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ABSTRACT. By improving an inequality of the weight coefficient, we give a new strengthened
version of Hardy-Hilbert’s type inequality. As its applications, we build some strengthened
versions of the equivalent form and some particular results.
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1. INTRODUCTION
fp>1,0 4+ =1 a,b, >0(neNy=NuU{0}), such that < 3% a < oo and

n=0 "n

0<> ", bq < o0, then we have the famous Hardy-Hilbert inequality as follows [1]:

(1.1) sz+n+1 Sm( j (Zapf' <§;bg>3,

where the constant fact% is the best possible.
p

Inequality (1.1) is important in analysis and its applications. In recent yéars,[[2] — [5] consid-
ered the strengthened version, generalizations and improvements of inequdlity (1.1) and Pach-
patte [6] built some inequalities similar to inequality (1.1).

Under the same condition with (1.1), we still have Mulholand’s inequality (cf. [7]):

(12) sznlnmn szﬂ) {Z } {Z b} |

n=2 n= 5 n=2

where the constant fact%g(f—z) is the best possible.
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For the double series:

szsnt lnm—i-lnn—l—lnoz szsntlnam (s,tER,azeWG),

n=1 m=1

in 2003, Yang![8] built an inequality of the weight coefficient as follows:
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then he gave

XY 1mmn><smzz) <°° (n;—san)p>q<i (n;—tbn>q> ,

n=1m=1
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where the constant facto% and $ are the best possible.
P p

In this paper, by using the refined Euler-Maclaurin formula, we have some strengthened
versions of inequalitie$ (1.3) and (IL.4).
2. SOME LEMMAS

If f@ e C[1,00), [ f(z)dz < oo, and(—1)" ™ (z) > 0, f™(c0) =0 (n =0,1,2,3,4),
then we have the foIIowmg mequallty (see [9]):

= o 1 1,
@) S m) < [ sla)de+ 3£0) = 0.

m=1 1
Lemma 2.1. Settingr > 1,7 € Nanda > ¢7/5, define the functiow(r, n, ) as:

< In/an \ "

wir,n,a) = mZ1 mInamn (111 \/am>

The we have
s 3
2.2 — .
(2.2 w(rm ) < G A=) 8 = D@hn £ 1)
Proof. For fixedz € [1, ), settingf(z) = —-— - (}E%Z)f , we have
(1) = 1 In /an %_ In /an In /o 1=
" lnan \Inya /  Inya-lnan \In/an ’

1

, 1 1 1 Iny/an\' ™"
f1)=- 3 + ' Vo
Inan  In*an  rlnya-lnan In /o

L In /an N In/an N In/an In /o 1=
B Inyan-lnan  rln®*\/a-lnan  Inya-In*an In+/an ’
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in view of @) and the above result, we have
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Forn e N,r > 1, a > €”/% since

r 7 1 In/an 1 7 1 1
- T3 la ) =\ T e ) 2
1—r 6lna 3rin“a In an r—1 6-¢ 3r-(g) 2

B 3
S 8(r—1)
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” {111404 (H 2(r3— 1)) - 6111104} 111;/5:
[ eni)-g e

24 2(r—1) 7] In*an
and
In /o = 1
(ln\/an) ~ (2Inn + 1)1V’

we have

w(r,n,a) < — u - ’ .

T sint(l—1/r) 8(r—1)2lnn+1)1-1/r

The lemma is proved. O

3. MAIN RESULTS AND APPLICATIONS
Theorem3.1.1fp> 1,1+ =1,a> e’/% s t € R, a,b, are two sequences of non-negative

p q
real numbers, such that< "> (n%‘san> <ooand0 <y 2, (n%‘tbn) < o0, then we
have

3=

CEVD S)PETLISE )'y sng _8(3@—1))1i ()

n=1m=1 n=1 2Inn + 1
- 3(g—1 al”
% ™ . (q ) . <n%—tbn)
=1 \ sin (%) 8(2Inn + 1)q

In particular,
(@) fors = .t = ., we have
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(b) for s =t =1, we have

hSA

= T 3(p—1) ar
(3.3) - _ | =
Z Z mnlnamn ; sin (%) 8(2lnn+1)r | N
1
m 3p—1) \br|”
X - e
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(c) for s =t =0, we have
. m 3(p—1) —1
(3.4) — - | nPal
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" T 3(p—1) it
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Proof. By Holder’s inequality, we have
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In view of (2.2), we have (3]1). The theorem is proved. O

Theorem 3.2.1f p > 1, Il) + % =1, a>¢e/% s € R,a, is sequence of non-negative real
p
numbers, such that < > (n%—san> < oo, then we have

o0

1 d Am 8
(3:5) ; n <Z1 mslnamn)

In particular,
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(a) for s = % we have

= Z (Z —> - [SHZEE)] _ i (SiI:ZE) N =) )1> (am)?;

1 malnamn

(b) for s =1, we have

1 (S a0, \ U N T S =1 i
(3.7) ZE(EW) < [sm(g)] Z(Sin(g)— (p—1) )E;

n=1 8(2lnm + 1)

=

(c) for s = 0, we have

00 l - a—m ’ T T m _ 3(p_1) mPa,,)P

. By Cauchy’s inequality, we

Proof. It is obvious that for anyn € Ny, w(r,m,a) <
obtain
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Hence, by[(Z.2) we find
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r 10-1) o
3p—1 P
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sinZ ] A= \sin(f)  g(2lnm+ 1)
The theorem is proved. O

Remark 3.3. Obviously, inequalities] (3]1) anfl (3.5) are separately strengthened versions of

inequalities[(1.8) and (1.4).
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