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ABSTRACT. In this paper, we establish some results concerning the Hadamard product of cer-
tain meromorphicgp-valent starlike and meromorphjgvalent convex functions analogous to
those obtained by Vinod Kumar (J. Math. Anal. Appl. 113(1986), 230-234) and M. L. Mogra
(Tamkang J. Math. 25(1994), no. 2, 157-162).
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1. INTRODUCTION

Throughout this paper, lete N = {1,2,... } and let the functions of the form:

00
QO(Z) = Cpr - Z Cp+nzp+n (Cp > 0, Cp+n 2 O),
n=1

U(2) = dpz? =Y dpen?”™  (dy > 05dpyn > 0)
n=1

be regular angg—valent in the unit dis¢/ = {z : |z| < 1}. Also, let

U [oe)
(1.1) f2) = 22+ a1 (@1 > 05y 20),
n=1

oo
Ap—1 _
fitz) == P i Zaﬁn—lvizp—m ' (ap-1; > 05 apin—1,; = 0),

z n=1
b B o0
9(2) = Z_pl T pr+n—1zp+n_1 (bp—1 > 03bpsn—1 > 0)
n=1
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and

R ni
9(2) = % + Z bpin-15277"7" (bp-1 > 05 bpin—1,; > 0).
n=1

be regular ang—valent in the punctured dist = {z : 0 < |z| < 1}.
Let S;(p, o, ) denote the class of functiong z) which satisfy the condition

20 (2)
) P

z¢' (2) .
o) TP 20

<p

for somea, (0 < o < p,0 < B < 1,p € N)andforallz € U; and letCy(p, o, 5) be the

class of functionsp(z) for which ZfoZ) € S§(p,a, ). Itis well known that the functions in
Sg(p, a, B) andC§ (p, «, 3) are, respectivelyp—valent starlike angg—valent convex functions
of ordera and types with negative coefficients ity (see Aouf|[1]).

Denote byX.Si(p, o, ), the class of functiong(z) which satisfy the condition

=f (2)
5 TP
(1.2) e <g
% +200—p

for someo, (0 < a < p,0 < 8 < 1,p € N)and for allz € D, andXC{(p, «, 3) be

the class of functiong'(z) for which %(z) € XS5(p,a, B). The functions in2S§(p, a, )
and XC{(p, a, 5) are, respectively, called meromorphie-valent starlike and meromorphic
p—valent convex functions of order and type/ with positive coefficients inD. The class
x5 (p, o, B) with a,_; = 1 has been studied by Aoufl[2] and Mogra [9].

Using similar arguments as given in([2] and [9]), we can prove the following result for
functions inX.S5 (p, «, 3).

A function f(z) € £5;(p, «, ) if and only if

(1.3) D> A{lln+2p— 1)+ B(n+20 = 1)) any 1} <28(p — @)a 1 -

n=1

The result is sharp for the functiof{z) given by

1 26(p — a)a, 1 n—
f(z) = w7t (n+2p—1)+B(n+ 2« — 1)Zp+ - neN).

Proof Outline. Let f(z) € XS (p, o, 3) be given by[(1.]1). Then, from (1.2) arfd (1.1), we have
S (04 2p = Dy 220!

n=1

‘2(17 - a)ap—l - 2211(” + 20 — 1)ap+n—122p+n_1

(1.4)

<pB (z€l).

Since|Re(z)| < |z] (z € C), choosingz to be real and letting — 1~ through real values,

(T3) yields

Z(n +2p — Dapin1 <26(p — a)ap—1 — Zﬁ(n +2a — 1)apin-1,
n=1 n=1

which leads us tqd (1} 3).
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In order to prove the converse, we assume that the inequality (1.3) holds true. Then, if we let
z € 0U, we find from [1.1) and (1]3) that

2f () 00

) TP < > one1(n+2p — Dapin

ZJJ:(S) 12 —p|  (P—a)ap1— Do (N4 2a = 1)apin
<fB (2€dU={z:2€C and |z] =1}).

Hence, by the maximum modulus theorem, we haig € XS;(p, ., 3). This completes the
proof of (1.3). O

Also we can prove thaf(z) € XC{(p, o, 8) if and only if

(1.5) 2 { (%) (n+2p— 1) + B(n +2a — 1)) awl} < 28(p— )y 1.

The result is sharp for the functiof{z) given by

f(z) = 1y 28(p — ) ap— 21 (pneN) .
77 (B2 [0+ 2p— 1) + B+ 20— 1)

The quasi-Hadamard product of two or more functions has recently been defined and used by
Owa ([11], [12] and[[1B]), Kumar [([6],[17] and [8]), Aouf et all_[[3], Hossen [5], Darwish [4]

and Sekine [14]. Accordingly, the quasi-Hadamard product of two functidnsand ¥ (z) is

defined by

0 x U(2) = c,dy2P — Z Cpindpin2®™™ .

n=1

Let us define the Hadamard product of two functigiis) andg(z) by

ap—1bp—1 - ne
f * g(Z) = % + Z a/p—i—n—lbp—&-n—lzpJr ! .
n=1
Similarly, we can define the Hadamard product of more than two meromagpphvialent func-
tions.
We now introduce the following class of meromorphievalent functions inD.
A function f(z) € X;(p, o, 8) if and only if

0o +n— 1 k
e > { (Z’T) [(n+2p — 1) + B(n +2a — 1) +} < 26(p — a)ay_1.
n=1
wherel < a < p, 0 < 8 <1, p € N, andk is any fixed nonnegative real number.
Evidently, >3 (p, o, ) = XS5 (p, a, 8) andXi(p, a, B) = EC5(p, o, B). Further3;(p, o, 8) C
Yi(p, o, B) if k> h > 0, the containment being proper. Moreover, for any positive intéger
we have the following inclusion relation

EZ(p,Oz,ﬁ) - El:—l(])?aaﬁ) c---C E;(]?a Oé,ﬁ) C ZCS(P:aaﬁ) - ESS(p,Oé,ﬂ) .

We also note that for every nonnegative real nunibéhe class; (p, o, ) is nonempty as the
functions

gy = ptn—1\" 20(p — a) pin-
J(2) = Zp +;< P ) {(n+2p—1)—1—5(71—1—204—1)}%1)\“"IZJr E

whereaq, 1 >0,0<a<p, 0<B<1,peN, a1 >0, A1 >0andd > A1 <1,
satisfy the inequality] (I]1).
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In this paper we establish certain results concerning the Hadamard product of meromorphic

p—valent starlike and meromorphie-valent convex functions of orderand type3 analogous
to Kumar [7] and Mogra [10].

2. THE MAIN THEOREMS

Theorem 2.1.Let the functiong;(z) belong to the clas&C{ (p, a, 3) foreveryi = 1,2,....m
Then the Hadamard produgt * f5 * - - - * f,,(2) belongs to the class},, ,(p, «, 3).

Proof. It is sufficient to show that
+n—1 =
Z{(p n ) (m+2p—1)4+B(n+2a — 1)]Hap+”_17i}
=1
<2B(p — ) [H apl,i] .

i=1

Sincef;(z) € XC;(p, a, 3), we have

@1y Y { (%) [(n+2p— 1) + B(n + 20— 1)) ap+n_1,i} < 26(p — a)ap1,
n=1
fori =1,2,...,m. Therefore,

(p++_l) [(n+2p—1) + B(n + 20 = D] appn-1i < 26(p = @)ap-1,

or
26(p — @)
(22) [+ 2p = 1) + Bln + 20 — 1)

Apyn—1; < Qp—1 s

for every: = 1,2,...,m. The right-hand expression of the last inequality is not greater than

-2
<p++f1> a,_1,- Hence

-2
p+n—1
(2.2) Opyn—1; < (T) Ap—1,is

foreveryi =1,2,...,m.
Using (2.2) fori = 1,2,...,m — 1, and [2.1) fori = m, we obtain

3 { (w) U 2 )1 20 - D] am_u}

n=1 p i=1

Z;{(“"‘l) [(n+2p — 1) + B(n + 2a — 1)]

—2(m—1) m—1
p+n—1
=1
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- p
< 206(p — «) [H ap_u] :

=1
Hencef, x fo* -~ x f(2) € X5,,_1(p, @, B). O

Theorem 2.2.Let the functiond;(z) belong to the clasES;(p, o, 3) foreveryi = 1,2, ... m.
Then the Hadamard produgi = f; * - - - * f,,,(2) belongs to the class?, | (p, «, 3).

Proof. Sincef;(z) € £5;(p, a, 5), we have

(2.3) Z {ln+2p—1)+B(n+2a—1)] aprn-1:} < 26(p — a)ap—1.,,
n=1

fori =1,2,...,m. Therefore,

. ,< { 26(p — @) } |

P = U+ 20— 1)+ Bn+ 20— 1)) PTHY
and hence
1\ !
(24) Apin—1,i S (]l) Ap—1,i5
p

foreveryi =1,2,...,m.

Using (2.4) fori = 1,2,...,m — 1, and [2.8) fori = m, we get

3 { (M) U 2D 1At 20 - D] ap+n_1,i}

p i=1

p

+n—1 —(m—-1) m—1
X <<p—) : H Ap—14 | Ap4n—1,m
=1

[ - u] D Al +2p—1) +B(n+ 20 = D] apip1,m}

< 3 {(w)m—l [(n+2p—1)+ f(n+ 20 —1)]

g

i=1 n=1

3

<25p a Hap 1,2

=1

Hencefl*f2* *fm Z) m l(pv «, ) D

Theorem 2.3.Let the functiong;(z) belong to the classC{ (p, a, 3) foreveryi = 1,2, ... ,m,
and let the functiong,(z) belong to the clas&S; (p, o, 5) for everyj = 1,2,...,q. Then the
Hadamard productfy * fo * - - - % fo, * g1 % g2 % - - - % g(2) belongs to the classs,, ., (p, o, 3).
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Proof. It is sufficient to show that
1 2m+q—1
Z{(“” > [(n+2p— 1)+ B(n +2a — 1)]
— ) q
X (H Api4n—1,i ° H bp+n—1,i> }
1=1 =1
<25 (Hap 11pr lz)-

Since fi(z) € £C§(p, a, ), the inequalities| (2]1) andl (2.2) hold for every= 1,2,...,m
Further, sincey;(z) € £55(p, o, #), we have

(2.5) D {ltn+2p = 1)+ B(n+ 200 = V)] bpyn-1;} < 28(p — a)bp1,,

n=1

forevery; =1,2,...,q. Whence we obtain

+n—1\"
(26) bp—i—n—l,j < (pT) bp—lvj )

forevery; =1,2,...,q.
Using [2.2) fori = 1,2,...,m, (2.6) forj = 1,2,...,¢ — 1, and [2.p) forj = ¢, we get

g{(“” 1) T 1)+ B+ 20— 1))

m q
X H Aptn—1,i H bpin—1,j
j=1

=1

< 3 {(w) e [(n+2p—1)+ B(n+2a—1)]
1 p

n=

—2m —(¢g—1) m q—1
p+n—1 p+n—1
X ( ) ( ) | |ap71¢| |bp71J bpin—1,q
p p i=1 j=1

m q—1 00
= (H Ap—1; H bp—Lj) Z { TL + 2]7 - 1 + ﬁ(n + 200 — ].)] bp—l—n—l,q}
i=1 j=1 n=1
m q
<26 (Hap 11pr 1])‘
Hencef,  fox -k foox g1 x gox - % go(2) € X5, 1 (P, B). O

We note that the required estimate can also be obtained by {isihg (2.2} for2, ..., m—1,
(2.8)forj =1,2,...,q,and [2.1) fori = m

Remark 1. Puttingp = 1 in the above results, we obtain the results obtained by Magra [10].
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