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ABSTRACT. In this paper we introduce theq−Bessel Fourier transform, theq−Bessel transla-
tion operator and theq−convolution product. We prove that theq−heat semigroup is contractive
and we establish theq−analogue of Babenko inequalities associated to theq−Bessel Fourier
transform. With applications and finally we enunciate aq−Bessel version of the central limit
theorem.
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1. I NTRODUCTION AND PRELIMINARIES

In introducingq−Bessel Fourier transforms, theq−Bessel translation operator and theq−convolution
product we shall use the standard conventional notation as described in [4]. For further detailed
information onq−derivatives, Jacksonq−integrals and basic hypergeometric series we refer
the interested reader to [4], [10], and [8].

The following two propositions will useful for the remainder of the paper.

Proposition 1.1. Consider0 < q < 1. The series

(w; q)∞1φ1(0, w; q; z) =
∞∑

n=0

(−1)nq
n(n−1)

2
(wqn; q)∞

(q; q)n

zn,

defines an entire analytic function inz, w, which is also symmetric inz, w:

(w; q)∞1φ1(0, w; q; z) = (z; q)∞1φ1(0, z; q;w).
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2 LAZHAR DHAOUADI , AHMED FITOUHI , AND J. EL KAMEL

Both sides can be majorized by

|(w; q)∞1φ1(0, w; q; z)| ≤ (−|w|; q)∞(−|z|; q)∞.
Finally, for all n ∈ N we have

(q1−n; q)∞1φ1(0, q
1−n; q; z) = (−z)nq

n(n−1)
2 (q1+n; q)∞1φ1(0, q

1+n; q; qnz).

Proof. See [10]. �

Now we introduce the following functional spaces:

Rq = {∓qn, n ∈ Z}, R+
q = {qn, n ∈ Z}.

Let Dq, Cq,0 andCq,b denote the spaces of even smooth functions defined onRq continuous
at 0, which are respectively with compact support, vanishing at infinity and bounded. These
spaces are equipped with the topology of uniform convergence, and byLq,p,v the space of even
functionsf defined onRq such that

‖f‖q,p,v =

[∫ ∞

0

|f(x)|px2v+1dqx

] 1
p

<∞.

We denote bySq theq−analogue of the Schwartz space of even functionf defined onRq such
thatDk

qf is continuous at0, and for alln ∈ N there isCn such that

|Dk
qf(x)| ≤ Cn

(1 + x2)n
, ∀k ∈ N,∀x ∈ R+

q .

Ar the end of this section we introduce theq−Bessel operator as follows

∆q,vf(x) =
1

x2

[
f(q−1x)− (1 + q2v)f(x) + q2vf(qx)

]
.

Proposition 1.2. Given two functionsf andg in Lq,2,v such that

∆q,vf,∆q,vg ∈ Lq,2,v

then ∫ ∞

0

∆q,vf(x)g(x)x2v+1dqx =

∫ ∞

0

f(x)∆q,vg(x)x
2v+1dqx.

2. THE NORMALIZED HAHN -EXTON q−BESSEL FUNCTION

The normalized Hahn-Extonq−Bessel function of orderv is defined as

jv(x, q) =
(q, q)∞

(qv+1, q)∞
x−vJ (3)

v (x, q) = 1φ1(0, q
v+1, q, qx2), <(v) > −1,

whereJ (3)
v (·, q) is the Hahn-Extonq−bessel function, (see [12]).

Proposition 2.1. The function
x 7→ jv(λx, q

2),

is a solution of the followingq−difference equation

∆q,vf(x) = −λ2f(x)

Proof. See [9]. �

In the following we put

cq,v =
1

1− q
· (q2v+2, q2)∞

(q2, q2)∞
.
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Proposition 2.2. Letn,m ∈ Z andn 6= m, then we have

c2q,v

∫ ∞

0

jv(q
nx, q2)jv(q

mx, q2)x2v+1dqx =
q−2n(v+1)

1− q
δnm.

Proof. See [10]. �

Proposition 2.3.

|jv(qn, q2)| ≤ (−q2; q2)∞(−q2v+2; q2)∞
(q2v+2; q2)∞

{
1 if n ≥ 0,

qn2+(2v+1)n if n < 0.

Proof. Use Proposition 1.1. �

3. q−BESSEL FOURIER TRANSFORM

Theq−Bessel Fourier transformFq,v is defined as follows

Fq,v(f)(x) = cq,v

∫ ∞

0

f(t)jv(xt, q
2)t2v+1dqt.

Proposition 3.1. Theq−Bessel Fourier transform

Fq,v : Lq,1,v → Cq,0,

satisfying
‖Fq,v(f)‖Cq,0 ≤ Bq,v‖f‖q,1,v,

where

Bq,v =
1

1− q

(−q2; q2)∞(−q2v+2; q2)∞
(q2; q2)∞

.

Proof. Use Proposition 2.3. �

Theorem 3.2.Givenf ∈ Lq,1,v then we have

F2
q,v(f)(x) = f(x), ∀x ∈ R+

q .

If f ∈ Lq,1,v andFq,v(f) ∈ Lq,1,v then

‖Fq,v(f)‖q,2,v = ‖f‖q,2,v.

Proof. Let t, y ∈ R+
q , we put

δq,v(t, y) =

{ 1
(1−q)t2v+2 if t = y,

0 if t 6= y.

It is not hard to see that ∫ ∞

0

f(t)δq,v(t, y)t
2v+1dqt = f(y).

By Proposition 2.2, we can write

c2q,v

∫ ∞

0

jv(yx, q
2)jv(tx, q

2)x2v+1dqx = δq,v(t, y), ∀t, y ∈ R+
q ,

which leads to the result. �

Corollary 3.3. The transformation

Fq,v : Sq → Sq,

is an isomorphism, and
F−1

q,v = Fq,v.
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Proof. The result is deduced from properties of the spaceSq. �

4. q−BESSEL TRANSLATION OPERATOR

We introduce theq−Bessel translation operator as follows:

T v
q,xf(y) = cq,v

∫ ∞

0

Fq,v(f)(t)jv(xt, q
2)jv(yt, q

2)t2v+1dqt, ∀x, y ∈ R+
q ,∀f ∈ Lq,1,v.

Proposition 4.1. For any functionf ∈ Lq,1,v we have

T v
q,xf(y) = T v

q,yf(x),

and
T v

q,xf(0) = f(x).

Proposition 4.2. For all x, y ∈ R+
q , we have

T v
q,xjv(λy, q

2) = jv(λx, q
2)jv(λy, q

2).

Proof. Use Proposition 2.2. �

Proposition 4.3. Letf ∈ Lq,1,v then

T v
q,xf(y) =

∫ ∞

0

f(z)Dv(x, y, z)z
2v+1dqz,

where

Dv(x, y, z) = c2q,v

∫ ∞

0

jv(xt, q
2)jv(yt, q

2)jv(zt, q
2)t2v+1dqt.

Proof. Indeed,

T v
q,xf(y) = cq,v

∫ ∞

0

Fq,v(f)(t)jv(xt, q
2)jv(yt, q

2)t2v+1dqt

= cq,v

∫ ∞

0

[
cq,v

∫ ∞

0

f(z)jv(zt, q
2)z2v+1dqt

]
jv(xt, q

2)jv(yt, q
2)t2v+1dqt

=

∫ ∞

0

f(z)

[
c2q,v

∫ ∞

0

jv(xt, q
2)jv(yt, q

2)jv(zt, q
2)t2v+1dqt

]
z2v+1dqz,

which leads to the result. �

Proposition 4.4.
lim
z→∞

Dv(x, y, z) = 0

and
(1− q)

∑
s∈Z

q(2v+2)sDv(x, y, q
s) = 1

Proof. To prove the first relation use Proposition 3.1. The second identity is deduced from
Proposition 4.2: iff = 1 thenT v

q,xf = 1. �

Proposition 4.5. Givenf ∈ Sq then

T v
q,xf(y) =

∞∑
n=0

qn(n+1)

(q2, q2)n(q2v+2, q2)n

y2n∆n
q,vf(x).
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Proof. By the use of Proposition 2.1 and the fact that

∆n
q,vf(x) = (−1)ncq,v

∫ ∞

0

Fq,v(f)(t)t2njv(xt, q
2)t2v+1dqt.

�

Proposition 4.6. If v = −1
2

then

Dv(q
m, qr, qk) =

q2(r−m)(k−m)−m

(1− q)(q; q)∞
(q2(r−m)+1; q)∞1φ1(0, q

2(r−m)+1, q; q2(k−m)+1).

Proof. Indeed

∆n
q,v =

q−n(n+1)

x2n

n∑
k=−n

[
2n

k + n

]
q

(−1)k+nq
(k+n)(k+n+1)

2
−2knΛk

q ,

and use Proposition 4.5. �

5. q−CONVOLUTION PRODUCT

In harmonic analysis the positivity of the translation operator is crucial. It plays a central role
in establishing some useful results, such as the property of the convolution product. Thus it is
natural to investigate when this property holds forT v

q,x. In the following we put

Qv = {q ∈ [0, 1], T v
q,x is positive for all x ∈ R+

q }.
Recall thatT v

q,x is said to be positive ifT v
q,xf ≥ 0 for f ≥ 0.

Proposition 5.1. If v = −1
2

then
Qv = [0, q0],

whereq0 is the first zero of the following function:

q 7→ 1φ1(0, q, q, q).

Proof. The operatorT v
q,x is positive if and only if

Dv(x, y, q
s) ≥ 0, ∀x, y, qs ∈ R+

q .

We replacex
y

by qr, and we can chooser ∈ N, because

T v
q,xf(y) = T v

q,yf(x),

thus we get

(q1+2s, q)∞1φ1(0, q
1+2s, q, q1+2r) =

∞∑
n=0

Bn(s, r), ∀r, s ∈ N,

where

Bn(s, r) =
2n∏
i=1

q2r+i

1− qi

∞∏
i=2n+2

(1− q2s+i)

[
(1− q2s+2n+1)− q2r+2n+1

1− q2n+1

]
, ∀n ∈ N∗,

and

B0(s, r) =
∞∏
i=2

(1− q2s+i)

[
(1− q2s+1)− q2r+1

1− q

]
,

which leads to the result. �

In the rest of this work we chooseq ∈ Qv.
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Proposition 5.2. Givenf ∈ Lq,1,v then∫ ∞

0

T v
q,xf(y)y2v+1dqy =

∫ ∞

0

f(y)y2v+1dqy.

Theq−convolution product of both functionsf, g ∈ Lq,1,v is defined by

f ∗q g(x) = cq

∫ ∞

0

T v
q,xf(y)g(y)y2v+1dqy.

Proposition 5.3. Given two functionsf, g ∈ Lq,1,v then

f ∗q g ∈ Lq,1,v,

and
Fq,v(f ∗q g) = Fq,v(f)Fq,v(g).

Proof. We have
‖f ∗q g‖q,1,v ≤ ‖f‖q,1,v‖g‖q,1,v.

On the other hand

Fq,v(f ∗q g)(λ) =

∫ ∞

0

[∫ ∞

0

f(x)T v
q,yjv(λx, q

2)x2v+1dqx

]
g(y)y2v+1dqy

= Fq,v(f)(λ) Fq,v(g)(λ).

�

6. q−HEAT SEMIGROUP

Theq−heat semigroup is defined by:

P v
q,tf(x) = Gv(·, t, q2) ∗q f(x)

= cq,v

∫ ∞

0

T v
q,xG

v(y, t, q2)f(y)y2v+1dqy, ∀f ∈ Lq,1,v.

Gv(·, t, q2) is theq−Gauss kernel ofP v
q,t

Gv(x, t, q2) =
(−q2v+2t,−q−2v/t; q2)∞

(−t,−q2/t; q2)∞
e

(
−q

−2v

t
x2, q2

)
.

ande(·, q) theq-exponential function defined by

e(z, q) =
∞∑

n=0

zn

(q, q)n

=
1

(z; q)∞
, |z| < 1.

Proposition 6.1. Theq−Gauss kernelGv(·, t, q2) satisfying

Fq,v

{
Gv(·, t, q2)

}
(x) = e(−tx2, q2),

and
Fq,v

{
e(−ty2, q2)

}
(x) = Gv(x, t, q2).

Proof. In [5], the Ramanujan identity was proved

∑
s∈Z

zs

(bq2s, q2)∞
=

(
bz, q2

bz
, q2, q2

)
∞(

b, z, q2

b
, q2

)
∞

,
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which implies∫ ∞

0

e(−ty2, q2)y2ny2v+1dqy = (1− q)
∑

s

(q2n+2v+2)
s

(−tq2s, q2)∞

= (1− q)

(
−tq2n+2v+2,− q−2n−2v

t
, q2, q2

)
∞(

−t, q2n+2v+2,− q2

t
, q2

)
∞

.

The following identity leads to the result

(a, q2)∞ = (a, q2)n(q2na, q2)∞,

and

(aq−2n, q2)∞ = (−1)nq−n2+n

(
a

q2

)n (
q2

a
, q2

)
n

(a, q2)∞.

�

Proposition 6.2. For any functionsf ∈ Sq, we have

P v
q,tf(x) = e(t∆q,v, q

2)f(x).

Proof. Indeed, if

cq,v

∫ ∞

0

Gv(y, t, q2)y2ny2v+1dqy = (q2v+2, q2)nq
−n(n+n)tn,

then

P v
q,tf(x) =

∞∑
n=0

qn(n+1)

(q2, q2)n(q2v+2, q2)n

[
cq,v

∫ ∞

0

Gv(y, t, q2)y2ny2v+1dqy

]
∆n

q,vf(x).

�

Theorem 6.3.For f ∈ Lq,p,v and1 ≤ p <∞, we have

‖P v
q,tf‖q,p,v ≤ ‖f‖q,p,v.

Proof. If p = 1 then

‖P v
q,tf‖q,1,v ≤ ‖Gv(·, t, q2)‖q,1,v ‖f‖q,1,v = ‖f‖q,1,v.

Now letp > 1 and we consider the following function

g : y 7→ T v
q,xG

v(y, t; q2).

In addition ∥∥P v
q,tf

∥∥p

q,p
≤ cpq,v

∫ ∞

0

[∫ ∞

0

|f(y)g(y)| y2v+1dqy

]p

x2v+1dqx.

By the use of the Hölder inequality and the fact that‖Gv(·, t, q2)‖q,1,v = 1
cq,v

, the result follows
immediately. �

J. Inequal. Pure and Appl. Math., 7(5) Art. 171, 2006 http://jipam.vu.edu.au/

http://jipam.vu.edu.au/


8 LAZHAR DHAOUADI , AHMED FITOUHI , AND J. EL KAMEL

7. q−W IENER ALGEBRA

Foru ∈ Lq,1,v andλ ∈ R+
q , we introduce the following function

uλ : x 7→ 1

λ2v+2
u

(x
λ

)
.

Proposition 7.1. Givenu ∈ Lq,1,v such that∫ ∞

0

u(x)x2v+1dqx = 1,

then we have

lim
λ→0

∫ ∞

0

f(x)uλ(x)x
2v+1dqx = f(0), ∀f ∈ Cq,b.

Corollary 7.2. The following function

Gv
λ : x 7→ cq,vG

v(x, λ2, q2),

checks the conditions of the preceding proposition.

Proof. Use Proposition 6.1. �

Theorem 7.3.Givenf ∈ Lq,1,v ∩ Lq,p,v, 1 ≤ p <∞ andfλ defined by

fλ(x) = cq

∫ ∞

0

Fq,v(f)(y)e(−λ2y2, q2)jv(xy, q
2)y2v+1dqy.

then we have
lim
λ→0

‖f − fλ‖q,p,v = 0.

Proof. We have

f ∗q G
v
λ(x) = cq,v

∫ ∞

0

Fq,v(f)(t)e(−λ2t2, q2)jv(tx, q
2)t2v+1dqt.

In addition, for allε > 0, there exists a functionh ∈ Lq,p,v with compact support in[qk, q−k]
such that

‖f − h‖q,p,v < ε,

however

‖Gv
λ ∗q f − f‖q,p,v ≤ ‖Gv

λ ∗q (f − h)‖q,p,v + ‖Gv
λ ∗q h− h‖q,p,v + ‖f − h‖q,p,v.

By Theorem 6.3 we get
‖Gv

λ ∗q (f − h)‖q,p,v ≤ ‖f − h‖q,p,v.

Now, we will prove that
lim
λ→0

‖Gv
λ ∗q h− h‖q,p,v = 0.

Indeed, by the use of Corollary 7.2 we get

lim
λ→0

∫ 1

0

|Gv
λ ∗q h(x)− h(x)|px2v+1dqx = 0.

On the other hand the following function is decreasing on the interval[1,∞[:

u 7→ u2v+2Gv(u).

If λ < 1, then we deduce that
T v

q,qiGv
λ(x) ≤ T v

q,qiG(x).
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INEQUALITIES IN q−FOURIER ANALYSIS 9

We can use the dominated convergence theorem to prove that

lim
λ→0

∫ ∞

1

|Gv
λ ∗q h(x)− h(x)|px2v+1dqx = 0.

�

Corollary 7.4. Givenf ∈ Lq,1,v then

f(x) = cq,v

∫ ∞

0

Fq,v(f)(y)jv(xy, q
2)y2v+1dqy, ∀x ∈ R+

q .

Proof. The result is deduced by Theorem 7.3 and the following relation

(1− q)x2v+2|f(x)− fλ(x)| ≤ ‖f − fλ‖q,1,v ∀x ∈ R+
q .

�

Now we attempt to study theq−Wiener algebra denoted by

Aq,v = {f ∈ Lq,1,v, Fq,v(f) ∈ Lq,1,v} .

Proposition 7.5. For 1 ≤ p ≤ ∞, we have

(1) Aq,v ⊂ Lq,p,v and Aq,v = Lq,p,v.
(2) Aq,v ⊂ Cq,0 and Aq,v = Cq,0.

Proof. 1. Givenh ∈ Lq,p,v with compact support, and we puthn = h ∗q G
v
qn . The function

hn ∈ Aq,v and by Theorem 7.3 we get

lim
n→∞

‖h− hn‖q,p,v = 0.

2. If f ∈ Cq,0, then there existh ∈ Cq,0 with compact support on[qk, q−k], such that

‖f − h‖Cq,0 < ε,

and by Corollary 7.4 we prove that

lim
n→∞

[
sup
x∈R+

q

|h(x)− hn(x)|

]
= 0.

�

Theorem 7.6.For f ∈ Lq,2,v ∩ Lq,1,v, we have

‖Fq,v(f)‖q,2,v = ‖f‖q,2,v.

Proof. We put
fn = f ∗q G

v
qn ,

which implies
Fq,v(fn)(t) = e(−q2nt2, q2)Fq,v(f)(t),

by Corollary 7.4 we get

fn(x) = cq

∫ ∞

0

Fq,v(fn)(t)jv(tx, q
2)t2v+1dqt.

On the other hand∫ ∞

0

f(x)fn(x)x2v+1dqx =

∫ ∞

0

Fq,v(f)(x)Fq,v(fn)(x)x2v+1dqx.
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Theorem 7.3 implies

lim
n→∞

∫ ∞

0

Fq,v(f)(x)2e(−q2nx2, q2)x2v+1dqx = ‖f‖2
q,2,v.

The sequencee(−q2nx2, q2) is increasing. By the use of the Fatou-Beppo-Levi theorem we
deduce the result. �

Theorem 7.7.
(1) Theq−cosine Fourier transformFq,v possesses an extension

U : Lq,2,v → Lq,2,v.

(2) For f ∈ Lq,2,v, we have

‖U(f)‖q,2,v = ‖f‖q,2,v.

(3) The applicationU is bijective and

U−1 = U.

Proof. Let the maps
u : Aq,v → Aq,v, f 7→ Fq,v(f).

Theorem 3.2 implies
‖u(f)‖q,2,v = ‖f‖q,2,v.

The mapu is uniformly continuous, with values in complete spaceLq,2,v. It has a prolongation
U onAq,v = Lq,2,v. �

Proposition 7.8. Given1 < p ≤ 2 and 1
p

+ 1
p′

= 1, if f ∈ Lq,p,v, thenFq,v(f) ∈ Lq,p′,v,

‖Fq,v(f)‖q,p′,v ≤ Bp,q,v‖f‖q,p,v,

where

Bp,q,v = B
( 2

p
−1)

q,v .

Proof. The result is a consequence of Proposition 3.1, Theorem 7.7 and the Riesz-Thorin theo-
rem, see [13]. �

As an immediate consequence of Proposition 7.8, we have the following theorem:

Theorem 7.9.Given1 < p, p′, r ≤ 2 and
1

p
+

1

p′
− 1 =

1

r
,

if f ∈ Lq,p,v andg ∈ Lq,p′,v, then
f ∗q g ∈ Lq,r,v,

and
‖f ∗q g‖q,r,v ≤ Bq,p,vBq,p′,vBq,r′,v‖f‖q,p,v‖g‖q,p′,v,

where
1

r
+

1

r′
= 1.

Proof. We can write
f ∗q g = Fq,v {Fq,v(f)Fq,v(g)} ,

the use of Proposition 7.8 and the Hölder inequality leads to the result. �

Now we are in a position to establish the hypercontractivity of theq−heat semigroupP v
q,t.

For more information about this notion, the reader can consult ([1, 2, 3]).
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Proposition 7.10.For f ∈ Lq,p′,v andt ∈ R+
q , we have

‖P v
q,tf‖q,p,v ≤ Bq,p′,vBq,p1,vc(r, q, v)t

− v+1
r ‖f‖q,p′,v,

where

1 < p′ < p ≤ 2,
1

p
+

1

p1

= 1,
1

r
=

1

p′
− 1

p
,

and
c(r, q, v) = ‖e(−x2, q2)‖q,r,v.

Proof. The result is deduced by the following relations

Fq,v

{
Gv(·, t, q2)

}
(x) = e(−tx2, q2),

and
‖Fq,v

{
Gv(·, t, q2)

}
‖q,r,v = c(r, q, v)t−

v+1
r .

�

8. q−CENTRAL L IMIT THEOREM

In this section we study the analogoue of the well known central limit theorem with the aid
of theq−Bessel Fourier transform.

For this, we consider the setM+
q of positive and bounded measures onR+

q . The q-cosine
Fourier transform ofξ ∈M+

q is defined by

Fq,v(ξ)(x) =

∫ ∞

0

jv(tx, q
2)t2v+1dqξ(t).

Theq−convolution product of two measuresξ, ρ ∈M+
q is given by

ξ ∗q ρ(f) =

∫ ∞

0

T v
q,xf(t)t2v+1dqξ(x)dqρ(t),

and we have
Fq,v(ξ ∗q ρ) = Fq,v(ξ)Fq,v(ρ).

We begin by showing the following result

Proposition 8.1. For f ∈ Aq,v andξ ∈M+
q , we have∫ ∞

0

f(x)x2v+1dqξ(x) = cq,v

∫ ∞

0

Fq,v(f)(x)Fq,v(ξ)(x)x
2v+1dqx.

As a direct consequence we may state

Corollary 8.2. Givenξ, ξ′ ∈M+
q such that

Fq,v(ξ) = Fq,v(ξ
′),

thenξ = ξ′.

Proof. By Proposition 8.1, we have∫ ∞

0

f(x)x2v+1dqξ(x) =

∫ ∞

0

f(x)x2v+1dqξ
′(x), ∀f ∈ Aq,v.

from the assertion (2) of Proposition 7.5, we conclude thatξ = ξ′. �
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Theorem 8.3.Let (ξn)n≥0 be a sequence of probability measures ofM+
q such that

lim
n→∞

Fq,v(ξn)(t) = ψ(t),

then there existsξ ∈M+
q such that the sequenceξn converges strongly towardξ, and

Fq,v(ξ) = ψ.

Proof. We consider the mapIn defined by

In(u) =

∫ ∞

0

u(x)x2v+1dqξn(x), ∀f ∈ Cq,0.

By the following inequality
|In(u)| ≤ ‖u‖Cq,0 ,

and by Proposition 8.1, we get

In(f) = cq,v

∫ ∞

0

Fq,v(f)(x)Fq,v(ξn)(x)x2v+1dqx, ∀f ∈ Aq,v,

which implies

lim
n→∞

In(f) =

∫ ∞

0

Fq,v(f)(x)ψ(x)x2v+1dqx, ∀f ∈ Aq,v.

On the other hand, by assertion (2) of Proposition 7.5, and by the use of the Ascoli theorem (see
[11]):

Consider a sequence of equicontinuous linear forms onCq,0 which converge on a dense part
Aq,v then converge on the entireCq,0. We get

lim
n→∞

In(u) =

∫ ∞

0

Fq,v(u)(x)ψ(x)x2v+1dqx, ∀u ∈ Cq,0.

Finally there existξ ∈M+
q such that

lim
n→∞

∫ ∞

0

u(x)x2v+1dqξn(x) =

∫ ∞

0

u(x)x2v+1dqξ(x), ∀u ∈ Cq,0.

On the other hand
Fq,v(Aq,v) = Aq,v,

and ∫ ∞

0

Fq,v(f)(x)Fq,v(ξ)(x)dqx =

∫ ∞

0

Fq,v(f)(x)ψ(x)x2v+1dqx, ∀f ∈ Aq,v,

which implies
Fq,v(ξ) = ψ.

�

Proposition 8.4. Givenξ ∈M+
q , and supposing that

σ =

∫ ∞

0

t2t2v+1dqξ(t) <∞,

then

Fq,v(ξ)(x) = 1− q2σ

(q2, q2)1(q2v+2, q2)1

x2 + o(x2).
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Proof. We write

jv(tx, q
2) = 1− q2t2

(q2, q2)1(q2v+2, q2)1

x2 + x2θ(tx)t2,

where

lim
x→0

θ(x) = 0,

then

Fq,v(ξ)(x) = 1− q2σ

(q2, q2)1(q2v+2, q2)1

x2 +

[∫ ∞

0

t2θ(tx)t2v+1dqξ(t)

]
x2.

�

Now we are in a position to present theq−central limit theorem.

Theorem 8.5.Let (ξn)n≥0 be a sequence of probability measures ofM+
q of total mass1, satis-

fying

lim
n→∞

nσn = σ, where σn =

∫ ∞

0

t2t2v+1dqξn(t),

and

lim
n→∞

nσ̃n = 0, where σ̃n =

∫ ∞

0

t4

1 + t2
t2v+1dqξn(t),

thenξ∗nn converge strongly toward a measureξ defined by

dqξ(x) = cq,vFq,v

(
e
− q2σ

(q2,q2)1(q2v+2,q2)1
t2
)

(x)dqx.

Proof. We have

Fq,v(ξ
∗n
n ) = (Fq,v(ξn))n,

and

Fq,v(ξn)(x) = 1− q2σn

(q2, q2)1(q2v+2, q2)1

x2 + θn(x)x2,

where

θn(x) =

∫ ∞

0

t2θ(tx)t2v+1dqξn(t).

Consequently

(Fq,v(ξn))n(x) = exp

[
n log

[
1− q2σn

(q2, q2)1(q2v+2, q2)1

x2 + θn(x)x2

]]
.

By the following inequality

|t2θ(tx)| ≤ Cx
t4

1 + t2
, ∀t ∈ R+

q ,

whereCx is some constant, the result follows immediately. �
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