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1. Introduction and Main Results

Let f be a locally integrable function dR™. Then-dimensional Hardy operators
are defined by

T ':L flx) = @ zeR"
M@= oo /Itlgxlf(t)dt, H f(x) /M G weR"\ (o)

In [4], Christ and Grafakos obtained results for the boundedneksaf L7 (R™)
spaces. They also found the exact operator nornf§ oh L?(R") spaces, where
1 <p<oo.

It is easy to see th&i andH* satisfy

L.1) [ stwms@yde= [ sagto)do
n Rn
We have
(Hf ()] < CnM f(x),
whereM is the Hardy-Littlewood maximal operator which is defined by
1.2 M f(z) = sup — / |f(t)]dt,
Q> |Q|

where the supremum is taken over all balls containing
Recently, Fu et al.7] gave the definition of commutators efdimensional Hardy
operators.

Definition 1.1. Letb be a locally integrable function oR". We define the commu-
tators ofn-dimensional Hardy operators as follows:

Hof == bHf = H(fb),  Hyf :=bH"f—H(fb).
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In[2], Fu etal. gave the central BMO estimates for commutatorsdimensional
Hardy operators. In 2000, Alvarez, Guzman-Partida and LaKest{idied the rela-

tionship between central BMO spaces and Morrey spaces. Furthermore, they intro-
duced\-central bounded mean oscillation spaces and central Morrey spaces, respec-

tively.

Definition 1.2 (\-central BMO space). Let1 < ¢ < ccand—; < A < ;.. A

functionf € L] (R") is said to belong to the-central bounded mean oscillation

loc

spaceC' M O%(R") if

1 q
(1.3) [[fllerros »@n) = sup <W /B(O’R) |f(z) = fB(o,R)|qdiU) < 0o0.

R>0

Remarkl. If two functions which differ by a constant are regarded as a function in
the space” M O%*(R"), thenC' M O%*(R") becomes a Banach space. Apparently,
(1.3) is equivalent to the following condition (se8):

1

1 q
supinf [ —————— z) — cldx < 00.
R>% ceC (’B(O, R)[1HAa /B(O,R) #(z) = )

Definition 1.3 (Central Morrey spaces, seel]]). Letl < ¢ < c© and—% < A<O.
The central Morrey spac8%*(R") is defined by

1

1 a
1.4 g, A(pny = SU —/ x qdm) < 0.
( ) HfHB A(R") R>I()) <|B(0,R)’1+)‘q BO.R) ’f( )‘

Remark2. It follows from (L.3) and (L.4) that quA(R”) is a Banach space continu-
ously included irC M O%*(R™).
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Inspired by P, [3] and [5], we will establish the\-central BMO estimates for
commutators ofi-dimensional Hardy operators on central Morrey spaces.

Theorem 1.4. Let'H, be defined as above. Suppdse: p; < oo, pj < p2 < o0,
P=L o L <A <0,0 < A <tandd = A+ Xy Ifb € CMOP»M(R)

q p1 p2’

then the commutatok, is bounded fromBP:*(R") to B**(R") and satisfies the
following inequality:

HHbeBqa*(R") < CHbHCMOPWz(]R")Hf“BPl*M(]R")'

Let A\, = 0 in Theoreml.4. We can obtain the central BMO estimates for com-
mutators ofn-dimensional Hardy operators,, on central Morrey spaces.

Corollary 1.5. LetH, be defined as above. Suppdse p; < oo, pj < py < o0,

¢ = Tand—2 < A<0. Ifbe CMOP:(R"), then the commutatck, is

bounded fromBr:A(R") to B¢ *(R") and satisfies the following inequality:

||HbeBqJ(Rn) < CHbHcMow(Rn)||f||Bp1»A(Rn)-
Similar to Theoreni. .4, we have:

Theorem 1.6. Let H; be defined as above. Suppdse p; < oo, p’l < py < 00,
=Ll LX< 0,0< < fandh = A+ A Ifb e CMOP» (R,
then the commutatdk; is bounded fromB?1-*1 (R”) to B**(R") and satisfies the

following inequality:

HHZfHBq»A(Rn) < CHbHCMOP%Az(R”)||fHBP17*1(R")'

Let A = 0in Theoreml.6. We can get the central BMO estimates for commuta-
tors ofn-dimensional Hardy operatorg(;, on central Morrey spaces.
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Corollary 1.7. LetH; be defined as above. Suppdse p; < oo, pj < pa < 00,
i =+ and— <\ <0 Ifb € CMO™(R"), then the commutatak(; is

bounded fromBr:A(R") to B¢ *(R") and satisfies the following inequality:

HHZfHBqJ(]R") < C||b||C’MOP2(R")

f”BPlaA(Rn)'
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2. Proofs of Theorems
Proof of Theorem 4. Let f be a function inB7t:* (R™). For fixedR > 0, denote
B(0, R) by B. Write

1

(5 [ posra)’
1 1 AN
~ (i1 L|ap [, ro00 - seya] a)
(i [l [ w00 -tma| ar)’
1Bl Je 17" /B0, 1))
(o [ [ rwew -] )
1Bl J [lz[* /B0, }a))
=1+ J
For ;= - + -, by Holder's inequality and the boundednesgofrom L' to L*",
we have
P15 ([ b - valae) ™ ([ o)
< UL ¥l csors e B ( [ 1101 )

1 P1
= 1B Wlesiors e (s [ 1F0) o)

< C‘B’)\HbHcMopwz(R")Hf”BPlvM(R")'
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For J, we have
7
1= — [ |— f(y)(b(y) — bg) dy
1Bl Jg | 12" JB(0, )
1 0
- @ 3 [

q

dz

q

1
o [ W) -ty
Z|™ B0, 1a))
q
—bp)dy| dx
|B\ Z \2’“B\q/2k3\2k13 Z_Z;O/m\zl . )(b(y) — br) dy
q
b — byig)d dx
|B| Z |2kB|q /QkB\Q’“lB Z'ZZ_(:X)/WB\TlB f(y)( (y) 23) Yy
C < 1 k q
|B| 12k Bla boig — bp)dy| d
i |B| kz—oo |2kB|q ékB\Qk—lB ZZOO LiB\Qi—lB f(y)< 2'B B) Y X

= Jl +J2

By Holder’s inequality {- + - = ), we have
C 2B (/ :
J < — 2'B| 7 fly pldy)

1y4
x </ b(y) — baip|™ dy> }
2B

0

k q
< ol e Z 2Bl ) 5~ g
|B| CMOP2> A2 (R™) BP1,A1(R7) |2kB|q

i=—00
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< C|B*|b]¢

CMOP2 A2 R" ||f||Bp1 A1 Rn

To estimate/,, the following fact is applied.
For\y > 0,

-1

|byig — bp| < Z |bast1p — baig|

j*z'
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Combining the estimates df J; and.J,, we get the required estimate for Theorem
1.4 O

Proof of Theoren..6. We omit the details here. O

Title Page

Contents

N
PG

:
:

Page 10 of 11
Go Back
Full Screen

Close



http://jipam.vu.edu.au
mailto:lyfzw@tom.com
http://jipam.vu.edu.au

References

[1] J. ALVARAREZ, M. GUZMAN-PARTIDA AND J. LAKEY, Spaces of bounded
A-central mean oscillation, Morrey spaces, axdentral Carleson measures,
Collect. Math. 51 (2000), 1-47.

[2] ZW. FU, Z.G. LIU, S.Z. LUAND H.B. WANG, Characterization for commuta-
tors of N-dimensional fractional Hardy operata&eience in China (Ser. A0
(2007), 1418-1426.

[3] Z.W. FU, Y. LIN AND S.Z. LU, A\-Central BMO estimates for commutators of
singular integral operators with rough kernélsta Math. Sinica (English Ser.),
3(2008), 373-386.

[4] M. CHRIST AND L. GRAFAKOS, Best constants for two non-convolution in-
equalitiesProc. Amer. Math. Soc1,23(1995), 1687—1693.

[5] S.C. LONGAND J. WANG, Commutators of Hardy operatotk,Math. Anal.
Appl.,274(2002), 626-644.

A-Central BMO Estimates
Zun-Wei Fu
vol. 9, iss. 4, art. 111, 2008

Title Page
Contents
44 44
< >
Page 11 of 11
Go Back
Full Screen

Close

journal of inequalities
in pure and applied
mathematics

issn: 1443-575k

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:lyfzw@tom.com
http://jipam.vu.edu.au

	Introduction and Main Results
	Proofs of Theorems

