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ABSTRACT. In this paper we obtain new results concerning maximum modules of the polar
derivative of a polynomial with restricted zeros. Our results generalize and refine upon the
results of Aziz and Rathelr][3] and Jagjeet Kaur [9].
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1. INTRODUCTION AND STATEMENT OF RESULTS

Let p(z) be a polynomial of degree andyp’(z) its derivative. It was proved by Turan [11]
that if p(z) has all its zeros ifz| < 1, then

n
1.1 max |p'(z)| > — max |p(2)].
(1.1) max|p(2)] 2 5 max|p(z)]
The result is best possible and equality hold$ in|(1.1) if all the zerp&:0fiie on || = 1.
For the class of polynomials having all its zerogin< k, k > 1, Govil [7] proved:

Theorem A. If p(z) = >_"_, a,z" is a polynomial of degree having all the zeros ifz| < k,
k > 1, then

n
/
. m >

Inequality(L.9)is sharp. Equality holds fop(z) = =" + k™.

Let D,{p(z)} denote the polar derivative of the polynomiét) of degreen with respect to
a, then

max p(2)]

Da{p(2)} = np(2) + (a = 2)p'(2) -
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The polynomialD,{p(z)} is of degree at most— 1 and it generalizes the ordinary derivative
in the sense that D
lim —ap(z) =p'(2).
a—00 «
Aziz and Rather[[3] extendefl (].2) to the polar derivative of a polynomial and proved the
following:

Theorem B. If the polynomialp(z) = >~"_ a,z" has all its zeros ifjz| < k, k > 1, then for
every real or complex numberwith |a| > k,

la] — k
1.3 max | D, > m .
(1.3) ! |a>1<| p(2)| >n (1 ) e Ip(2)]

The bound in Theorefn|B depends only on the zero of largest modulus and not on the other
zeros even if some of them are close to the origin. Therefore, it would be interesting to obtain
a bound, which depends on the location of all the zeros of a polynomial. In this connection we
prove the following:

Theorem 1.1.Let

n n

p(z) = Z%ZU =a, H(z —2y), ap#0,
v=0 v=1
be a polynomial of degree, |z,| < k,, 1 < v < n, letk = max(ky, ko, ...,k,) > 1. Then for
every real or complex numbéx| > £,

(1.4) max | Dop(2)|

"Lk 2 1 (k" —1
> (|| — & —
2 (lof )UE_l e L+kn max |p(z)| + (k"+1) min [p(z )!}

Dividing both sides of[(1]4) by«| and letting|a| — oo, we get the following refinement of
aresult due to Aziz [1].

Corollary 1.2. Letp(z) = > _jauz" = a, [[1_,(z — 20), a,, # 0, be a polynomial of degree
n, |z,| < ky, 1 <v<n,letk =max(ky, ko, ..., k,) > 1. Then,

k 2 1 (k"
15 T . |
(1.5) Tn|ax|p Zk+k L+k’"|| 1|p(2)|+kn (k"+1>| k|p(z)|]
Since;£- > { for 1 < v < n, Theorenj 1]t gives the following result, which is an improve-
ment of TheorerfIB

Corollary 1.3. If p(z) = a, [[_,(# — z), a,, # 0, is a polynomial of degree, having all its
zeros in|z| < k, k > 1, then for every real or complex number > £,

1 1 (k" —
. o > — — i .
1) wax|D(a) 2 nll] - ) | 1 max o) + g (g ) min oo
Dividing both sides of] (1]6) byr| and letting|o| — oo, we obtain the following refinement
of Theorenj A due to Govil]7].

Corollary 1.4. If p(z) = a, [[\_,(z — z), a,, # 0, is a polynomial of degree, having all its
zeros in|z| < k, k > 1, then

1 1 ke
1.7 ! > L . .
1.7) {ﬁi}ﬂp(zﬂ—”{Hknfgfﬂp(Z)H%n <kn+1)| in [p(2)]
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The bound in Theorein 1.1 can be further improved for polynomials of degree. More
precisely, we prove the following:

Theorem 1.5.Letp(z) = > 0" a,2" = a, [[1_, (¢ — 2,),a, # 0, be a polynomial of degree
n > 2, |z <k, 1l <wv<n,andletk = max(ky,ko,...,k,) > 1. Then for every real or
complex numbeji| > £,

—~ Kk 2 1 (k-1
. « Z - T
@8) x4 2 0]~ e | e s PO+ g ()

| + k, km+1
s i (o)) + 2ot U
fﬁﬁpz k(1 + km) n n—2

1
+ (1_ﬁ> |nag + aay|  for n>2

and

"k 2 1 (k" —1
1.9 D, > (la| — k
(1.9) Iél'fgl p(2)| = (Ja] = k) > e [1+I<:”I|Izl|i}1(|p(z)|+k" (kn+1)
v=1

) (k—1)" 1
TN 1—- f —

SinceHLk > % for 1 <wv < n, the above theorem gives in particular:

Corollary 1.6. If p(z) = a, [[_,(z — zu), a,, # 0, is @ polynomial of degree having all its
zeros in|z| < k, k > 1, then for every real or complex numbler > k,

1 1 Em—1
(110) max g2 2 ol 1) | max )] + 5 ()

14 kn kn 41
, lan—1] (k"—=1 k" 2-1
% g?i%|p(z)|+k(1+k") n n—2

1
+ (1—@> |nag + aay| for n>2,

and

2 1 (k-1
. « > - T
112) D) 2 (ol — 1) [ -2 ma ) + (o)

X |Izr|l£ |p(z)| ‘f'%} + (1— E) |na0+aa1|, for n=2.

Now it is easy to verify that it > 1 andn > 2, then (&=L — ’“"‘—2*1> > 0. Hence for

o n—2
polynomials of degree > 2, the above corollary is a refinement of Theorerm 1.1. In fact,
except the case wheiiz) has all the zeros or| = k, ap = 0, a; = 0, anda,,_; = 0, the bound
obtained by Theorem 1.5 is always sharper than the bound obtained by Ttegrem 1.1.

Remark 1. Dividing both sides of inequalities (1.8), (1.9), (1.10) ahd (L.11)dyand letting

la| — oo, we get the results due to Jagjeet Kaur [9]. In addition to thi|1$|1,ij£ Ip(2)] =0i.e.if
a zero of a polynomial lies opr| = k, then we obtain the results due to Govil [8].

Finally, as an application of Theorgm[1.1 we prove the following:
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Theorem 1.7.1f p(z) = >0 a,2” = a, [[_,(z — 2y), an, # 0, is a polynomial of degree,
|2o| > kyy 1 < v <n,andk = min(ky, ko, ..., k,) < 1, then for every real or complex number
d with |9] < k&,

ok 2 1— k"

1.12 D > (k — |o])k"? o T
(112)  max|Dsp(2)| = (k - o)) Z;k+kyL+wn$§”*”+kw1+wgm’
wherem = ‘Hlllrli Ip(2)].

2. LEMMAS

For the proofs of the theorems, we need the following lemmas.

Lemma 2.1. If p(z) is a polynomial of degree, then forR > 1

(2.1) max p(z)| < R" max Ip(2)]-

The above lemma is a simple consequence of the Maximum Modulus Principle [10].

Lemma 2.2.If p(z) = >_"_, a,2" is a polynomial of degree, then for allR > 1,

(2.2) max |p(2)| < R max |p(z)| ~ (R" — R")|p(0)] for n>2
and
(2.3) max [p(z)| < Rmax |p(z)| — (R —1)|p(0)] for n=1.

|z|=1 |z|=1

This result is due to Frappier, Rahman and Ruscheweyh [5].

Lemma 2.3. If p(z) = a,[[,_,(z — z,), is a polynomial of degree > 2, |z,| > 1 for
1 <wv <n,then
R"+1 R"—1 R"? R"—1
. < — — — i
(2.4)  max |p(2)] < max|p(z)] — |ai] ( p— 2) 5 i lp(2)l;
if n>2
and
241 -1 R*-1 .
@) max ) < " maxlp(a)] -l T - L i ()], i =,

The above lemma is due to Jagjeet Kaur [9].

Lemma2.4.1f p(z) = a, [[,_,(2—2v), a, # 0, is a polynomial of degree, such thatz,| < 1,
1 <wv <n,then

n

1
2.6 max |p'(z)]| > ———— max |p(2)].
(2.6) max [p'(z)] > Z:; T ] Ip(2)]

This lemma is due to Giroux, Rahman and Schmeisser [6].
Lemma 2.5. If p(z) is a polynomial of degree, which has all its zeros in the disk| < k,
k > 1, then

n

. >
(2.7) max P 2 T

Inequality 2.7) is best possible and equality holdsyfor) = =™ + k.
The above result is due to Aziz/[1].

max [p(z)].
|z|=1
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Lemma 2.6. If p(z) is a polynomial of degree, having all its zeros in the disk| < k, k > 1,
then

n n

2k
. >
(2.8) max [p(z)] 2 o max|p(z)] +

T o i p(2)]-

The result is best possible and equality holdsfor) = 2™ + k™.

Proof of Lemma 2]6For k£ = 1, there is nothing to prove. Therefore it is sufficient to consider
the casé: > 1.

Letm = ‘HE; Ip(2)]. Thenm < |p(z)| for |z| = k.

Since all the zeros qf(z) liein |z| < k, k > 1, by Rouche’s theorem, for evedywith |A| < 1,
the polynomialp(z) + Am has all its zeros inz| < k, & > 1. Applying Lemmd 2. to the
polynomialp(z) + Am, we get

n

max |p(z) + Am| > max [p(z) + Am].

|z|=k 14+ k™ |z1=1
Choosing the argument ofsuch thatp(z) + Am| = |p(z)| + |A\|m and letting|\| — 1, we get
> — mi :
max [p(2)] = {7 max [p(z)] + e min p(2)]
This completes the proof of Lemra P.6. O

Lemma 2.7. If p(z) is a polynomial of degree and « is any real or complex number with
la| # 0, then
(2.9) |Dag(2)] = Inap(z) + (1 —az)p/(2)] for |z = 1.

Lemmd 2.7 is due to Aziz [2].

3. PROOFS OF THE THEOREMS

Proof of Theorem 1]1lLet G(z) = p(kz). Since the zeros qf(z) arez,, 1 < v < n, the zeros
of the polynomialG(z) arez,/k, 1 < v < n, and because all the zerosigt) lie in |z| < k, all
the zeros of7(z) lie in |z| < 1, therefore applying Lemnja 2.4 to the polynomi#lz), we get

n

(3.1) max|G'(2)] 2 ngg!(}(@l-
v=1 k

Let H(z) = 2"G(1/Z). Then it can be easily verified that
(3.2) |H'(2)| = [nG(z) — 2G'(z)|, for |z] = 1.

The polynomialH (z) has all its zeros ifz| > 1 and|H (z)| = |G(z)| for |z| = 1, therefore, by
the result of de Bruijn[4]

(3.3) |H'(2)] < |G'(2)] for |z| =1.
Now for every real or complex numberwith |«| > k, we have

DapG2)| = [nGlz) = 2G'(2) + 7C/(2)

> |a/k||G'(2)] = InG(2) = 2G7(2)].
This gives with the help of (312) anfd (3.3) that

(3.4) glg)lc\Da/kG(zﬂ > ’a|k_ F max |G'(2)] .

j2l=1
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Using (3.1) in[(3.4), we get

max| Do G/(2) Z e e

|2=1

ReplacingG(z) by p(kz), we get

maX|Da/kp(k:z | > (Jo| — k) Z k+ P max |p(kz)|

|2|= |2=1

which implies

«
max ‘np(kz) (E - z) kp'(kz) ‘ (la] — Z o |Zv max |p(kz)|,

|2|=1 | I2l=1

which gives

max |D,, > (o] — K max |p(z)].
v D)2 (= 1) 32 1o o)

Using Lemma 26 in the above inequality, we get

ok
. . > (
(35)  max|Dap(z)] = (lal - Z k+ = L e maxp(z)]

() i ()
11 ko ) o P

SinceD,p(z) is a polynomial of degree at most— 1 andk > 1, applying Lemma 2]1 to the
polynomial D,p(z), we get

(36) max | Dop(2)| < K" max [ Dap(2)].

B |z=1

Combining [3.5) and (3]6), we get

max | Dop(z)|

—~ k 2 1 (k" —1
> (Ja| = k) > = i
> (lef )v:1 P LH@” max |p(z)| + <1+kn) min \p(Z)\]

"k 2 1 [k —1
> (la] — k - i
> (| )?1 s L+k:" max Ip(2)] o <1+kzn) min Ip(Z)I}

which is the required result. Hence the proof Theofem 1.1 is complete. O

Proof of Theorem I|5Let G(z) = p(kz). Since the zeros qgf(z) arez,, 1 < v < n, the zeros
of the polynomialG(z) arez,/k, 1 < v < n, and because all the zerosgt) lie in |z| < k,

all the zeros of7(z) lie in |z| < 1, therefore applying Lemnja 2.4 to the polynoniglz) and
proceeding in the same way as in Theofem 1.1, we obtain

(3.7) max [ Dop(2)] > (o] - Z p(2)].

|2|=k k+!zv||\k

Now letq(z) = 2"p (1) be the reciprocal polynomial gf z). Since the polynomial(z) has
all its zeros in|z| < k, k > 1 the polynomialg (%) has all its zeros ifz| > 1. Hence applying
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(2.4) of Lemmd 28 to the polynomial(2), k > 1, we get
z k" 4+ 1 z kK" —1 . z
maxlo ()] < 55 maxlo (1)) - (5 ) mine ()

. |an_1| k" —1 _ kn—2_1
k n n—2 )’
which gives
k1 k1
mox ()] < 5 maxlp()] - (“ ) min o)

|z|=1 |2|
lap_q| (K" =1 k"2 -1
k n n—2 ’

which is equivalent to

2k™ k" —1
. >
@8 )] > o maxlp)| + (S ) min (o)
2|an_1|k:“1 S R
1+ kn n n—2 )

Using (3.8) in[(3.F7) we get
) maxl D) = (ol - DY 1 | maxb) + (150 )

2| =k — k+ |z [ 14" J2=1 1+ En
Qan_t|k"t (k" —1 Kk 2—1\] .
- f 2.
><|H‘11n|p()]+ LT " — if n>

SinceD,p(z) is a polynomial of degree — 1 andk > 1, from (2.2) of Lemma 2]2, we get

(3.10) ﬁax |Dop(2)| < k"1 I|n|fi}1< |Dop(2)| — (K" 1 — k") Dap(0)], ifn>2.

Combining [3.9) and (3.10) we have
—~ k 2 1 (k" —1
S B 1 .
max1Dap(2)] 2 (Jof = k) 3 7 ol (b ) minlaGe)

|2|= +|zo| [14 k™ 2=t 1+ kn
L 2anal (-1 ko
k(1 + kn) n n—2
1 .
+ (1—E) |nag + aaq|, if n>2
"k 2 1 (k" —1
> (Jo| — k — i
2 (ol =B e [T e+ g (T ) i o)
L 2an] (K1 kP
k(1 + km) n n—2
1 .
+ (1_ﬁ) |nag + aay|, if n>2

which completes the proof df (1.8).
The proof of [1.9) follows on the same lines as the proof of (1.8) but instead of (2. E]Ehd (2.4)
we use inequalities (2.3) and (R.5) respectively. We omit the details.
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Proof of Theorer 1] 7By hypothesis, the zeros of 2) satisfy|z,| > k, for 1 < v < n such

thatk = min(ky, ko, ..., k,) < 1. It follows that the zeros of the polynomialz) = 2"p(1/z)
satisfy1/|z,| < 1/k,, 1 < v < n such thatl/k = max(1/ky,1/ks,...,1/k,) > 1. On

applying Theorerh 1]1 to the polynomiglz), we get

o 1 2/k"
@11) max| Dua2)] = Kol =10 S | e o)

v=1
1/k" —1
: >
e Join la@)l el =
Now from Lemma 2.7 it follows that
|Doq(2)] = ||| D1jap(2)| for |z] =1.

Using the above equality in (3.]11), we get fof > 1/k,

" kk 2
. B > n—1 _ v
(312) felmas IDyapte)| 2 177l = 8 S p | 7 mabe)
F T i ()
—— 1INIn 4
(1 + E")kn ook T

Replacing: by 4, so thatd| < k, we get from|(3.1P)

" kk 2
1/6| max |Dsp(2)| > k" Y(|1/8] — 1/k ? max |p(z
1/ D) 2 713 1) S | o)
T L —el
——— min |p(2)||,
(L+ k) ik P
or
“~ k 2 1— k" ]
D >k k— 16 u ————— mi
max | Dsp(z)| = k" (k | I);,Hkv [1+k" max [p()| + g i PG|
“~ k 2 1— k"
>k Nk -0 z ————— mi
210D S )+ g min )
which is (1.12). Hence the proof of Theorgém|1.7 is complete. O
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