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ABSTRACT. By improving an inequality of the weight coefficient, we give a new strengthened
version of Hardy-Hilbert’s type inequality. As its applications, we build some strengthened
versions of the equivalent form and some particular results.
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1. I NTRODUCTION

If p > 1, 1
p

+ 1
q

= 1, an, bn ≥ 0 (n ∈ N0 = N ∪ {0}), such that0 <
∑∞

n=0 ap
n < ∞ and

0 <
∑∞

n=0 bq
n < ∞, then we have the famous Hardy-Hilbert inequality as follows [1]:

(1.1)
∞∑

n=0

∞∑
m=0

ambn

m + n + 1
<

π

sin
(

π
p

) ( ∞∑
n=0

ap
n

) 1
p
(

∞∑
n=0

bq
n

) 1
q

,

where the constant factorπ
sin(π

p
)

is the best possible.

Inequality (1.1) is important in analysis and its applications. In recent years, [2] – [5] consid-
ered the strengthened version, generalizations and improvements of inequality (1.1) and Pach-
patte [6] built some inequalities similar to inequality (1.1).

Under the same condition with (1.1), we still have Mulholand’s inequality (cf. [7]):

(1.2)
∞∑

n=2

∞∑
n=2

ambn

mn ln mn
<

π

sin
(

π
p

) { ∞∑
n=2

1

n
ap

n

} 1
p
{

∞∑
n=2

1

n
bq
n

} 1
q

,

where the constant factorπ
sin(π

p
)

is the best possible.
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For the double series:
∞∑

n=1

∞∑
m=1

ambn

msnt(ln m + ln n + ln α)
=

∞∑
n=1

∞∑
m=1

ambn

msnt ln αm
(s, t ∈ R, α ≥ e7/6),

in 2003, Yang [8] built an inequality of the weight coefficient as follows:
∞∑

m=1

1

m ln αmn

(
ln
√

αn

ln
√

αm

) 1
r

<
π

sin π(1− 1/r)
(r > 1, α ≥ e7/6),

then he gave

(1.3)
∞∑

n=1

∞∑
m=1

ambn

msnt(ln αmn)
<

π

sin
(

π
p

) ( ∞∑
n=1

(
n

1
q
−san

)p
) 1

q
(

∞∑
n=1

(
n

1
p
−tbn

)q
) 1

p

,

(1.4)
∞∑

n=1

1

n

(
∞∑

m=1

am

ms ln αmn

)p

<

 π

sin
(

π
p

)
p

∞∑
n=1

(
n

1
q
−san

)p

,

where the constant factorsπ

sin(π
p )

and

[
π

sin(π
p )

]p

are the best possible.

In this paper, by using the refined Euler-Maclaurin formula, we have some strengthened
versions of inequalities (1.3) and (1.4).

2. SOME L EMMAS

If f (4) ∈ C[1,∞),
∫∞

1
f(x)dx < ∞, and(−1)nf (n)(x) > 0, f (n)(∞) = 0 (n = 0, 1, 2, 3, 4),

then we have the following inequality (see [9]):

(2.1)
∞∑

m=1

f(m) <

∫ ∞

1

f(x)dx +
1

2
f(1)− 1

12
f ′(1).

Lemma 2.1. Settingr > 1, n ∈ N andα ≥ e7/6, define the functionω(r, n, α) as:

ω(r, n, α) =
∞∑

m=1

1

m ln αmn

(
ln
√

αn

ln
√

αm

) 1
r

.

The we have

(2.2) ω(r, n, α) <
π

sin π(1− 1/r)
− 3

8(r − 1)(2 ln n + 1)1−1/r
.

Proof. For fixedx ∈ [1,∞), settingf(x) = 1
x ln αnx

·
(

ln
√

αn
ln
√

αx

) 1
r
, we have

f(1) =
1

ln αn
·
(

ln
√

αn

ln
√

α

) 1
r

=
ln
√

αn

ln
√

α · ln αn
·
(

ln
√

α

ln
√

αn

)1− 1
r

,

f
′
(1) = −

(
1

ln αn
+

1

ln2 αn
+

1

r ln
√

α · ln αn

)
·
(

ln
√

αn

ln
√

α

)1− 1
r

= −
(

ln
√

αn

ln
√

αn · ln αn
+

ln
√

αn

r ln2√α · ln αn
+

ln
√

αn

ln
√

α · ln2 αn

)
·
(

ln
√

α

ln
√

αn

)1− 1
r

,
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∫ ∞

1

f(x)dx =

∫ ∞

1

1

x ln αnx
·
(

ln
√

αn

ln
√

αx

) 1
r

dx

=

∫ ∞

ln
√

α
ln
√

αn

1

1 + u
·
(

1

u

) 1
r

du

=
π

sin(π/r)
−
∫ ln

√
α

ln
√

αn

0

1

1 + u
·
(

1

u

) 1
r

du.

Since∫ ln
√

α
ln
√

αn

0

1

1 + u
·
(

1

u

) 1
r

du

=
r

r − 1

∫ ln
√

α
ln
√

αn

0

1

1 + u
· du1− 1

r

=
r ln

√
αn

(r − 1) ln αn
·
(

ln
√

α

ln
√

αn

)1− 1
r

+
r

r − 1

∫ ln
√

α
ln
√

αn

0

u1− 1
r · 1

(1 + u)2
du

=
r ln

√
αn

(r − 1) ln αn
·
(

ln
√

α

ln
√

αn

)1− 1
r

+
r2

(r − 1)(2r − 1)

∫ ln
√

α
ln
√

αn

0

1

(1 + u)2
du2− 1

r

>
r ln

√
αn

(r − 1) ln αn
·
(

ln
√

α

ln
√

αn

)1− 1
r

+
r2

(r − 1)(2r − 1)
·
(

ln
√

α

ln α
n

)2

·
(

ln
√

α

ln α
n

)2− 1
r

=

(
ln
√

α

ln
√

αn

)1− 1
r
[

r ln
√

αn

(r − 1) ln αn
+

r2

(r − 1)(2r − 1)
· ln

√
α · ln

√
αn

ln2 αn

]
,

in view of (2.1) and the above result, we have

ω(r, n, α) =
∞∑

m=1

f(m)

<

∫ ∞

1

f(x)dx +
1

2
f(1)− 1

12
f
′
(1)

<
π

sin
(

π
p

) − ( ln
√

α

ln
√

αn

)1− 1
r

·
[

r ln
√

αn

(r − 1) ln αn
+

r2

(r − 1)(2r − 1)
· ln

√
α · ln

√
αn

ln2 αn

]
+

ln
√

αn

2 ln
√

α · ln αn
·
(

ln
√

α

ln
√

αn

)1− 1
r

+
1

12

(
ln
√

αn

ln
√

α · ln αn

)
+

ln
√

αn

r ln2√α · ln αn
+

ln
√

αn

ln
√

α · ln2 αn
·
(

ln
√

α

ln
√

αn

)1− 1
r

=
π

sin
(

π
p

) − ( ln
√

α

ln
√

αn

)1− 1
r

·
{(

r

r − 1
− 7

6 ln α
− 1

3r ln2 α

)
· ln

√
αn

ln αn

+

[
r2 ln α

2(r − 1)(2r − 1)
− 1

6 ln α

]
· ln

√
αn

ln2 αn

}
.
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Forn ∈ N, r > 1, α ≥ e7/6, since(
r

1− r
− 7

6 ln α
− 1

3r ln2 α

)
· ln

√
αn

ln αn
≥
(

1 +
1

r − 1
− 7

6 · 7
6

− 1

3r · (7
6
)2

)
· 1

2

=
3

8(r − 1)
,

[
r2 ln α

2(r − 1)(2r − 1)
− 1

6 ln α

]
· ln

√
αn

ln2 αn

>

[
ln α

4

(
1 +

3

2(r − 1)

)
− 1

6 ln α

]
· ln

√
αn

ln2 αn

>

[
7

24

(
1 +

3

2(r − 1)

)
− 1

7

]
· ln

√
αn

ln2 αn
> 0,

and (
ln
√

α

ln
√

αn

)1− 1
r

>
1

(2 ln n + 1)1−1/r
,

we have

ω(r, n, α) <
π

sin π(1− 1/r)
− 3

8(r − 1)(2 ln n + 1)1−1/r
.

The lemma is proved. �

3. M AIN RESULTS AND APPLICATIONS

Theorem 3.1. If p > 1, 1
p

+ 1
q

= 1, α ≥ e7/6, s, t ∈ R, anbn are two sequences of non-negative

real numbers, such that0 <
∑∞

n=1

(
n

1
q
−san

)p

< ∞ and0 <
∑∞

n=1

(
n

1
p
−tbn

)q

< ∞, then we

have

(3.1)
∞∑

n=1

∞∑
m=1

ambn

msnt ln αmn
<

 ∞∑
n=1

 π

sin
(

π
p

)
− 3(p− 1)

8(2 ln n + 1)
1
p

(
n

1
q
−san

)p

 1
p

×

 ∞∑
n=1

 π

sin
(

π
p

) − 3(q − 1)

8(2 ln n + 1)
1
q

(n 1
p
−tbn

)q

 1
q

.

In particular,

(a) for s = 1
q
, t = 1

p
, we have

(3.2)
∞∑

n=1

∞∑
m=1

ambn

m
1
p n

1
q lnαmn

<

 ∞∑
n=1

 π

sin
(

π
p

) − 3(p− 1)

8(2 ln n + 1)
1
p

 ap
n

 1
p

×

 π

sin
(

π
p

) − 3(p− 1)

8(2 ln n + 1)
1
q

 bq
n

 1
q

;
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(b) for s = t = 1, we have

(3.3)
∞∑

n=1

∞∑
m=1

ambn

mnlnαmn
<

 ∞∑
n=1

 π

sin
(

π
p

) − 3(p− 1)

8(2 ln n + 1)
1
p

 ap
n

n

 1
p

×

 π

sin
(

π
p

) − 3(p− 1)

8(2 ln n + 1)
1
q

 bq
n

n

 1
q

(c) for s = t = 0, we have

(3.4)
∞∑

n=1

∞∑
m=1

ambn

ln αmn
<

 ∞∑
n=1

 π

sin
(

π
p

) − 3(p− 1)

8(2 ln n + 1)
1
p

np−1ap
n

 1
p

×

 π

sin
(

π
p

) − 3(p− 1)

8(2 ln n + 1)
1
q

nq−1bq
n

 1
q

.

Proof. By Hölder’s inequality, we have

∞∑
n=1

∞∑
m=1

ambn

msnt ln αmn
=

∞∑
n=1

∞∑
m=1

[
am

(ln αmn)
1
p

(
ln
√

αm

ln
√

αn

) 1
pq

(
m

1
q
−s

n
1
p

)]

×

[
bn

(ln αmn)
1
q

(
ln
√

αn

ln
√

αm

) 1
pq

(
n

1
p
−t

m
1
q

)]

≤
∞∑

m=1

∞∑
n=1

[
ap

m

ln αmn

(
ln
√

αm

ln
√

αn

) 1
q

(
mp( 1

q
−s)

n

)] 1
p

×
∞∑

n=1

∞∑
m=1

[
bq
n

ln αmn

(
ln
√

αn

ln
√

αm

) 1
p

(
nq( 1

p
−t)

m

)] 1
q

=

[
∞∑

m=1

ω(q, m, α)
(
m

1
q
−sam

)p
] 1

p
[
∞∑

n=1

ω(p, n, α)
(
n

1
p
−tbn

)q
] 1

q

.

In view of (2.2), we have (3.1). The theorem is proved. �

Theorem 3.2. If p > 1, 1
p

+ 1
q

= 1, α ≥ e7/6, s ∈ R, an is sequence of non-negative real

numbers, such that0 <
∑∞

n=1

(
n

1
q
−san

)p

< ∞, then we have

(3.5)
∞∑

n=1

1

n

(
∞∑

m=1

am

mslnαmn

)p

<

[
π

sin(π
p
)

]p−1 ∞∑
m=1

(
π

sin(π
p
)
− 3(p− 1)

8(2 ln m + 1)
1
p

)(
m

1
q
−sam

)p

.

In particular,
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(a) for s = 1
q
, we have

(3.6)
∞∑

n=1

1

n

(
∞∑

m=1

am

m
1
q ln αmn

)p

<

[
π

sin(π
p
)

]p−1 ∞∑
m=1

(
π

sin(π
p
)
− 3(p− 1)

8(2 ln m + 1)
1
p

)
(am)p;

(b) for s = 1, we have

(3.7)
∞∑

n=1

1

n

(
∞∑

m=1

am

m ln αmn

)p

<

[
π

sin(π
p
)

]p−1 ∞∑
m=1

(
π

sin(π
p
)
− 3(p− 1)

8(2 ln m + 1)
1
p

)
ap

m

m
;

(c) for s = 0, we have

(3.8)
∞∑

n=1

1

n

(
∞∑

m=1

am

ln αmn

)p

<

[
π

sin(π
p
)

]p−1 ∞∑
m=1

(
π

sin(π
p
)
− 3(p− 1)

8(2 ln m + 1)
1
p

)
(mp−1am)p.

Proof. It is obvious that for anym ∈ N0, ω(r, m, α) < π
sin π(1−1/r)

. By Cauchy’s inequality, we
obtain(

∞∑
m=1

am

ms ln αmn

)p

=

[
∞∑

m=1

1

(ln αmn)
1
p

(
ln
√

αm

ln
√

αn

) 1
pq (

m
1
q
−s
)

am ·
1

(ln αmn)
1
q

(
ln
√

αn

ln
√

αm

) 1
pq
(

1

m
1
q

)]p

≤
∞∑

m=1

1

(ln αmn)

(
ln
√

αm

ln
√

αn

) 1
q

mp( 1
q
−s)ap

m ·
∞∑

m=1

[
1

(ln αmn)

(
ln
√

αn

ln
√

αm

) 1
p 1

m

](p−1)

=
∞∑

m=1

1

(ln αmn)

(
ln
√

αm

ln
√

αn

) 1
q

mp( 1
q
−s)ap

m · [ω(p, n, α)](p−1)

<

[
π

sin π
p

](p−1) ∞∑
m=1

1

(ln αmn)

(
ln
√

αm

ln
√

αn

) 1
q

mp( 1
q
−s)ap

m.

Hence, by (2.2) we find

∞∑
n=1

1

n

(
∞∑

m=1

am

ms ln αmn

)p

<

[
π

sin π
p

](p−1) ∞∑
n=1

1

n

∞∑
m=1

1

(ln αmn)

(
ln
√

αm

ln
√

αn

) 1
q

mp( 1
q
−s)ap

m

=

[
π

sin π
p

](p−1) ∞∑
m=1

∞∑
n=1

1

n ln αmn

(
ln
√

αm

ln
√

αn

) 1
q

mp( 1
q
−s)ap

m

=

[
π

sin π
p

](p−1) ∞∑
m=1

ω(q, m, α)
(
m

1
q
−sam

)p

<

[
π

sin π
p

](p−1) ∞∑
m=1

(
π

sin(π
p
)
− 3(p− 1)

8(2 ln m + 1)
1
p

)(
m

1
q
−sam

)p

.

The theorem is proved. �

Remark 3.3. Obviously, inequalities (3.1) and (3.5) are separately strengthened versions of
inequalities (1.3) and (1.4).
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