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Abstract: In this paper we introduce a new cla&g ¢, «, 3) of analytic functions which

is defined by means of a Hadamard product (or convolution) of two suitably
normalized analytic functions. Several properties like, the coefficient bounds,
growth and distortion theorems, radii of starlikeness, convexity and close-to-
convexity are investigated. We further consider a subordination theorem, certain
boundedness properties associated with partial sums, an integral transform of a
certain class of functions, and some integral means inequalities. Several interest-
ing consequnces of our main results are also pointed out.
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1. Introduction and Preliminaries

Let A denote the class of functiorf§z) normalized byf(0) = f’(0) — 1 = 0, and
analytic in the open unitdisld = {z; z € C : |z| < 1}, thenf(z) can be expressed
as

(1.1) f(z) = z+iakzk.
k=2

Consider the subclass of the classA consisting of functions of the form
(1.2) f2)=2= laxls",
k=2

then a functionf(z) € A is said to be in the class of uniformly starlike functions
of ordera (denoted byU SF(«, 3)), if

w9 {7 o

Fora = 0in (1.3), we obtain the class of uniformly-starlike functions which is
denoted by SF(3). Similarly, if f(z) € A satisfies

14) % {1 + Z;((Z? _ a} > 3 2;:/ 8

—1‘ (—-1Za<l, 20;z€l).

(-1Za<1, 20;zcl),
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then f(z) is said to be in the class of uniforml3-convex functions of ordes, and
is denoted bYYC'F'(«, ). Whena = 0 in (1.4), we obtain the class of uniformly
(-convex functions which is denoted BYC' F(3).

© 2007 Victoria University. All rights reserved.


http://jipam.vu.edu.au
mailto:
http://jipam.vu.edu.au

The classes of uniformly convex and uniformly starlike functions have been ex-
tensively studied by Goodmar{[ [3]), Kanas and Srivastavd]} Kanas and Wis-
niowska p], Ma and Minda 8] and Ronning 10.

If f,g € A(wheref(z) is given by (L.1)), andg(=) is defined by

(1.5) g(z) =z+ Z b2",
k=2

then their Hadamard product (or convolutigh) ¢ is defined by

(1.6) (fx9)(2) =2+ > a2’ =: (g f)(2).

We introduce here a clag$(¢, «, 3) which is defined as follows:
Suppose the functiog(z) is given by

(1.7) $(z) =2+ Y e,

k=2
wherep;, = 0 (Vk € N\{1}). We say thaff(z) € A is in H(¢, a, 3), provided that
(f x)(2) # 0, and

(AN A2
%{ (92 }>5 (7 9)2)
(—1Sa<l1, 20;z€l).

(1.8)

1‘4—04,

Generally speakindi (¢, a, 3) consists of functiong’(z) = (f * ¢)(z) which are
uniformly g-starlike functions of ordes in /.We also let

(19) HT(QS,CY,ﬁ) = H(¢70475) nT.
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Several known subclasses can be obtained from the &léssa, 5), by suitably
choosing the values of the arbitrary functipnand the parameteks and 5. We
mention below some of these subclassel @, «, 5) consisting of functiong (z)

A. We observe that

(1.10) H {ﬁ,aaﬁ} = S;‘(oz,ﬁ)
(—1sa<l, 20, A>—-1;z€lU),

in which case the functiow is related to the Ruscheweyh derivative operator
D*f(z) ([12]) defined by

D f(z) =

2
(1 — 2)M1

The classS) («, 3) was studied by Rosgt al. [11] and Shamet al. [13] and this
class also reduces t§(«) and K(«) which are, respectively, the familiar classes
of starlike functions of orderx (0 < a < 1) and convex functions of order
(0= a<1)(see[LY)).

Also

(1'11) H{¢(a7 C? Z)7a7/6} = S(CK?ﬁ)?

and in this case the functiaf(a, c, z) is related to the Carlson and Shaffer operator
L(a,c)f(z) ([1]) defined by

ﬁ(CL, C)f(Z) = ¢(a7 C, Z) * f(Z)

The classS(«, 3) was studied by Murugusundaramoorthy and Magékh [
Further, we let

(1.12) TS;(a, B) = Slj\(a, B)NT;

«f(z)  (A>-—1).
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The object of the present paper is to investigate the coefficient estimates, distor-
tion properties and the radii of starlikeness, convexity and close-to-convexity for the
class of function$i(¢, «, 3). Further (for this class of functions), we obtain a subor-
dination theorem, boundedness properties involving partial sums, properties relating
to an integral transform and some integral mean inequalities. Several corollaries
depicting interesting consequences of the main results are also mentioned.
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2. Coefficient Estimates

We first mention a sufficient condition for the functigiiz) of the form (L.1) to
belong to the clask (¢, «, 3) given by the following result which can be established
easily.

Theorem 2.1.1f f(z) € A of the form (..1) satisfies

(2.1) ZBk (e o, B) |lag| =1,
k=2
where

for somea(—1 £ a < 1), (B =2 0) andu, = 0(V k € N\{1}), thenf(z) €
H(¢, v, 3).

Our next result shows that the conditian 1) is necessary as well for functions
of the form (L.2) to belong to the class of functioftér (¢, «v, 3).

Indeed, by usingl(.2), (1.6) to (1.8), and in the process letting— 1~ along the
real axis, we arrive at the following:

Theorem 2.2. A necessary and sufficient condition fffz) of the form (..2) to be
inHr(p,a,3), —-1<a<1, 320, u =0 (¥k € N\{1})is that

k=2
where
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Corollary 2.3. Let f(z) defined by 1{.2) belong to the clas$(; (¢, «, (3), then

1
2.5 < — k=2).
The result is sharp (for each), for functions of the form
1
2.6 S L k=2,3,...),

whereBy (u; o, B) is given by £.4).

Remarkl. Itis clear from ¢.4) thatif {1, } -, is @ non-decreasing positive sequence,
then { By (u; a, 5)}:2, and{w}k would also be non-decreasing positive
=2
sequences (being the product of two non-decreasing positive sequences).
Remark2. By appealing to 1.10, we find that Theorem&.1, 2.2 and Corollary
2.3 correspond, respectively, to the results due to Retsgl. [11, Theorems 2.1,
2.2 and Corollary 2.3]. Similarly, making use df.{ 1), then Theorem&.1, 2.2 and
Corollary 2.3, respectively, give the known theorems of Murugursundarmoathy

al. [9, Theorems 2.1, 2.2 and Corollary 2.3].
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3. Growth and Distortion Theorems

In this section we state the following growth and distortion theorems for the class
Hr (¢, a, 5). The results follow easily, therefore, we omit the proof details.

Theorem 3.1. Let the functionf(z) defined by 1.2) be in the clas${r (¢, «, ). If
{u}oe, is @ positive non-decreasing sequence, then
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The equality in §.1) is attained for the functiorf(z) given by
l—«a Title Page
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(3.2) f( ) (2 + 08— a),uz Contents
Theorem 3.2. Let the functionf(z) defined by {.2) be in the clas${r (¢, a, 3). If << »
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4. Integral Transform of the Class Hr (¢, a, )

For f(z) € A, we define the integral transform

@.1) s = [ o

wherey is a real-valued non-negative weight function normalized, sofgha(t)dt =1

In particular, whenu(t) = (1 +n)t", n > —1 thenV, is a known Bernardi integral
operator. On the other hand, if

s 6—1
4.2) p(t) = (1;(_(57;) t" (log %) (n>—1, 6 >0),

thenV, becomes the Komatu integral operator (& [
We first show that the clags$; (¢, «, 3) is closed undev,( f). By applying (L.2),
(4.7) and ¢.2), we straightforwardly arrive at the following result.

Theorem 4.1.Let f(z) € Hr (¢, o, B), thenV,(f(z)) € Hr (¢, o, B).

Following the usual methods of derivation, we can prove the following results:

Theorem 4.2. Let the functionf(z) defined by 1.2) be in the classir (¢, «, ).
ThenV,(f(z)) is starlike of orders (0 < o < 1) in |z| < 1, where

1
k—1

By, (pu; o, 8)(1 —50)
(k= 0) (23)

and By (u; o, B) is given by £.4). The result is sharp for the functiof{z) given by
(3.2).

(4.3) rlzirklf (k=22,n>-1,0>0; z€lU),
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Theorem 4.3. Let the functionf(z) defined by 1.2) be in the classir (¢, «, 3).
ThenV,(f(z)) is convex of ordes (0 < o < 1) in |z| < ry, where

_1_
k=1

(4.4) |2] < ry = inf | Brlwi O = 0)
k ) 5

k(k— o) (ﬁi)
and By (ux; o, B) is given by £.4).

Theorem 4.4. Let the functionf(z) defined by 1.2) be in the classir (¢, «, ).
ThenV,(f(z)) is close-to-convex of order(0 < ¢ < 1) in |z| < r3, where

(k=22,n>-1,>0; zelU),

1
k—1

By (p; o, B)(1 — o)
)
F(2)

and By, (u; o, 3) is given by £.4).

(4.5) g :i%f (k=22,n>-1,0>0; zelU),

Remark3. On choosing the arbitrary functiof( =), suitably in accordance with the
subclass defined by. (10, Theorems!.1, 4.2 and4.3, respectively, give the results
due to Shamst al. [13, Theorems 1, 2 and 3]. Also, making use dfl(1), Theorems
4.1,4.2,4.3and4.4yield the corresponding results for the cl&sS(«, 3).
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5. Subordination Theorem
Before stating and proving our subordination theorem for the &8s o, 3), we
need the following definitions and a lemma due to WG]}

Definition 5.1. For two functionsf and g analytic inl/, we say that the function
f is subordinate tg; in U (denoted byf < g), if there exists a Schwarz function
w(z), analytic ini{ with w(0) = 0 and |w(z)| < |z| < 1 (2 € U), such that

f(z) = g(w(z)).

Definition 5.2. A sequencdb, }7°, of complex numbers is called a subordination
factor sequence if whenevg(z) is analytic, univalent and convex i, then

(5.1) Zbkakzk =< f(2) (zel, a; =1).
k=1
Lemma 5.3. The sequencgy }:° , is a subordinating factor sequence if and if only

(5.2) §R{1+2§:bkz’“}>0, (z €U).
k=1

Theorem 5.4. Let f(z) of the form (..1) satisfy the coefficient inequality (1), and
(k) 7o be a non-decreasing sequence, then

2+8—a)u . o)z B
2{(2+5—a)u2+(1—a)}(f 9)(2) < g(2),
(-1=a<l1, 820 2zel, u, 20 (Vk e N\{1}))

(5.3)
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for every functiory(z) € K (class of convex functions). In particular:

—{C+06-a)m+(1-a)}

(5.4) R{f(2)} > TSy (zel).
The constant factor

2{2+B-a)pa+(1—-a)}’
in the subordination resulty(3) cannot be replaced by any larger one.

Proof. Let f(z) defined by (.1) satisfy the coefficient inequality?(1). In view of
(1.5) and Definition5.2, the subordination5(3) of our theorem will hold true if the
sequence

(2+ 8 —a)u - B
5.6) {2{(2+B—a) it (1 —a)}“’“}kzl (=1,

is a subordinating factor sequence which by virtue Leninids equivalent to the
inequality

(57) %(14—2{2_{_ 2+ﬁ—04)#2 )}akzk)>0 (ZEU)

B—a)pz+(1—-a

In view of (2.1) and wherjz| = r (0 < r < 1), we obtain

240 —a) o k
<1+Z{2+ﬁ—a u2+<1—a)}akz>
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>1 - (2+B_O‘)N2 r
N {@+ﬁ—anm+ﬂ—aﬂ

(1-«
Z{2+ﬁ P el
This evidently establishes the inequality {), and consequently the subordination

relation 6.3) of Theorem5.4 is proved. The assertiors () follows readily from
(5.9) when the functiory(z) is selected as

o
? k
:z+g z".
—z
k=2

The sharpness of the multiplying factor in§) can be established by considering a
functionh(z) defined by
1 -« 2

hiz) = > —
D= e am
which belongs to the clagir (¢, «, 3). Using 6.3), we infer that

mdzl

(248 —a)pus z
(5-8) 2{(2—|—ﬁ—a),u2+(1—04)}h()41—,27
and it follows that

i 2+ 0 —a)p )} 1
5.9 f LR L _ 1
) 35{ (N@+ﬁ—anw+u—a»<@ %
which completes the proof of Theorem. =

If we choose the sequengg appropriately by comparingL(7) with (1.10 and
(1.17), we can deduce additional subordination results from Thearém
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6. Partial Sums

In this section we investigate the ratio of real parts of functions involving @nd
its sequence of partial sums defined by

61)  filz) =z and fy(z)=z-) lalz"  (VkeN\{1}),

and determine sharp lower bounds®f{ f(z)/ fn(2)}, R{fn(2)/f(2)}, R{f'(2)/ fy(2)}
andR {fy(2)/f"(2)} .

Theorem 6.1. Let f(2) of the form (.2) belong toH (¢, , 3), and {(u11,)5°., be a
non-decreasing sequence such that> 1= (0 <A «1;-1<a<1,82 0),

24—« 2+4+[—a
then
f(2) ) > 1
6.2 gce(fN(Z) =1 By yi(pns1; o, B)
and
fN(Z)) > Bnii(pingt; @, B)
©9 éR(f(z) = Bror(one; o) + 1

whereBy .1 (un+1; «, 5) is given by £.4). The results are sharp for every, with
the extremal functions given by
1
A (N e N\{1}).

flz) = 2= By (pny1; o, B)

Proof. In order to prove.2), it is sufficient to show that

flz) (1 B 1 )} -
fn(z) By 1wy o, B)

(6.4)

1+ 2
11—z

(zel).

(65) BN.H (,UN—H; «, 6) [
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We can write

o
1= |ag| 2571
k=2

Bnii(pni1;«, B)

1 ) :1+w(z)

_(1- STwE)
1— % |ak| k-1 ( BNJrl(:uNJrl;Oé?/B) - U)(Z)
k=2

Obviouslyw(0) = 0, and

By yi(ung; o, 3) . > axl
=N+1
jw(z)] = N — ,
2=2%" |ax| = Byya(pnvirsa, 8) >0 ax]
k=2 k=N+1
which is less than one if and only if
N [e's)
(6.6) > okl + Bya(pysa, ) Y Jag S 1.
k=2 k=N+1

In view of (2.3), this is equivalent to showing that
N

©.7) > {Bi(ua, 8) — 1} |ax
k=2

+ 3 (Bl @ 8) — By (pnis @, B)} lag] = 0.

k=N+1

We observe that the first term of the first seriesin)is positive whenu, = Qigfa,

which is true (in view of the hypothesis). Now, sin€Bj,(uu; @, 8)},—, is a non-
decreasing sequence (see Remgrkherefore, all the other terms in the first series
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are positive. Also, the first term of the second seriesin) (vanishes, and all other
terms of this series also remain positive. Thus, the inequdlit tolds true. This
completes the proof of5(2). Finally, it can be verified that the equality i6.0) is
attained for the function given by (%) when,z = /N andr — 1-.

The proof of ¢.3) is similar to ¢.2), and is hence omitted. O

Similarly, we can establish the following theorem.

Theorem 6.2. Let f(z) of the form (..2) belong toH (¢, a, ), and (u),-, be a
non-decreasing sequence such that> 2=

24—« 24+f—a
then
F(2) > — N+1
(6.8) R <fz/v(z> =1 Byyi(pngs o, B)
and
MY Bl
(6.9) 8:E(Jt/(z> = N+1+BN+1(MN+1;a7ﬁ>7

whereBy.1(uny1; o, 3) is given by £.4). The results are sharp for every, with
the extremal functions given b§.{).

Making use of {.10) to (1.12), then Theorem&.1and6.2would yield the corre-
sponding results for the class&ss, («, §) and7 S(«, 3).

(0< 1a <1;—1§a<1,ﬁ;o),
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7. Integral Means Inequalities

The following subordination result due to Littlewood] [will be required in our
investigation.

Lemma 7.1.If f(z) andg(z) are analytic inl{ with f(z) < g(z), then

(7.1) /0 ' }f(rew)‘MdQ < /0 ’ |g(7‘ei9)‘“d0,

wherep > 0, z = re’? and0 < r < 1.

Application of Lemmar.1 for functions f(z) in the classH+(¢, «, 5) gives the
following result using known procedures.

Theorem 7.2.Lety > 0. If f(2) € Hr (¢, o, ) is given by (.2), and{ i}, iSa
non-decreasing sequence, then, fot r¢? (0 < r < 1):

(7.2 | lseenans [ |nget) ) as
where
L (1-0a) 2

We conclude this paper by observing that several integral means inequalities can
be deduced from Theorem?2 in view of the relationshipsi(10 and (L.17).
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