fp<x>da:} <o, 0< |lgllgw < 00
0
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(i) Forp > 1, we have the following inequality:

n(2)| #)oty)
ey 1= [ nyamax{my}) <dady < ka(r) |1l

(i) For 0 < p < 1, we have the reverse ¢f (8.1), where the constant fagtor) expressed
by (2.5) in[3.1) and its reverse is the best possible.

Proof. (i) By Holder’s inequality with weight([13], in view of (2]3), we find
s
‘ln ) 21-2)/q y(1=3)/p e
! _/ / (z 4+ y)*2(max{z,y})~ y(lfé)/pf(x) x(lfé)/qg(y) vy

5 1
‘ln ) 21=2) (1) b dnd
/ / (x + y)*(max{x,y})™ ' yl—ﬁ J* (@) dwdy

p

VAN

Q=

=Dy

/ / (z +y) llna Hl?lX{x D R g (y)dxdy

(3.2) ={Amwxa@¢ } {/ o7, ) ()@}?

We confirm that the middle of (3.2) keeps the form of strict inequality. Otherwise, there exist
constantsd and B, such that they are not all zero and|[13]

x(l_%)(p_l) y(l_f)(q 1) .
A—————fP(x) = B=——5—¢(y) a.e. in (0,00) x (0, 00).
yl_g $1_7
It follows that Az?(1=%) f2(z) = By?1=2) g4(y) a.e. in (0,00) x (0, 00). Assuming thatd + 0,

there existy/ > 0, such thatr?(!~7)- 1fp( ) = [Byq =D¢9(y)| L a.e.inz € (0,00). This
contradicts the fact thdt < ||f||, s < oco. Then inequality|(3 1) is valid by using (2.4) and

.5).
Forn € N n > | |>\; Settingfnvgn as
) 0, 0<z<1; (2) 0, O<zsl;
fn X)) .= gn xr) =
x%_nip_l, x> 1; x%_%_l’ z>1

if there exists a constant factor< k < k,(r), such that[(3]1) is still valid if we replade,(r)
by k, then by [2.6), we have

. . b ()] e

O e A e e
—k: n n =k

< =Hllullpol 90l

andk,(r) < k (n — 00). Hencek = k,(r) is the best constant factor ¢f (8.1).

(if) For 0 < p < 1, by the reverse Holder’s inequality with weight [13], in view pf (2.3), we
find the reverse of (3]2), which still keeps the strict form. Ther[by| (2.4)[anfl (2.5), we have the
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reverse of[(3]1). By using (4.6) and the same manner as mentioned above , we can show that
the constant factor in the reverse [of (3.1) is still the best possible. The theorem is proved.
Theorem 3.2. Assume thap > 0 (p # 1), 7 > 1,1+ L =1 1+1=1,)>0,a € R,
B> =1, ¢(x) = 2?77 p(a) = 2907971 (2 € (0,00)), £ 20,0 < ||f]]pp < 0.

(i) For p > 1, we have the following inequality, which is equivalent[to](3.1) and with the

best constant factatf (r):
p

B
33) Ji= /Oooy”?— /OOO (nyl;lA(j()maiz)’y})adaf dy < KX()|| FI1}, 4

(i) For 0 < p < 1, we have the reverse ¢f (8.3), which is equivalent to the rever§e of (3.1),
with the best constant factéf (r).

Proof. (i) Forp > 1, x > 0, setting a bounded measurable function as

x), f T n
[£(2)]n == min{f(z),n} = { f(x), for f(z) <

n, for f(z) >n
since||f||,.» > 0, there existsi, € N, such that/} ¢(z)[f(z)]2dz > 0 (n > ne). Settingg,(v)
(y € (%7”)7” > nU) as

p—1

[f(@)]nd|

=3

_ Sy mG)
I e e
then by [3.1), we find

0< / )T () dy

o] ’1n<§>ﬁ[f(x)]nd:p )
:/y /;<:c+y>A—a<max{x,y}>a !

()] (y)
:/ / a:+ywmax{j yp

(3.5) < k(r {/ o(x ]Zdaf}p {[nw(y)fd?%(y)dy}q < 00;

(3.6) o< [ v <o) [ o < .

It follows 0 < ||g]qy < oo. Forn — oo, by (3.1), both|[(3.5) and (3.6) still keep the forms of
strict inequality. Hence we have (B.3). On the other-hand, suppose (3.3) is valid. By Holder’s
inequality, we have

ak x)dz
@n) 1= [ 7 /Ow( ()| o v g(w)] dy < T3 lgllg

z 4y (max{z, y})°
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In view of (3.3), we have (3]1), which is equivalent[fo (3.3). We confirm that the constant factor
in (3.3) is the best possible. Otherwise, we may get a contradiction By (3.7) that the constant
factor in (3.1) is not the best possible.

(if) For 0 < p < 1, since||f||s > 0, we confirm that/ > 0. If J = oo, then the reverse of
(3.3) is naturally valid. Suppose< J < co. Setting
p—1

g(y) =y~ /OOO (Hy)‘ln <§>’ —f(z)dz| |

Ao (max{z, y})

>

by the reverse of (3]1), we obtain
00 > |gllgy = T =1 > k()| fllpsll9llaw > O;

Tr = lglls s > Ba()|lf .-

Hence we have the reverse pf (3.3). On the other-hand, suppose the reverse of (3.3) is valid. By
the reverse Holder’s inequality, we can get the reversg of (3.7). Hence in view of the reverse
of (3.3), we obtain the reverse ¢f (B.1), which is equivalent to the rever$e of (3.3). We confirm
that the constant factor in the reverse [of [3.3) is the best possible. Otherwise, we may get a
contradiction by the reverse ¢f (3.7) that the constant factor in the revefse]of (3.1) is not the best
possible. The theorem is proved. O

Remark 1. Forp = r = 2 in (8.J), settingn = 3 = 0,A = 1, we obtain [(1.]); setting
a=0,0=X=1,weobtain[(1.B). Foo = A > 0,3 > —1in (3.)), we have

B
o oo ‘ln <§>‘ f(x)g(y) PB4 B+l
er) [ [ e sdndy < T+ Dl el ol

where the constant factgg (7! + s°*1)I'(3 + 1) is the best possible. For=r = 2in
(3.9), settingh = 1,3 = 0, we obtain[(1.p); setting = 1,5 = 1, we obtain[(I1.4). Hence
inequality [3.1) is a relation t¢ (1.1}, (1.2), (L.3) apd [1.4).
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