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ABSTRACT. If fis a convex function the following variant of the classical Jensen’s Inequality
is proved

f<$1+$n Zwkkk) < f(z1) + f(zn) Zwkf (k).
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1. MAIN THEOREM

Let0 < 27 < 29 < --- < 1z, and letwy, (1 < k < n) be positive weights associated with
theser;, and whose sum is unity. Then Jensen’s inequélity [2] reads :

Theorem 1.1.1f f is a convex function on an interval containing thethen

(1.1) f (Z wk%) < Zwkf(ﬂfk)-

Note: Here and, in all that followsy S meansy | .
Our purpose in this note is to prove the following variant of|(1.1).

Theorem 1.2.1f f is a convex function on an interval containing thethen

f<:z:1—|—xn Zwkxk)<f(x1 )+ f(zn) Zwkf Tg).
Towards proving this theorem we shall need the following lemma:
Lemma 1.3. For f convex we have:

(1.2) floy+xn —ap) < fon) + fon) = fzx), (1<K <n)
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2 A.McD. MERCER

2. THE PROOFS

Proof of Lemma 1]|3Write v, = =1 + x, — 2. Thenz, + z,, = x +yy. S0 that the pairsey, z,,
and xy, y, possess the same mid-point. Since that is the case there esist that

xp = Arp + (1 — Ny,
Ye = (1 = N)wy + Aay,
where) < A < landl <k <n.
Hence, applying (I]1) twice we get
flyr) < (L= XN)f(@1) + Af(2n)
= fz1) + f@a) = [Mf(21) + (1 = A) f(2n)]
< f@1) + flzn) = FQz 4+ (1= Azy)
= f(21) + f(@a) — f (k)
and sincey, = =, + x,, — x;, this concludes the proof of the lemma. O
Proof of Theorerm 1]2We have

Fr = > way) = 1 (3 wilan + 20— )
< Z wy f (21 + 1y — Tp) by (1.1)
<Y wilf(x1) + flan) = fzx)] by @2)
= f(w1) + flon) = D wf(w)
and this concludes the proof. O
3. Two EXAMPLES

Let us writeA = z; 4z, — A andG = 222 whereA andG denote the usual arithmetic and
geometric means of the,.

(a) Then takingf(z) as the convex functior log z, Theorenj 12 gives:

A>G
(b) Takingf(z) as the functionog =% which is convex if < = < 1, Theorenj 1.p gives
Az) S G(x)

Al—=z) Gl —=x)
provided thatr;, € (0, 3] for all .

The example (a) is a special case of a family of inequalities found by a different method in
[1]. The example (b) is, of course, an analogue of Ky-Fan'’s Inequality [2].
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