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Abstract

General companion inequalities related to Jensen’s inequality for the classes of
m-convex and («,m)-convex functions are presented. We show how Jensen's
inequality for these two classes, as well as Slater’s inequality, can be obtained
from these general companion inequalities as special cases. We also present
several variants of the converse Jensen’s inequality, weighted Hermit-Hadamard’s

mquahnes and inequalities of Giaccardi and PetroviC for these two classes of Companion Inequalities to
functions. Jensen’s Inequality for m
-convex and (a, m)-convex
Functions
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Slater’s inequality, Hermite-Hadamard’s inequalities, Giaccardi's in- M. Ribici¢
equality, Fejér’s inequalities.
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Let [0,5], b > 0, be an interval of the real [inR, and letX (b) be the class of
all functionsf : [0, ] — R which are continuous and nonnegative[0rb| and
such thatf (0) = 0. We define the mean functiah of the functionf € K (b)

as .
L5 f@dt, xe (0,0
F(z)= :
0, z=0
We say that the functioyfi is convexon [0, b] if

flrz+Q—=t)y) <tf(x)+(1—1)f(y)

holds for allz,y € [0,b] andt € [0,1]. Let K (b) denote the class of all
functionsf € K (b) convex on0, b, and letKr (b) be the class of all functions
f € K (b) convex in meamn [0,0], i.e., the class of all functiong € K (b)
for which F' € K¢ (b) . Let Kg (b) denote the class of all functionse K (b)
which arestarshapedvith respect to the origin of0, ], i.e., the class of all
functionsf with the property that

f(tz) <tf (z)

holds for allz € [0,b] andt € [0, 1]. In the paper ], Bruckner and Ostrow,
among others, proved that

K¢ (b) C Kr (b) C Kg (b)

In the paper [(] G. Toader defined the:-convexity another intermediate
between the usual convexity and starshaped convexity.

Companion Inequalities to

Jensen’s Inequality for m

-convex and (o, m)-convex
Functions

M. Klari¢i¢ Bakula, J. Pecari¢ and

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 3 of 32

J. Ineq. Pure and Appl. Math. 7(5) Art. 194, 2006

httn-//itinarm it adir ann


http://jipam.vu.edu.au/
mailto:
mailto:milica@pmfst.hr
mailto:
mailto:pecaric@hazu.hr
mailto:
mailto:mihaela@mathos.hr
http://jipam.vu.edu.au/

Definition 1.1. The functionf : [0,0] — R, b > 0, is said to bem-convex,
wherem € [0, 1], if we have

flz+m1—1t)y) <tf(zx)+m(1—1t)f(y)

forall z,y € [0,b] andt € [0, 1] . We say thaf is m-concave if- f is m-convex.
Denote by, (b) the class of alln-convex functions o, b] for which f (0) <
0.

Obviously, form = 1 Definition 1.1 recaptures the concept of standard con-
vex functions or{0, b] , and form = 0 the concept of starshaped functions.
The following lemmas hold (seé€ i]).

Lemma A. If fisin the classk,, (b), then it is starshaped.

Lemma B. If fis in the classk,, (b) and0 < n < m < 1, thenf is in the
classk, (b).

From LemmaA and LemmaB it follows that
Ky (b) C K, (b) C Ko (b),

wheneverm € (0,1). Note that in the clas¥; (b) we have only the convex
functionsf : [0, b] — R for which f (0) < 0, i.e., K; (b) is a proper subclass of
the class of convex functions o b] .

It is interesting to point out that for any. € (0, 1) there are continuous
and differentiable functions which are-convex, but which are not convex in
the standard sense. Furthermore, in the papdr fhe following theorem was
proved.
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Theorem A. For eachm € (0, 1) there is anm-convex polynomiaf such that
f is notn-convex for anyn < n < 1.

For instancef : [0,00) — R defined as

1
f(x)= D (z* — 52° + 92* — ba)

is 12-convex, but it is notn-convex for anym € (12, 1] (see [1]).
It is well known (see for example3[ p. 5]) that the functiory : (a,b) — R
is convex iff there is at least one line support foat each point:y € (a,b),
ie.,
f (o) < f (@) + A(wo — ),

forall z € (a,b) , where\ € R depends om, and is given by\ = [’ (z,) when
f' (z0) exists, and\ € [f’ (o), f, (z0)] whenf” (zq) # [} (o).
The following Lemma §] gives an analogous result for-convex functions.

Lemma C. If f is differentiable, therf is m-convex iff
fla) <mf(y)+ [ (z) (z — my)
forall x,y € [0,0].

The notion ofm-convexity can be further generalized via introduction of
another parameter € [0, 1] in the definition ofm-convexity. The class of
(cor, m)-convex functions was first introduced i) fand it is defined as follows.
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Definition 1.2. The functionf : [0,b] — R, b > 0, is said to bga, m)-convex,
where(a, m) € [0,1]?, if we have

fr+m1—t)y) <t*f(z) +m(1—1t%) f(y)

forall =,y € [0,b] andt € [0, 1].
Denote byK 2 (b) the class of all(«, m)-convex functions of), b] for which
f(0)<o.

It can be easily seen that féw, m) € {(0,0), («,0),(1,0),(1,m),(1,1), el L s
. . . . . Jensen’s Inequality for m
(ar, 1)} one obtains the following classes of functions: increasingtarshaped, _convex and (a, m)-convex
starshapedy-convex, convex and-convex functions. Note that in the class FUE
K (b) are only convex functiong : [0, b] — R for which f (0) < 0, i.e., K] (b) M. Klaritic Bakula, J. Petarié and
is a proper subclass of the class of all convex function®dn . The interested b RIE
reader can find more about partial ordering of convexityzirpf 8, 280].
LemmacC for m-convex functions has its analogue for the clas$«fn)- Title Page
convex functions, as it is stated below (sép.[
Contents
Lemma D. If f is differentiable, therf is («, m)-convex or|0, ] iff we have <« >
f(z) (@ —my) > a(f(z) —mf(y), < >
forall z,y € [0,b] . oot
. . Close
The paper is organized as follows. _
In Section2 we first prove a general companion inequality related to Jensen’s Quit
inequality form-convex functions in its integral and discrete form. We show Page 6 of 32
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can be obtained from this general inequality as two special cases. In this section
we also present two converse Jensen’s inequalitiesifoonvex functions.

In Section3 we use results from Sectidhto prove several more inequal-
ities for m-convex functions: weighted Hermite-Hadamard’s inequalities and
inequalities of Giaccardi and Petreévi

In Section4 we give a selection of the results presented in Secticarsd 3,
but for the class of«, m)-convex functions.
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Theorem 2.1. Let (92, A, 1) be a measure space with< p (€2) < co and let
f :[0,0] — R, b > 0, be a differentiablen—convex function o0, b] with

€ (0,1). If u : © — [0,b] is a measurable function such thgto « is in
L' () , then for any¢, n € [0, b] we have

ey T84 5 (ﬁ | - %)

1 / 1
<—— [ (fou)du <mf +—/ w—mn) (f ou)dpu.
@ L Fewdnsmf o)+ s | (= mn) (f ou)du
Proof. First observe that since is measurable and bounded we havec
L (1) and sincef is differentiable we also know thgibu € L' (1) (moreover,
itisin L> (u)). On the other hand, by the assumption we hfiveu € L' (1) ,
so it also follows that. - (f' o u) € L' (u).

From LemmaC we know that the inequalities

(2.2) f @)+ f (@) (my —x) <mf(y),

(2.3) fly) <mf (@) + f (y) (y — ma),
hold for allz,y € [0,0] . If in (2.2) we letz = £ andy = u (1), t € 2, we get

FEO+FE(mu®)—& <m(fou)(t), te.
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Integrating ovef) we obtain

W F(E)+ 1 ©) (m/gudu—ﬁu(ﬁ)> < [ (ou)dn

from which the left hand side dP.1) immediately follows.

In order to obtain the right hand side @f.1) we proceed in a similar way:
ifin (2.3) we letz =nandy = u (t),t € (2, we get

(fou)(t) <mf(n)+ (fou)(t)(u(t)—mn), te,
so after integration ovelR we obtain

/Q<fou>dusmu<sz>f<n>+/<u—mn><f'ou>du,

Q

from which the right hand side @¢P.1) easily follows. O

If m = 1, Theoren2.1gives an analogous result for convex functions which
was proved inf].

The following theorem is a variant of Theoréiri for the class of starshaped
functions.

Theorem 2.2. Let (2, A, 1) be a measure space with< p (£2) < oo and let
f:[0,0] — R, b> 0, be a differentiable starshaped functionulf Q — [0, b]
is a measurable function such thito v isin L' (1) , then we have

1 1 ,
i [ endns o [uiroudn
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Proof. As a special case of Lemniafor m = 0 we obtain

fle) <af'(z).
After putting
r=u(t), teqQ,
we follow the same idea as in the proof of the previous theorem. O

Our next corollary is the discrete version of Theor2rh

Corollary 2.3. Letf : [0,b] — R, b > 0, be a differentiablen—convex function
on [0,b] withm € (0,1]. Letp, ..., p, be nonnegative real numbers such that

P, =" p # 0andletz; € [0,b] be given real numbers. Then for agy
n € [0,b] we have

O e (,% > i %)
ZpZ z;) <mf(n —i——Z]DZ T I (@)

Proof. This is a direct consequence of Theor2rit we simply choose

Q={1,2,...,n},
pw({i}) =pi, i=1,2,...,n,

u(i)=x; i=1,2,...n.
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Now we give an estimation of the difference between the first two inequal-
ities in (2.1) . The obtained inequality incorporates the integral version of the

Dragomir-Goh resultd] for convex functions defined on an open intervaRn

Corollary 2.4. Let all the assumptions of Theoréhi be satisfied. We have

Oéﬁ/{z(fomdu—%f (%/ﬂudu)

<2 o) o )

Proof. If we let¢ andn in (2.1) be defined as

€=n=—/gudu€[0,b],

we obtain

W
o (g o) (o ) 7o

]

Our next result is the integral Jensen’s inequality/feconvex functions.
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Corollary 2.5. Let (€2, .4, 1) be a measure space with< () < oo and
let f : [0,

[0,b] — R, b > 0, be a differentiablen—convex function of0, b] with
€ (0,1]. If u: Q2 — [0,b] is a measurable function, then we have

%f <%/ﬁudﬂ> Sﬁ/ﬁ(fowdu-

The following theorem gives Slater’s inequality farconvex functions

Theorem 2.6. Let all the assumptions of Theoréihi be satisfied. If

o fgu(f,ou)dﬂ
(2.4) | owanzo ey <00

then we have

1

m/g(fou)duﬁmf (iﬂﬁ(f’ou)dﬂ).

o (Frouw)dp

Proof. If the conditions(2.4) are satisfied, then in Theoretil we may choose
Jou(f ou)dpu

m [o, (f ou)du

so from the right hand side of the inequaliiy/1) we obtain

1

m/g(fowduémf<f” [ ou)d )

Jo (frouw)d
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since in this case

[ rowa = [ (u- BEEIEY (r0w a o

]

If m = 1 Theorem2.6recaptures Slater’s result frorej{ if f is convex and
increasing and iff, (f' o u) du # 0 we have

fQ f, ou dﬂ 1 d b Companion Inequalities to
f f, o u d - v (Q) uay € [07 ]a Jensen’s Inequality for m
Q H Q -convex and (o, m)-convex
. . . ’ Functions
where the positive measurds defined aglv = (f’ o u) du.
In the next two theorems we give converses of the integral Jensen’s inequality M- Klaricic B“’;‘k;';i giépeca“c e
for m-convex functions.

Theorem 2.7. Let (2, A, 1) be a measure space with< () < oo and
let f : [0,00) — R be anm—convex function o0, co) with m € (0,1]. If
u:Q—[a,b],0 <a<b< oo, isameasurable function such thAb u is in Contents
L' (1) , then we have

Title Page

44 44
1 < 4
@5) [ o
K \ e B ) . B Go Back
— u—a —T ,/a u—a
< mi — —
_mln{b—af(a)+mb—af<m)’mb—af<m)+b—af(b)}’ Close
where 1 e
U — udy. Page 13 of 32
L Q)/Q
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Proof. We may write

ou =7 (e mt P02,

p— te.
Sincef is m-convex on[0, oo) we have
Fou < S @m0 (1), reo

and after integration ove? we get

(2.6) lkfowdﬂﬁuﬁn{b_ﬂ

@ ()]

[ o< |mp=rr () + 5=2r0).

In the similar way we obtain

m

so(2.5) immediately follows.

O
Theorem 2.8. Let all the assumptions of Theoreéh be satisfied and suppose

also that the functiom is symmetric abouft;—b. Then we have

1

1 o o Ji@ mf () mf () + 7 (O0)
i [ (Feudn< { , }.

2 2
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Proof. Sinceu is symmetric abouf‘;—b we have

B _u(t)—a b—u(t) b
u(t)=a+b—u(t) = — a+m p—
from which we get

e [Gendsu@ e @ m s (2],

If we add(2.6) to (2.7) and then divide the sum 3 (©2) we obtain

b—a

m

m/g(fou)dugé{b_Zf(a)erﬂ_af(b)
et (L)

Analogously we obtain

1 o mf () + f(b)
i [ (Feudn < |

U
Corollary 2.9. Let f : [0,00) — R be anm—convex function orj0, co)

with m € (0,1]. Let py, ..., p, be nonnegative real numbers such thigt =
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Yor pi #0andletz; € [a,b],0 < a < b < oo, be given real numbers. Than
we have

%n > wf ()

§min{z:—§f(a)—|—m‘z:af (£)7mb—ff<a

a m b—a

m
where

S
T Pﬂ;pzx

Proof. The proof is analogous to the proof of Corollara.

)+
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In this section we first show that the Fejér inequalitidgife., weighted Hermite-

Hadamard’s inequalities) fan.-convex functions presented inj, Th7, Th8]
can be obtained as special cases of Thedidmand Theoren2.7.

Corollary 3.1. Let f : [0,b] — R be anm—convex function on0, b with
m € (0,1] and letg : [a,b] — [0, cc) be integrable and symmetric abot?,
where( < a < b < oo. If f is differentiable andf’ is in L' ([a, b]), then

[f(mb) b @ g (mb)} /abg(x) dx

m 2
g/ f(:v)g(x)dxg/ [(x —ma) f' (z) + mf (a)] g (z)dz.

Proof. This is a simple consequence of Theorgr We just choose: to be
the Lebesgue measure definedlas= g (z) dz, Q = [a,b], u (z) = = for all
x € |a,b] , £ = mbandn = a. Note that in this case we have

1 7f:xg(x)dxia+b
@ S [otwd 2
O

Corollary 3.2. Let f : [0,00) — R be anm—convex function o0, o) with
m € (0,1] and letg : [a,b] — [0, 00) be integrable and symmetric abot?,
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where0 < a < b < oo. If fisin L' ([a,b]), then

b
(3.1) /f(:v)g x) dx
< min {f(a)+mf (@) mf () +f(b)} /bg(x) .

2 ’ 2
If f is also differentiable, then

(3.2) %f( “”’)/ dx</f

Proof. If we chooseyu to be the Lebesgue measure definedas= g (x) dz,
Q = [a,b], u(z) = x forall z € [a,b], then(3.1) is obtain directly from
Theoren?.7. Similarly, the inequality3.2) is obtained from Corollarg.5. [

In two following theorems we prove inequalities of Giaccardi and Petrovi
for m-convex functions.

Theorem 3.3.Let f : [0,00) — R be anm—convex function orf0,
S (O, 1] . Leth’o, Z; andpi (Z =1,..,

(3.3) (i — 20) (T — i) 2 0
wherez = ", prxy, then

oo) with
n) be nonnegative real numbers. If

(i=1,2,...,n), T # xo,

(3.4) ipkf () < min {mAf (%) + (P, — 1) Bf (z0),

k=1

Af @ +m (P~ 1)Bf (=)}
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where

Proof. From the conditior{3.3) we may deduce that

or

obtain

1 n
— pf(x)gmin{
Pﬂ; kf (

A — ZZZlfk ("L‘k - :EO)

r — X9

$0§$i§i

igxinOJ

f(a:o)—i—mj_xof(

(Pn_l)

xz

r — X9

T—T

r — T9

f(xo>+mf_x0f(z>,

f (Io

9l

T
m

X
., B=-—"—.
r — X9

(1=1,..,n).

T — X9

T—T T T —
m— f<—0>+
T—29  \m

)+ mzzzlfk (21 — o)
r — Tg

(2

m

Suppose that the first conclusion holds true. We may apply Corali&yo
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r — 29

Pl G+

T—x0" \m T — 20 ’
the inequality(3.4) is proved.
The other case is similar.

(B 1) =y (1) 4 Db P20

]
Corollary 3.4. Let f : [0,00) — R be anm—convex function o0, o) with

m € (0,1]. Letz; andp; (i = 1,...,n) be nonnegative real numbers. If

0£F =) payp =2 (i=1..n),
k=1

then

> pif (x1)

<uin (s (Z) + (=07 0) S @+mP -1 7O}

Proof. This is a special case of TheoréhBfor x, = 0.
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In this section we first give a general companion inequality to Jensen’s inequal-

ity for (o, m) —convex functions.

Theorem 4.1. Let (2, A, 1) be a measure space with< p (€2) < co and let
f:10,b] — R, b > 0, be a differentiablé«, m) —convex function ofp, b] with
(a,m) € (0,1)*. If u : Q — [0,b] is a measurable function such thato u is

in L' (1) , then for any¢, n € [0, b] we have

@) ﬂ@+ff>QéDme_%)
1 1

m

< —ov [ (fouw)ydu <mf(n)+ /u—mn frow)dp.
T ARE W G Jp e

Proof. From LemmaD we know that the inequalities

(4.2) af(z) + [ (z) (my —x) < amf (y),

(4.3) af(y) < amf (z)+ f' (y) (y —mz),
hold for allz,y € [0,0] . If in (4.2) we letz = £ andy = u (1), t € 2, we get
af (&) + f1(&) (mu(t) =& <am(fou)(t), tel

Integrating ovef? we obtain

w(@af(©+ (6 (m [ - (@) < am [ (roudn
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from which the left hand side dfl.1) immediately follows.

In order to obtain the right hand side @f.1) we proceed in a similar way:
ifin (4.3) we letz =npandy = u (), t € 2, we get

a(fou)(t) <amf(n)+ (f ou)(t) (u(t) —mn),

So after integration oveR we obtain

teQ,

o [ (Fowdn < amp(@ 1 @)+ [ (w ) (7o) du,
Q Q

from which the right hand side dfl.1) easily follows. O

The following theorem is a variant of Theorelr for the class ofi-starshaped
functions (i.e.(a, 0)-convex functions).

Theorem 4.2.Let (92, A, 1) be a measure space with< 1 (€2) < oo and let
f:[0,0] — R, b > 0, be a differentiablen-starshaped function. i : Q@ —
[0, b] is @ measurable function such thAto v isin L (i) , then we have

1 1 o
m/Q(fou)dug$(Q)/Qu(f )dp.

Proof. Similarly to the proof of Theorerd.2. ]

Our next corollary gives the integral version of the Dragomir-Goh re&jlt |
for the class of «, m)-functions.

Companion Inequalities to

Jensen’s Inequality for m

-convex and (o, m)-convex
Functions

M. Klari¢i¢ Bakula, J. Pecari¢ and

Title Page
Contents
44 44
< >
Go Back
Close
Quit
Page 22 of 32

J. Ineq. Pure and Appl. Math. 7(5) Art. 194, 2006

httn-//itinarm it adir ann


http://jipam.vu.edu.au/
mailto:
mailto:milica@pmfst.hr
mailto:
mailto:pecaric@hazu.hr
mailto:
mailto:mihaela@mathos.hr
http://jipam.vu.edu.au/

Corollary 4.3. Let all the assumptions of Theorehi be satisfied. We have

05— [rendi— Lp (e [uan)
o) o )

Proof. If we let¢ andn in (4.1) be defined as

—p=—_ Companion Ineaualiies §
e=n=lay [ vine 0.0, e e
-convex and (o, m)-convex
we obtain Functions
1 m 1 M. Klarigi¢ Bakula, J. Petari¢ and
—f <—/udu> < —/ (fou)du M. Ribicic
m” \p () Jo 1 (Q) Jo
<mf m / d ) Title Page
Smf | —a7 | uwdp i
1 () Ja Content
1 / ( m2 / ) ontents
+ u— udp | (f ou)du.
ap(€) Jo 1 () Ja 4 >
[ < >
It may be interesting to note here that the variants of Jensen’s inequality and Go Back
Slater’s inequality for the class ¢f, m)-convex functions are the same as the Close
variants for the class ofi-convex functionga # 0) , i.e., they do not depend _
onca. Quit

In the next theorem we give a converse of the integral Jensen’s inequality for Page 23 of 32
(cr, m)-convex functions.
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Theorem 4.4. Let (2, A, 1) be a measure space with< p (€2) < co and let
f :]0,00) — R be an(a, m)-convex function off), o) , with « € (0,1) and
mée (0,1]. Ifu:Q —[a,b],0 <a<b< oo, isameasurable function such
that f o wisin L' (1), then we have

1
- ou)d
Q) /Q (fou)du
. b 1 b b—u(t)\®
<win {0 (5) g |10 = () (5250 o ST
() g 0w (][ (5w} SRS
. M. Klaricic Bakula, J. Pecaric and
If additionally we havef (a) — mf (L) > 0, then M. Ribicic
1 b b b—u\“ Title Page
_— ou)d — _
b b u—
(B from (i)
| 4
or symmetrically, if we havé (b) — mf (%) > 0, then - )
0 Bac
1 o g u—a @ cl
wtw e wan<ns (5)+ [ro-ms ()] (5=5) e
P
<mf <%>+[f(b)—mf (%)] [1—%_5}- Page 24 of 32
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Proof. We can write

to =7 (M ek 1= 271012 req

b—a | m
Sincef is («, m)-convex we have

ton = (50) @ em|- (SE0) ] s (2 )

b—a

.y <%> ‘ [f(a)—mf (fm (b_u 5 )

b—a
So after integration ovel? we obtain

1
@) o [ owdn

<ot () e 110 = ()] (50 ) o
Analogously, from

(fou)(t)zf(uét)_;ab—l—m{1—u§)t)_a} %) teQ,

we obtain

1
(4.5) m/g(fou) dp
1

<t (2)+ i 0t (2)] [ (S5
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Suppose now thaf (a) — mf (L) > 0. We know that the functiorp :
[0,00) — R defined asp (x) = x*, wherea € (0, 1] is fixed, is concave on

[0,00), so from the integral Jensen’s inequality we have

u(lmfg(bz)——uc(f))ad“é <M<19>/gzb_u(t>d“)a: (b_ﬂ)a'

Using that, from(4.4) we obtain e b—a
s s (2) <o (2)] (22)°

On the other hand, from the generalized Bernoulli’'s inequality we have

b—u\" b—1u
<1-— — —
(b_a) <1 a(l b ) |

—a

u—a

—

—a
so from(4.4) we may deduce

ot () + o= ()] G=2)

m b—a

cos () fo-m ()] 5]

b—a

Analogously, iff (b) — mf () > 0, from (4.5) we obtain
— [rendesms (L) + [r0)-ms ()] (F22)
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and

ORURHOIE))

This completes the proof.

Remark 1. It can be easily seen that the assertion of Theofefmemains valid
for a = 1, since in this case we directly have

1 b—ul(t) b—u
d =

,u(Q)/Q b—a P b—a

1 u(t)—a, U—a

M(Q)/Q b—a T

This means that in this case the conditioh&) — mf (£) > 0 and f (b) —
mf (£) > 0 can be omitted, which implies that far= 1 Theorem4.4 gives
the previously obtained result fer-convex functions given in Theorehy.

At the end of this section we give two variants of the weighted Hadamard

inequality for («, m)-convex functions and also a variant of Hadamard’s in-
equality.

Corollary 4.5. Let f : [0,b] — R be an(«, m)-convex function o0, b] with
(a,m) € (0,1]* and letg : [a,b] — [0, 00) be integrable and symmetric about
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«tb 'where0 < a < b < occ. If f is differentiable and’ is in L' ([a, ]), then

I KL

< [1wawars [ [F0 w0 emi @)

Proof. The proof is similar to that of Corollary. 1 O

Corollary 4.6. Let f : [0,00) — R be an(«, m)-convex function off0, co) ,
with « € (0,1) andm € (0, 1], and letg : [a,b] — [0,00) be integrable and
symmetric about2, where0 < a < b < co. If fisin L' ([a,8]), then

b

f(x) g (x)de

<uin{ms (2 [o@ar+ [r@-ms (2] [
mf (=) /abg<x>da:+ [ ®)—m
If additionally we havef (a) — mf (L)

[rmerss o () (0o (2))] 300

or symmetrically, if we havé (b) — mf (£) > 0, then

[ r@aws < [mr () + 5 (0 -ms (2))] [ 9w

g (z)dx.

Kh
o~
| =
N——
m\@
Vi N
S 8
[] ]
IS
~
Q
Q
&
Q.
=
H_/
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If f is differentiable, then we also have

@o o (nF0) [ewars [ rwowa

Proof. If we choosey to be the Lebesgue measure definedas= ¢ (z) dz,
Q = [a,b], u(x) = x forall z € [a,b], then(3.1) is obtained directly from
Theorem4.4. Note that in this case we have

u—a\® _ (b-w\" 1
b—a) \b—a) 29

The inequality(4.6) is a simple consequence of Corollahs. O

Corollary 4.7. Let f : [0,00) — R be an(«, m)-convex function off0, co) ,
with o € (0,1) andm € (0,1], and let0 < a < b < oo. If fisin L' ([a,b]),
then

o [ @ <minbng (D)4 2 [r@-mr (1)),
mf () + g [P0 -me ()]}

If f is differentiable, then we also have

%f <ma—2|—b) < bia/abf(a:)d:c.
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Proof. Directly from Corollary4.6. We simply choose the functianto be the
constant functiori, and in that case we have

[ s [ () i 2

b—a a+1

O
Variants of other inequalities, which were proved for the class-afonvex

functions in Sectiong and3, can be also stated for this class of mappings, but
we omit the detalils.
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