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ABSTRACT. LetT.(n) denote the product of exponential divisorsrof An integern is called
multiplicatively e-perfect, if T.(n) = n?. A characterization of multiplicatively-perfect and
similar numbers is given.
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1. INTRODUCTION

If n = p*...p2" is the prime factorization oft > 1, a divisord|n, called an exponential
divisor (e-divisor, for short), ofn is d = p% ... p% with b;|a; (i = T,7). This notion is due
to E. G. Straus and M. V. Subbarao [11]. letn) be the sum of divisors of. For various
arithmetic functions and convolutions efdivisors, see J. Sandor and A. Bege [10]. Straus and
Subbarao define as exponentially perfect (erperfect for short) if

(1.1) oe(n) = 2n.

Some examples efperfect numbers ar@? - 32,22 . 3% . 52,2%.32 . 112, 2%. 33 . 52 . 112, etc.
If m is squarefree, them.(m) = m, so if n is e-perfect, andn = squarefree witlim, n) = 1,
thenm - n is e-perfect, too. Thus it suffices to consider only powerful (i.e. no prime occurs to
the first power)-perfect numbers.

Straus and Subbarao [11] proved that there are naequitfect numbers, and that for each
the number ot-perfect numbers with prime factors is finite.

Is there are-perfect number which is not divisible by 3? Straus and Subbarao conjecture that
there is only a finite number efperfect numbers not divisible by any given pripme

J. Fabrykowski and M.V. Subbarao [3] proved that aRyerfect number not divisible by 3
must be divisible by!!", greater thari0%%*, and have at least 118 distinct prime factors.

P. Hagis, Jr.[[4] showed that the densityegberfect numbers is positive.
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For results ore-multiperfect numbers, i.e. satisfying
1.2) oe(n) = kn

(k > 2), see W. Aiello, G. E. Hardy and M. V. Subbarao [1]. See also J. Hanumanthachari, V.
V. Subrahmanya Sastri and V. Srinivasan [5], who consideredeadsiperperfect numbers, i.e.
numbers: satisfying

(1.3) oe(0e(n)) = 2n.
2. MAIN RESULTS

Let 7'(n) denote theroductof divisors ofn. Thenn is said to be multiplicatively perfect (or
m-perfect) if
(2.1) T(n) =n?
and multiplicatively super-perfect, if

T(T(n)) = n?.

For properties of these numbers, with generalizations, see J. SAhdor [8].

A divisor d of n is said to be "unitary” if(d, %) = 1. LetT*(n) be the product of unitary
divisors ofn. A. Bege [2] has studied the multiplicatively unitary perfect numbers, and proved
certain results similar to those of Sandor. He considered also the case of "bi-unitary" divisors.

The aim of this paper is to study the multiplicativelperfect numbers. Lét.(n) denote the
product ofe-divisors ofn. Thenn is called multiplicativelye-perfect if

(2.2) T.(n) =n?
and multiplicativelye-superperfect if
(2.3) T.(Te(n)) = n*.

The main result is contained in the following:

Theorem 2.1.n is multiplicativelye-perfect if and only if» = p®, wherep is a prime andx is
an ordinary perfect number is multiplicativelye-superperfect if and only i = p®, wherep
is a prime, andv is an ordinary superperfect number, i®(o(a)) = 2a.

Proof. First remark that ip prime,

>d
T.(p") = [[»* =p™ =p".
dlo
Letn = p{*--.p®. Then the exponential divisors of have the formp® - .. p¢ where
dilog, ... dy|ey. I dy, ... d._, are fixed, then these divisors ap@ - - - p™'p¢ with d|o,

and the product of these divisorsp%ld(a") . ~pfl}1d(‘“)p?(a’”), whered(a) is the number of

divisors ofa, ando(a) denotes the sum of divisors af For example, whem = 2, we get
pl14@2)p7(e2) ‘The product of these divisors ") p7(@2)% 1) 1 the general case (by first
fixing dy, ..., d,_o, etc.), it easily follows by induction that the following formula holds true:

(2.4) Te(n) — pflf(ou)d(ocz)n.d(ar) - .pg(ar)d(al)'“d(arq)
Now, if n is multiplicatively e-perfect, by[(2.2), and the unique factorization theorem it follows
that
o(ar)d(az)---d(ar) = 2
(2.5) - .
o(ay)d(ay) -+ d(a,_1) = 2a,
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This is impossible if allo; = 1 (i = 1,7). If at least ana; = 1, let a; = 1. Then
d(ag)---d(a,.) = 2, so one ofay, ..., «a, is a prime, the others are equal to 1. ket= p,
a3 = --- = a, = 1. But then the equation(as)d(a;)d(as) - - - d(a,) = 2a, of (2.5) gives
o(as) = 2ay, i.e.o(p) = 2p, which is impossible since + 1 = 2p.

Therefore, we must have > 2 foralli =1, r.

Letr > 2in (2.5). Then the first equation ¢f (2.5) implies

o(ay)d(ag) - -d(a,) > (@ +1)- 2771 > 2(a; + 1) > 20y,

which is a contradiction. Thus we must have- 1, whenn = p{"* andT,(n) = p(f(al) = p2o
iff o(a;) = 2ay, i.e. if ag is an ordinary perfect number. This proves the first part of the
theorem.

By (2.4) we can write the following complicated formula:
(2.6) T.(T.(n)) = pclf(cr(al)d(az)---d(ar))---d(o(ar)d(al)---d(arfl))

.. .pg(a(ar)d(m)-"d(ar—1))"'d(U(al)d(ocz)md(ocr))‘

Thus, ifn is multiplicatively e-superperfect, then
o(o(ag)d(az)---d(ay)) - d(o(a)d(aq) - - d(a,_1)) = 2
(2.7) e :
o(o(a)d(aq) -+ d(ap—1)) -+ - d(a(aq)d(az) - - - d(ay)) = 2,
As above, we must haveg > 2forall: =1,2,...,r.
Butthen, sincer(ab) > ac(b) ando(b) > b+1forb > 2, (2.7) gives a contradiction, if > 2.
Forr = 1, on the other hand, when= p%* andT,(n) = p]** we getT,(T.(n)) = pJ"),
and [2.8) impliesr(c(a1)) = 2a4, i.e. a4 is an ordinary superperfect number. O
Remark 2.2. No odd ordinary perfect or superperfect number is known. The even ordinary
perfect numbers are given by the well-known Euclid-Euler theorems= 2¥p, wherep =
21 _ 1 is a prime ("Mersenne prime"). The even superperfect numbers have the general form

(given by Suryanarayana-Kanold [12]] [6])= 2%, where2**! — 1 is a prime. For new proofs
of these results, see e.g! [7]} [9].
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