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ABSTRACT. In this paper we study,(n!), the greatest power of primein factorization ofn!.
We find some lower and upper bounds fg(n!), and we show that, (n!) = =7 + O(Inn).
By using the afore mentioned bounds, we study the equatjon!) = v for a fixed positive
integerv. Also, we study the triangle inequality abouf(n!), and show that the inequality
pr(™) > gva(n)) holds for prime < ¢ and sufficiently large values of.
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1. INTRODUCTION

As we know, for everyr € N, n! =1 x 2 x 3 x --- x n. Letv,(n!) be the highest power of
primep in factorization ofn! to prime numbers. It is well-known that (sée [3] or [5])
- [%5]
(1.1) up(nl) = > H = {%] ,
k=1 p k=1 p
in which [z] is the largest integer less than or equaktoAn elementary problem about is
finding the number of zeros at the end of it, in which clearly its answey(i¢!). The inverse
of this problem is very nice; for example finding values:ah which n! terminates in 37 zeros
[3], and generally finding values of such that,(n!) = v. We show that ifv,(n!) = v has a
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solution then it has exactly solutions. For doing these, we need some propertiés] p§uch
as

(1.2) [z] + [y] < [z + ] (z,y € R),
and
(1.3) [ﬂ = {%} (x e R,n € N).

2. ESTIMATING wv,(n!)

Theorem 2.1. For everyn € N and primep, such thap < n, we have:

n—p Inn n—1
- < < —-.
p—1 Inp p(n)

(2.1)

Proof. According to the relatiol), we havg(n!) = > [
sincer — 1 < [z] < z, we obtain

03 m < <03

k=1 k=1

%] in whichm = [122]  and

1

. . 1——5 .
consideringd_;" # = — -, we obtain

1 1
U e )
p—1 P p—1 P

and combining this inequality witﬁl—; —l<m< o “ completes the proof. O

Corollary 2.2. For everyn € N and primep, such thap < n, we have:

Proof. By using @.), we have
o v n'
0 < p—1 p( ) < 1 < 1 )7

and this yields the result. O

Note that the above corollary asserts thaénds approximately i#} zeros[[1].

Corollary 2.3. For everyn € N and primep, such thap < n, and for alla € (0, o) we have:

n—p 1
(2.2) P ( +lna— 1) < v,(n)).
Proof. Consider the functiorf(z) = Inx. Since,f”(z) = —;, Inxz is a concave function and

so, for everys € (0, +00) we have
1
Inz <lna+ —(x —a),
a

combining this with the left hand side ¢f (2.1) completes the proof. O
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3. STUDY OF THE EQUATION u,(n!) =v

Suppose € Nis given. We are interested in finding the values sluch that in factorization
of n!, the highest power af, is equal taw. First, we find some lower and upper bounds for these

n's.

Lemma 3.1. Suppose < N andp is a prime andv,(n!) = v, then we have

2 In(l+(p—1)v) 1
v+ p—1 + Inp Inp
Ao 1 ’
p—1 (1+(p—1)v) Inp

(3.1) I+(p—1lv<n<

Proof. For proving the left hand side df (3.1), use right hand sid¢ of (2.1) with the assumption
vp(n!) = v, and for proving the right hand side ¢f (B.1), use{2.2) with 1 + (p — 1)v. O

Lemma[ 3.1 suggests an interval for the solutiomgf!) = v. In the next lemma we show
that it is sufficient for one to check only multiples @fn above interval.

Lemma 3.2. Supposen € N andp is a prime, then we have
(3.2) vp((pm +p)!) — vp((pm)!) > 1.

Proof. By using [1.1) and (I]2) we have

— [pm +p
w((pm+p)) => { P }
k=1
>3 5]+ ]
k=1 k=1
= 1+ up((pm))),
and this completes the proof. O

In the next lemma, we show thatif(n!) = v has a solution, then it has exactlyolutions.
In fact, the next lemma asserts thatwjf((mp)!) = v holds, then for all0 < » < p — 1,
vp((mp + r)!) = v also holds.

Lemma 3.3. Supposen € N andp is a prime, then we have

(3.3) vp((m 4+ 1)) > v,(ml),
and
(3.4) vp((pm +p — 1)) = v,((pm)!).
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Proof. For proving [3.8), us¢ (I].1) and (1.2) as follows

llm+ 09 =30 |

|M8

o~
Il
~
3
e

[V
WE
E

k=1 Lp
_y[m
=1 LP
For proving ), it is enough to show that for ale N, [’%ﬁ"l] = | and we do this by
induction onk; for k = 1, clearly [’%p‘l] = [%} . 3) we have
m pm-n— [ pm+p—1 m | ]
[pm—l—p—l}_ p;/fl B _p ;’5 ] B [I;_’“]
P | p p p
_p_m -
- pF . pm
- ?] {pkﬂ
This completes the proof. O

So, we have proved that

Theorem 3.4. Suppose € N andp is a prime. For solving the equation,(n!) = v, it is
sufficient to check the values= mp, in whichm € N and

B v ‘I— P + ln(l-l—(p—l)’u) . L
(35) |:1 + (p 1)U:| S m S p;l ln;lo) Inp
p p—1  (I+(p—1L)v)Inp

Also, ifn = mp is a solution ofv,(n!) = v, then it has exactly solutionsn = mp+r, in which
0<r<p-1.

Note and Problem 1.As we see, there is no guarantee of the existence of a solutiop(fd) =

v. In fact we need to show thdw,(n!)|n € N} = N; however, computational observations
suggest that = p ||~ || usually is a solution, such thiit|| is the nearest integer to but
we cannot prove it.

Note and Problem 2. Other problems can lead us to other equations involvis(@!); for
example, suppose, v € N given, find the value of primg such that,(n!) = v.

Or, suppose andq are primes ang : N> — N is a prime value function, for which’s do we
haveu,(n!) + vg(n!) = v, (n!)? And many other problems!

4. TRIANGLE INEQUALITY CONCERNING v,(n!)

In this section we are going to comparg(m + n)!) andv,(m!) + v,(n!).
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Theorem 4.1. For everym,n € N and primep, such thap < min{m,n}, we have

(4.2) vp((m +n)l) > v,(m!) + v,(nl),
and
4.2) vp((m + n)!) —v,(m!) — v,(n!) = O(In(mn)).

Proof. By using [1.1) and (I]2), we have

Also, by using[(2.]1) and (4.1) we obtain

0 < vp((m + n)!) = vy(ml) — v,(nl)

2p — 1 N In(mn) In(mn)

<3
p—1 Inp — + In2

)

this completes the proof. O

More generally, ifnq, no, ..., n; € Nandp is a prime, in whictp < min{n,ns,...,n;}, by
using an extension of (1.2), we obtain

U ((an> !) > va(nk!),

and by using this inequality and (2.1), we obtain

0<uw, <<i nk> !) — ivp(nk!)

k=1
tp—1 1
_tp n n(ning - - - ny)
p—1 Inp
<op 14 mlmna-m)
In2

and consequently we have
t t
Uy ((an> !> - vy(ni!) = O(In(nyng - - - ny)).
k=1 k=1

Note and Problem 3. Supposef : N! — N is a function andp is a prime. For which
ny, na,...,n; € N, dowe have

Up((f(n1,na, . ..,n)l) > fvp(na!), vp(nal), ..., vp(ne!))?

Also, we can consider the above question in other view points.
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5. THE INEQUALITY p%() > gva(n!)

Supposep and ¢ are primes ang < ¢. Sincewv,(n!) > v,(n!), comparingp®™) and
¢"*™) becomes a nice problem. In [2], by using elementary properties dbjoihe inequal-
ity pr™) > ¢v() was considered for some special cases. In addition, it was shown that
2v2(n!) > 3us(n!) holds for alln > 4. In this section we study’»™) > ¢"«(™) in the more general
case and also reproge (") > 3vs(n!)
Lemma 5.1. Suppose andgq are primes ang < ¢, then
pit > Pl
Proof. Consider the function
fl@)=am1  (v>2).
A simple calculation yields that for > 2 we have

x%(xlnx—x—i— 1)

f/(ﬂf): (1}—1)2

so, f is strictly decreasing anfl(p) > f(q). This completes the proof. O

< 0,

Theorem 5.2. Suppose andq are primes ang < ¢, then for sufficiently large’s we have
(51) pvp(”!) > qvq(”!)'

Proof. Sincep < ¢, Lemm yields tha;ql% > 1 and so, there exitd/ € N such that for

n > N we have on 1)
(pq ) > P -

qP~1 gt

Thus,
pn(q_l) qn(p_l)

np=D (=1 ppla=1) = g1’
and therefore,

n

pi1 gt
> —.

_p_
nppfl qu

So, we obtain
n—p Inn n—1

prto e 2 qat,

and considering this inequality with (2.1), completes the proof. O
Corollary 5.3. Forn = 2 andn > 4 we have
(5.2) gv2(nt) ~ gus(nl)
Proof. It is easy to see that for > 30 we have

é > EnQ’

3/ — 3
and by Theorem 5|2, we yieldl ($.2) far> 30. Forn = 2 and4 < n < 30 check it using a
computer. M
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A Computational Note. In Theoren 5., the relation ($.1) holds for> N (see its proof). We
can check[(5]1) for < N at most by checking the following number of cases:

R(N) :=#{(p,q¢,n)|p,geP,n=3,4,...,N, andp < ¢ < N},

in which P is the set of all primes. Iff(z) = The number of primes. z, then we have

R(N)=> #{(p.q)|p.q € P, andp < g < n} = %Zw(n)(ﬂ(n) —1).

But, clearlyn(n) < n and this yields that

NS
R(N) < -
Of course, we have other bounds fgm) sharper tham such as/[4]
n 1 2.25
< 1 > 355991
7r(n)_lnn( +lnn+ln2n> (n2 )

and by using this bound we can find sharper bound$fay ).
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