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ABSTRACT. In this paper we introduce a new cla&g¢, o, §) of analytic functions which is
defined by means of a Hadamard product (or convolution) of two suitably normalized analytic
functions. Several properties like, the coefficient bounds, growth and distortion theorems, radii
of starlikeness, convexity and close-to-convexity are investigated. We further consider a subor-
dination theorem, certain boundedness properties associated with partial sums, an integral trans-
form of a certain class of functions, and some integral means inequalities. Several interesting
consequnces of our main results are also pointed out.
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1. INTRODUCTION AND PRELIMINARIES

Let A denote the class of functiorf§z) normalized byf(0) = f'(0) — 1 = 0, and analytic
in the open unit disk{ = {z; z € C: |z| < 1}, thenf(z) can be expressed as

(1.1) f(z) = Z—i—Zakzk.
k=2
Consider the subclass of the classA consisting of functions of the form

(1.2) f2)=2=> laxls",
k=2
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2 R. K. RAINA AND DEEPAK BANSAL

then a functionf(z) € A is said to be in the class of uniformly starlike functions of ordes
(denoted by SF(«, 3)), if

2f'(2) } 2f'(2)
1.3 ity —ap > [ =
S 4e
Fora = 0 in (1.3), we obtain the class of uniformly-starlike functions which is denoted by
USF(B). Similarly, if f(z) € A satisfies

2f"(2) 2f"(2)
(1.4) é)%{l + 702 a} > )
then f(z) is said to be in the class of uniform[§rconvex functions of ordet, and is denoted

by UCF(a, 3). Whena = 0 in (1.4), we obtain the class of uniformly-convex functions
which is denoted by C'F'(5).

The classes of uniformly convex and uniformly starlike functions have been extensively stud-
ied by Goodman ([2]/]3]), Kanas and Srivastava [4], Kanas and Wisniowska [5], Ma and Minda
[8] and Ronning([10].

If f,g € A (wheref(z) is given by [(1.1)), and(z) is defined by

(1.5) g(z) =z + Z b2,
k=2

—1’ (—-l1=a<l, 620z€l).

(-1Sa<l, B20;z€l),

then their Hadamard product (or convolutigh) ¢ is defined by
(1.6) (f *9)(z —z+2akbkz (9% )(2).

We introduce here a clag$(¢, «, 3) which is deflned as follows:
Suppose the functiop(z) is given by

(1.7) 6(z) =2+ Y w2t
k=2

wherey,, = 0 (Vk € N\{1}). We say thaf(z) € AisinH(¢, a, 3), provided that f x ¢) (z) #
0, and

(1.8) %{

2[(f * qﬁ)(Z)]/} P EEAIIIC) N o

(f*9)(2) (f*9)(2)
(—1=sa<l1, f20;z€l).
Generally speakindt (¢, «, ) consists of functiong’(z) = (f * ¢)(z) which are uniformly
(-starlike functions of ordedtt in Z/.We also let
(1.9) Hr(d,a,0) =H(p,a,3)NT.

Several known subclasses can be obtained from the Hé&ss, 3), by suitably choosing the
values of the arbitrary function, and the parametersand. We mention below some of these
subclasses dfi(¢, o, 3) consisting of functiong(z) € A. We observe that

(110) H{ﬁ,a,ﬁ}z&?(a,ﬁ) (—1§CY<1, 520, )\>—1,Z€u),

in which case the functiorﬁl_zzﬁ is related to the Ruscheweyh derivative operddrf (z)

([12]) defined by
"k fz) (> -1,

DM f(z) = A=
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The cIassS‘;(a,ﬁ) was studied by Rosgt al. [11] and Shamet al. [13] and this class also
reduces taS(a) andK(«) which are, respectively, the familiar classes of starlike functions of
ordera (0 = a < 1) and convex functions of order (0 < «a < 1) (see[[15]).

Also

(1.11) HA{p(a,c, z2),a, 5} = S(a, B),
and in this case the functiaf(«, c, z) is related to the Carlson and Shaffer operattr, c) f(z)
([2]) defined by
L(a,c)f(z) = d(a,c, z) * f(2).
The classS(a, ) was studied by Murugusundaramoorthy and Magesh [9].
Further, we let
(1.12) TS)Na,B) =SMa, ))NT;  TS(a,B) = S(a, /) NT.

The object of the present paper is to investigate the coefficient estimates, distortion prop-
erties and the radii of starlikeness, convexity and close-to-convexity for the class of functions
H(o,a, 3). Further (for this class of functions), we obtain a subordination theorem, bound-
edness properties involving partial sums, properties relating to an integral transform and some
integral mean inequalities. Several corollaries depicting interesting consequences of the main
results are also mentioned.

2. COEFFICIENT ESTIMATES

We first mention a sufficient condition for the functigfr) of the form [1.1) to belong to the
classH(¢, a, 3) given by the following result which can be established easily.

Theorem 2.1.1f f(z) € A of the form[(1.]L) satisfies

(2.1) ZBk (Mk;@aﬁ) ’ak| <1,

k=2

where
(2.2) By (1 v, ) = {k(7 + 1)1—_(3 + 5)}%,

forsomen(—1 < a< 1), B(820)andu, = 0 (V ke N\{1}), thenf(z) € H(¢, o, ).

Our next result shows that the conditin (2.1) is necessary as well for functions of the form

(1.2) to belong to the class of functiofs (¢, «, ).
Indeed, by usingd (1}2)] (1.6) tp (1.8), and in the process letting 1~ along the real axis,

we arrive at the following:

Theorem 2.2.A necessary and sufficient condition fif:) of the form[(1.R) to be ift(+ (¢, o, §),
—1=a<l1, 20, y =0 (Vk € N\{1}) is that

23) S By (s o B) ag] £ 1,
k=2
where
(2.4) By (i 0, ) — {k(B+1) = (a+0)}

l1—«

J. Inequal. Pure and Appl. Matt9(1) (2008), Art. 22, 9 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

4 R. K. RAINA AND DEEPAK BANSAL

Corollary 2.3. Let f(z) defined by[(1]2) belong to the cla&s-(¢, «, ), then
1

2.5 ag| £ ——— k=2).
The result is sharp (for each), for functions of the form
1
2.6 z:z——k k=23,...),

whereBy, (ux; o, 3) is given by@).
Remark 2.4. Itis clear from [2.4 .1) that if 1. } .-, iS @ non-decreasing positive sequence, then
{B(pur; o, )} oy and{ Bk(“’“ = ﬂ)} would also be non-decreasing positive sequences (being

the product of two non- decreasmg posmve sequences).
Remark 2.5. By appealing to[(1.70), we find that Theorems £2.1] 2.2 and Cordllafy 2.3 corre-
spond, respectively, to the results due to Resgl. [11, Theorems 2.1, 2.2 and Corollary 2.3].

Similarly, making use of{ (1.11), then Theorems| 2.1] 2.2 and Cordllaty 2.3, respectively, give
the known theorems of Murugursundarmoorétl. [9, Theorems 2.1, 2.2 and Corollary 2.3].

3. GROWTH AND DISTORTION THEOREMS
In this section we state the following growth and distortion theorems for the®lags, «, 3).
The results follow easily, therefore, we omit the proof details.

Theorem 3.1. Let the functionf(z) defined by[(1]2) be in the clagé; (¢, o, 8). If {pi )y, is
a positive non-decreasing sequence, then

(1—a) (1-a) 2

(3.1) 2] — m’\ = [f(z )\§’Z\+m|z|-
The equality in[(3]1) is attained for the functigifz) given by
o 11—« 9
(3.2) f(z)==z 2 - am 2%

Theorem 3.2. Let the functionf(z) defined by[(1]2) be in the clags; (¢, o, 8). If {p )}, is
a positive non-decreasing sequence, then

2(1 - a) 2(1 - a)
m| zl = |f(2 )|§1+m
The equality in[(3]3) is attained for the functigifz) given by|[(3.R).

In view of the relationshipg (1.10) and (I}11), Theor¢ms$ 3.1/ arjd 3.2 would yield the corre-
sponding distortion properties for the clas§es) («, ) and7 S(«, 3).

(3.3) 1—

EE

4. INTEGRAL TRANSFORM OF THE CLASS H7 (¢, a, ()

For f(z) € A, we define the integral transform

(.1) V,(f(2)) = / t)

where is a real-valued non-negative weight function normalized, sojbaﬁ(t)dt =1.1n
particular, wheru(t) = (1 +n)t", n > —1 thenV, is a known Bernardi integral operator. On
the other hand, if

(4.2) p(t) = X0 " (log

1),

2
¢

1

6—1
;) (n>—1,6>0),

J. Inequal. Pure and Appl. Matt9(1) (2008), Art. 22, 9 pp. http://jipam.vu.edu.au/


http://jipam.vu.edu.au/

PROPERTIES OF ANEW CLASS OFANALYTIC FUNCTIONS 5

thenV,, becomes the Komatu integral operator (see [6]).

We first show that the clagd7 (¢, a, §) is closed undeV,(f). By applying [1.2),[(4 1) and
(4.9), we straightforwardly arrive at the following result.

Theorem 4.1.Let f(z) € Hr (¢, o, B), thenV,(f(z)) € Hr (¢, o, B).
Following the usual methods of derivation, we can prove the following results:

Theorem 4.2. Let the functiory (z) defined by[(1]2) be in the clagst; (¢, o, 3). ThenV,,(f(z))
is starlike of orders (0 < o < 1) in |z| < ry, where

_1_
k—1

Bk(uka «, 6)(1 B 0)
4
(=) (35%)
and By, (uu; o, 3) is given by[(2.4). The result is sharp for the functit) given by|[(3.R).

Theorem 4.3. Let the functiory (=) defined by[(1]2) be in the clagst; (¢, o, 3). ThenV,,(f(z))
is convex of ordes (0 < o < 1) in |z| < r9, where

(4.3) ry = inf k=22 n>-1,6>0;, z€el),
3

_1
k—1

By.(px; o, B)(1 — o)
1

k(b= o) (25)

and By, (yu; v, 3) is given by[(2.]4).

Theorem 4.4. Let the functiory (z) defined by{(1]2) be in the clag&r (¢, o, 3). ThenV,,(f(z))
is close-to-convex of order(0 < o < 1) in |z| < r3, where

(4.4) ‘z|<r2:iréf (k=2,n>-1,0>0; zelU),

_1_
k=1

By, (pr; v, B)(1 — o)
6
(3
and By, (uu; v, 3) is given by[(2.]4).

Remark 4.5. On choosing the arbitrary functiaf(z), suitably in accordance with the subclass
defined by[(1.10), Theorems #{1, 4.2 4.3, respectively, give the results due toedlams

[13, Theorems 1, 2 and 3]. Also, making use[of (1.11), Theofem§ 411, 4.2, 4.3 &nd 4.4 yield the
corresponding results for the claBs («, 3).

(4.5) rgzigf (k=22,n>-1,>0;, zelU),

5. SUBORDINATION THEOREM

Before stating and proving our subordination theorem for the Gss «, 3), we need the
following definitions and a lemma due to WIilf [16].

Definition 5.1. For two functionsf andg analytic ini/, we say that the functiofiis subordinate
to g in U (denoted byf < g), if there exists a Schwarz functian(z), analytic ini/ with
w(0) =0and|w(z)| < |z| <1 (z € U), suchthatf(z) = g(w(z)).

Definition 5.2. A sequence{b;}72, of complex numbers is called a subordination factor se-
quence if whenevef(z) is analytic, univalent and convex i, then

(5.1) ibkakzk =< f(2) (zel, ag =1).
k=1
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Lemma 5.1. The sequencéh }72, is a subordinating factor sequence if and if only

(5.2) %{1+2§:bkz’f} >0, (z€lU).
k=1

Theorem 5.2. Let f(z) of the form|[(1.]l) satisfy the coefficient inequaljty (2.1), &ng),- , be
a non-decreasing sequence, then

(2+8—a)puy
(-1=a<1, 820 2z€U, u 20 (Vk e N\{1}))
for every functiory(z) € K (class of convex functions). In particular:

(54) %{f(z)}>_{(2+ﬁ_a)ﬂ2+(1_a)}

(248 —a)pus
The constant factor

(5.3)

(zel).

(240 —a)ps
2{2+pf —a)p2+ (1 — )}’
in the subordination resulf (5.3) cannot be replaced by any larger one.

Proof. Let f(z) defined by[(1]1) satisfy the coefficient inequality {2.1). In view[of](1.5) and
Definition[5.2, the subordinatiof ($.3) of our theorem will hold true if the sequence

(2+8—a)u > B
5.6) {2{(2+ﬁ—a) it (1 —a)}‘““}k:l (0 =1)

is a subordinating factor sequence which by virtue Lerpmja 5.1 is equivalent to the inequality

246 —a) o k
(5.7) <1+Z{2+ﬁ—au2—|—(1—a)}akz>>0 (zel).

In view of (2.1) and whenz| = r (0 < r < 1), we obtain

240 — ) po k
<1+Z{2+5—@ M2+(1—@)}akz>
>1_ (2+5—Q)M2 r
- {(2+5—04)M2+(1—04)}

(5.5)

(1-a)
Z{2+ﬂ—a Tia (1= ayy k= 0

This evidently establishes the inequalfty (5.7), and consequently the subordination relafion (5.3)
of Theorenj 5.p is proved. The assertipn|5.4) follows readily fionj (5.3) when the furgtion
is selected as

__c Lk
g(z)—l_z—z—i-z,z.

The sharpness of the multiplying factor [n (5.3) can be established by considering a function
h(z) defined by

1—a .2
C+p—a)p

h(z)=z—
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which belongs to the class7 (¢, «, 5). Using [5.8), we infer that

(248 —a)pe z

5.8 h
©9 Y (R By (s s
and it follows that
| (2+8—a)p ) } 1
5.9 f <R h = —=
59 A G e = L)
which completes the proof of Theor¢m|5.2. O

If we choose the sequengg appropriately by comparing (1.7) with (1]10) afd (1.11), we
can deduce additional subordination results from Therem 5.2.

6. PARTIAL SuMS

In this section we investigate the ratio of real parts of functions involjing (1.2) and its se-
guence of partial sums defined by

(6.1) filz)== and fu(x)=z- |l (ke N\{1}),

and determine sharp lower bounds 10K f(2)/fv(2)}, R{fn(2)/f(2)}, R{f'(2)/fn(2)}
and® {fx(2)/f'(2)} .

Theorem 6.1.Let f(z) of the form[(1.R) belong t&(7 (¢, «, 3), and{;,) -, be a non-decreasing
sequence such that > -1-2 (O <22 <1.-1<Za<1,82 O), then

= 24f0—« 24+0—a
M) > 1
6.2 " (fN(Z) =1 By yi(pny; o, 8)
and
fN(Z)) Byii(png1; a, B)
6.3 R >
63) ( f(z) ) = Byya(pngion 3) + 17

whereBy 1 (un+1; e, 3) is given by[(2.4). The results are sharp for evafywith the extremal
functions given by

(6.4) f6) = 2= g (Ve M(1)).

Proof. In order to prove[(6]2), it is sufficient to show that

. flz) ( B 1 )} 1+ 2
(65)  Brenluwsri e, f) {fN(Z) By (pnvii; o, B) R (=),
We can write
1—]§2Mk|zk_1 . L+ w(2)
By+1(pn+1; o, B) N - <1 T B (iwiia ﬁ)) 1w
1— Z ‘ak‘ Zkil N+1\MUN+1; &,
f=2
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Obviouslyw(0) = 0, and

o0

Byii(png o, 3) > |akl

k=N+1
w(2)| N — :
2-2% |ax| = Byii(pnvsia, B) 30 fa
k=2 k=N+1
which is less than one if and only if
N
(6.6) Z |ar| + By+1(pnt1; o, B) Z Ja| = 1.

k=N+1
In view of @) this is equivalent to showing that

(67) Z{Bk Mk,Oé 5) - 1} |a’k’ + Z {Bk Mg; & 76) BN-FI(MN-I-I;Oéaﬁ)} |a’k| Z 0.

k=N+1

We observe that the first term of the first serle (6.7) is positive when 2% —, which

is true (in view of the hypothesis). Now, siné8;(1.u; o, 3) },-, is @ non-decreasing sequence
(see Remark 2]4), therefore, all the other terms in the first series are positive. Also, the first term
of the second series if (6.7) vanishes, and all other terms of this series also remain positive.
Thus, the inequality] (6]7) holds true. This completes the proof of (6.2). Finally, it can be
verified that the equality ir] (6.2) is attained for the function glven (6.4) when,re2 /N
andr — 1°.

The proof of [6.B) is similar tq (6]2), and is hence omitted. O

Similarly, we can establish the following theorem.

Theorem 6.2.Let f(z) of the form) belong o7 (¢, o, B), and(uy) -, be a non-decreasing
sequence such that > 20— (0 < <li-1fa<l1,2 0) then

= 2¥8-a 2+ﬂ
f'(2) ) _— N+1
(6.8) R (fjlv(z) =1 Byii(pn+1; o, B)
and
f}/v(z)) . Brni1(pns1; @, f)
(6.9) R ( f(z2) ) = N+ 1+ Byii(pns;a,0)]

whereBy 1 (un+1; v, 3) is given by[(2.4). The results are sharp for evéfywith the extremal
functions given by (6]4).

Making use of [(1.10) to[ (1.12), then Theoreims| 6.1 6.2 would yield the corresponding
results for the classeES,) (o, ) andT S(a, 3).

7. INTEGRAL MEANS INEQUALITIES
The following subordination result due to Littlewoad [7] will be required in our investigation.

Lemma 7.1.If f(z) andg(z) are analytic inl{ with f(z) < g(z), then
27 27
(7.1) / |f(rei9)‘“d9 §/ ‘g(reie)‘”de,
0 0

wherep > 0, z =re? and0 < r < 1.
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Application of Lemmd 7]1 for functiong(z) in the classHr (¢, «, 3) gives the following
result using known procedures.

Theorem 7.2.Letp > 0. If f(2) € Hy (o, o, B) is given by[(1R), and s}, ,, is @ non-
decreasing sequence, then, for= re? (0 < r < 1):

(7.2) /0 | f(re®)|"do < /O | fu(re)|"do,
where a )
— )

We conclude this paper by observing that several integral means inequalities can be deduced
from Theorenj 7J2 in view of the relationships (1.10) gnd (1.11).
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