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Abstract

In this paper a new class Sj (a, 9) of starlike functions is introduced. A subclass
TS? (a,p) of SI;\ (a, 8) with negative coefficients is also considered. These
classes are based on Ruscheweyh derivatives. Certain neighbourhood results
are obtained. Partial sums f,,(z) of functions f(z) in these classes are consid-
ered and sharp lower bounds for the ratios of real part of f(z) to f,(z) and f'(z)

to f/(z) are determined. Neighbourhoods and Partial
Sums of Starlike Functions
Based on Ruscheweyh
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Let S denote the family of functions of the form
(1.1) f(z)=2+ Z a2
k=2

which are analytic in the open unit digk = {z : |z| < 1}. Also denote byr’,
the subclass af consisting of functions of the form

(1.2) f2)=2=> lay 2*
k=2

which are univalent and normalizedin

For f € S, and of the form {.1) andg(z) € S given byg(z) = z +
> oo, brz®, we define the Hadamard product (or convolutign) g of f andg
by

(1.3) (f*g)

=z+ Zakbkz

For—1<a<1landg>0,we IetSﬁ (c, ) be the subclass ¢f consisting of
functions of the form1.1) and satisfying the analytic criterion

(1.4) Re{—z (D] () —a} > 5|2 2LE)

DVf () D)

)
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whereD” is the Ruscheweyh derivativé][defined by

DM f (2) :f(z)*#zerZBk()\)akzk
k=2

(1-

and

A1 A+ A+1)--- N+ k-1
(1.5) Bk(A):(k )1k'1:( U *k)1'(+ ) a0

( N ) ( N ) Neighbourhoods and Partial

Sums of Starlike Functions
We also letl'S) («, 3) = S, (o, §) N T. It can be seen that, by specializing T

on the parameters, 3, A the classl'S;) («, ) reduces to the classes introduced ervatives
and studied by various authors p, 11, 17]. Thomas Rosy, K.G. Subramanian

and G. Murugusundaramoorthy

The main aim of this work is to study coefficient bounds and extreme points
of the general cIaSESQ (cv, B). Furthermore, we obtain certain neighbourhoods
results for functions iff’S) («, 3) . Partial sumsf,(z) of functionsf (z) in the Title Page
classS; (a, () are considered.
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In this section we obtain a necessary and sufficient condition and extreme points

for functionsf (=) in the class'S) («, ).

Theorem 2.1. A sufficient condition for a functioffi(z) of the form (..1) to be

in 5> (a, ) is that

1) S A= E D g )y <1

—1<a<1,8>0,X>0andB()\) is as defined inX.5).

Proof. It suffices to show that

2(DVE) | g D) .
o ! P‘{ Do) 1}“ '
We have
2DVE) g R0 E)
o ! R{ D (2 1}
2 (DM (2))
§(1+5)W—1|

< U403, (k= 1) Br (A) | Hl
< 1=, B (\) |axl |2/
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B, (k= 1) B (M) |
B 1= 2420 Br (A) lax|
This last expression is bounded abovelby « if

[e.e]

Sl +8)k-

k=2
and the proof is complete. O

(@ + B)] Br (A |ax| <1 —a,

Now we prove that the above condition is also necessary forT .

Theorem 2.2. A necessary and sufficient condition férof the form (.2
namelyf (z) = z — > 2, bpz*, a4, > 0, 2 € U to be inTS) (o, B), =1 <
a<1,ﬁ20)\ 0 is that

[e.9]

(2.2) S+ B k-

k=2

Proof. In view of Theorem2.1, we need only to prove the necessity. flfe
TS (a, §) andz is real then

L= Y kaBe (N 1 Zk o (K —1) arBy (A) 2
1 =370 anBy (A) 21 - — Y By (A) A
Letting z — 1 along the real axis, we obtain the desired inequality

o0

(a4 0)] B (N a <1—a.

[(1+06) k-

k=2

(a+B)] B (N ar <1—a.
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Theorem 2.3. The extreme points &S, (¢, 3), -1 < a < 1, § > 0 are the
functions given by

1 -« k
(T+8)k—(a+B) B (V)

k=2,3,... whereA > —1 and By () is as defined in(.5).

(23)  fi(z)=1and fi(z) =z -

Corollary 2.4. A functionf € T'S) («, ) if and only if f may be expressed

as 22021 ,Mkfk (Z) Whel‘e,uk Z O, 22021 M = 1 and fla fg, ... are as defined in Neighbourhoods and Partial
(2 3) Sums of Starlike Functions
B Based on Ruscheweyh
Derivatives
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The concept of neighbourhoods of analytic functions was first introduced by

Goodman{] and then generalized by Ruschewegh |n this section we study
neighbourhoods of functions in the familis? (a, 3).

Definition 3.1. For f € S of the form (.1) and§ > 0, we definen — 6-
neighbourhood of by

k=2 k=2

M](f) = {gES:g(z):z—i—Zbkzk and Zk"+1|ak—bkl §5},

wheren is a fixed positive integer.

We may writeM (f) = N; (f) andM} (f) = Ms(f) [5]. We also notice
that M5 (f) was defined and studied by Silvermaih &nd also by others’| 3].

We need the following two lemmas to study the- §- neighbourhood of
functions inT'S (., f3).

Lemma 3.1.Letm > 0and—1 < v < 1. If g(2) = 2 + > 1, bz" satisfies
>oney k|| < 175 theng € SY (v, B). The resultis sharp.

Proof. In view of the first part of Theorerf.1, it is sufficient to show that

FA+8) (0 +B8) p (y K
L=~ ‘ (1=")

(1+0).
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_ kA48 -0+8) (wt1) - (pt+k—1)

1= (1) (=) (k= 1)l
R ) (et (k- 1)
< =) (D)

Therefore we need to prove that

(wt(p+2)---(ptk-1

Ak, p) = ki (k —1)! =

Sincef (k, 1) = [(n+ 1)/2#] < 1, we need only to show that (k, i) is a
decreasing function of. But H(k + 1,u) < H(k,u) is equivalent to(1 +
w/k) < (14 1/k)*. The result follows because the last inequality holds for all
k> 2. O

Lemma3.2.Letf(z) =2 —> o, az" € T, -1 <a < 1,8 >0ande > 0.
If L2042 € 7'9) (a, B) then

pil, 2’7+1 (I—a)(1+¢)
Zk S arf) N

where eithery = 0and\ > 0ornp = 1and1 < A < 2. The result is sharp with
the extremal function

(1-a)(l+¢) 2

C2—a+8) A+ Zev

f(z) =
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Proof. Letting g (z) = % we havey (z) =z — Y 2, 22k, 2 € U

In view of Corollary2.4 g(z), may be written ag (z) = > =, gk (2),
wherepy, > 0,07 e =1,
1-a)1+e)

gddzzaMgﬂdzz—(h_Q+mBMMz,

k=23,....

Therefore we obtain

S I-—a)(+e) 4

k=2
R (1-a)(1+9)
- §“k<<k—a+ﬁ>3k<x>> |

Sincep, > 0and) "> | uy < 1, it follows that

S o [ (1—a)(1+2)
2o < kT (ieimm)

. . _ kM (1—a)(14e)

The result will follow if we can show thatl (k,n, o, e, \) = T eidB.O) sa

decreasing function df. In view of By, (\) = 22 By (A) the inequality
Ak+1,n,a,e,\) < A(k,n,a,e, )

is equivalent to

k+D)"™" (k—a+B8) <k (k+1—a+B8)(A\+k).
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This yields

(3.1) AMk—a+pB)+A+a—-F6>0

whenever) = 0 and\ > 0 and

(3.2) Elk+ 1) A =1+ 2=\ (a—p8)]+a—5>0,

whenevem = 1 and1l < )\ < 2. Since 8.1) and @.2) holds for allk > 2, the
proof is complete. O

Theorem 3.3. Suppose eithef =0andA > 0ornp=1andl < X < 2.
Let—1<a<1,and
2—a+3)1+N)—-2""1—a)(l+e)(1+73)
2—a+3)1+X)1+0)

Let f € T and for all real number$ < ¢ < 6, assumel2E= € 75 (a, §).
Then they-5 - neighbourhood of , namelyMy (f) C S (v, 3) where

1-9)2—a+8)(1+N) =2 1—a)(1+4¢e)(1+0)
2—a+B) 1+ (1+0)

The result is sharp, with the extremal functipfe) = =202 22

—-1<v<

5:

Proof. For a functionf of the form (.2), let g(z) = 2 + > o, byz" be in
M (f). In view of Lemma3.2, we have

[ o0
Z kﬂ?"rl |bk| = Z kﬂ?"rl |ak — bk — ak|
k=2 k=2
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21 (1 — ) (14 ¢)
2—a+p6)(1+N)

Applying Lemma3.1, it follows thatg € S (v, 3) if § + W;Tm < ;—g.
That s, if

5o (1= 2-a+8)(1+X) 27" (1—0a)(1+2)(1+0)
- (2—a+8)(1+A)(1+p) ‘

This completes the proof. O

<+

Remark 3.1. By takingg = 0 and lettingh = 0, A = 1 andn = 0 = ¢, we note
that Theorems 1,2,4 ird] follow immediately from Theore®.3.
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Following the earlier works by Silvermag][and Silvia [L(] on partial sums of
analytic functions. We consider in this section partial sums of functions in the
classS; («, 3) and obtain sharp lower bounds for the ratios of real payft(oj

to f.(z) andf’(z) to f!(2).

Theorem 4.1. Let f(z) € S, (a,f3) be given by 1.1) and define the partial

sumsfi(z) and f,,(z), by

41)  fi(z)=2 and f,(2) =24+ > ¥, (neN/{1})
k=2

Suppose also that

(42) ch \ak\ S 1,
k=2

Where<ck = [(Hﬂ)k‘(a*ﬁ)]B’““)) .Thenf € S} (a, B). Furthermore,

11—«

e /(z) } — Z n
(4.3) R {fn @) > 1 - elU, neN
and

e fn (Z) } Cn+1
@4 Re S T
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Proof. It is easily seen that € S (a, ). Thus from Theoren8.3 and by

hypothesis4.2), we have
(4.5) Ni(2) € S) (e, 8),
which shows thaf € S (a, ) as asserted by Theorefril.

Next, for the coefficients, given by @.2) it is not difficult to verify that

(4.6) Cpi1 > cp > 1.

Therefore we have

(4.7) D awl+cnn Dl <D enfar <1
k=2 k=2

k=n+1

by using the hypothesigi (2).
By setting

(4.8) 91 (2) = cppa {% B (1 B cn1+1) }

Crl D peny1 k2
n —
L4+ > 0, apzkt

=1+

and applying4.7), we find that

(4.9)

g1 (2) — 1‘ Cn+1 Ziim |a|
g (z)+1| 72— QEZ=2 lak| — cnia Z;O:n+1 |a|
<1, zel,
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which readily yields the assertion.(3) of Theorem4.1 In order to see that

(4.10) f(z)=z2z+

Cn+1

gives sharp result, we observe that for= re™™/™ that f((z) =1+

Cn+1

Slmllarly, if we take

(4.11) 92 (2) = (1 + cas1) {];L((;)) 1 jrn;l}

(1+ cny1) Zzo:n-i-l apz"!
14> 07, apzkt

and making use of4(7), we can deduce that

g2(2) — 1 ‘ (1+cny1) Z;O:m& |ag|
g2 (2) +1 2_22222 lar] — (14 cny1) E;O:nﬂ |ag|
<1, zeU,

(4.12)

which leads us immediately to the assertidn) of Theorend. 1.
The bound in 4.4) is sharp for each € N with the extremal functiory(z)

given by @.10. The proof of Theorem. 1 is thus complete. O]
Theorem 4.2.1f f(z) of the form (..1) satisfies the conditior2(1). Then
!/
(4.13) Re{f,(z)}z1—”“.
fn (Z) Cn+1
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Proof. By setting

(@419 g(:) = e {]{_8 - (1 . nﬁl)}

1+ (Zﬂ Zk n+1 kapz"~' + Zk 2 kap2*~
L+, kagzk1

Cn41 o] k-1
_ 14 ol Ek:nJrl kayz

L+, kagzk1

Neighbourhoods and Partial
Sums of Starlike Functions

_ Cntl §OOO k Based on Ruscheweyh
’g (2) ! ‘ < n ntl ZIC:n:lH ‘akoL . Derivatives
g(z)+1 Q_QZk:2k|ak| ) Zk:n+1k|ak| ,
Thomas Rosy, K.G. Subramanian
g(z)—1 and G. Murugusundaramoorthy
9(z)+1
1 Title Page
4.15 k Cn k <1
( ) Z |ak’ + Z |ak| Contents
k n+1
. . . n . 44 44
since the left hand side oft (19 is bounded above by, _, ¢ |ax| if
< 4
(4.16) Z( k) |ag| + Z Cr — —k lag| > Go Back
k=2 k=n+1 Close
and the proof is complete. The result is sharp for the extremal fung¢tioh = Quit
zn+1
el - Page 16 of 19
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Theorem 4.3.1f f(z) of the form (..1) satisfies the conditior2(1) then
Re{f’/l (Z)} N Cnt1

()] " n+1l+4cur

Proof. By setting

f(2) Cnt1 }

9(x) = l(n 1)+ el {f’(z) I
(1+ 25) S karz* !
L+, kagzF1

and making use o#(16), we can deduce that

‘g<z>—1'< (Lt 558) S0 Kl .
g () +1] 7 2=230 skl — (L4+25) o0l kla] —
which leads us immediately to the assertion of the Theat&in O

Remark 4.1. We note thatp = 1, and choosing\ = 0, A = 1 these results
coincide with the results obtained in].
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