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Abstract

In this paper, we study several new inequalities of Hadamard’s type for Lips-
chitzian mappings.
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Let us begin by defining some mappings that we shall neeflislf continuous
function on a closed intervak, b] (a < b), and for anyt € (0,1), letu =
ta + (1 — t)b, then we can define

402 e [ [+ (1=t e
B“ﬁiu—w@—awffL[f(w_@ét%_um>@y“
o[

c(t) 2 7 b_a/f o+ s _t /f

Let f be a continuous convex function @n b, then

(1.1) f (“"2”’) < bia/abf(x)dazg M

The inequalities inX.1) are called Hadamard inequalitieq - [7]. In [2], the
author of this paper gave extensions and refinements of the inequalitie$)in (
He obtained the following:

(12)  flta+ (1— 1)) < A(t) < B(t) < C(t) < tf(a) + (1 — ) F(b).
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Recently, Dragomiet al. [3], Yang and Tseng/] and Matic and Péaric [5]
proved some results for Lipschitzian mappings relatedLtt).( In this paper,
we will prove some new inequalities for Lipschitzian mappings related to the
mappings4, B andC (or to (1.2)).
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For the mappingi(¢), we have the following theorem:

Theorem 2.1.Let f : [a,b] — R be a M-Lipschitzian mapping. For any

t € (0,1), then

(2.2) |A(t) — f(ta+ (1 —t)b)| < %t(l —t)(b—a).
Proof. Obviously, we have
(2.2) b—u=tlb—a),u—a=(1—-1t)(b—a).

From integral properties an@.Q), we have

(2.3) f(ta+ (1 —t)b) = t(l—t)l(b—a / Uftcw (1—1)b) dy| dz.

t

Forz € [a,u], wheny € [u, —c5

z + 1], then we have
(2.4) ta+ (1 —t)b=u>tx+ (1—1t)y,

if y € [-752 + 1%, b], then the inequalityd.4) reverses.

Using (2.2) — (2.4) and integral properties, we obtain

A(t) — f(ta F(1-t)b

(1_t / [/ F (b4 (1 — £)y) —f ()] dy | dx
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M
< — —
S e {/ [tz + (1 —t)y u|dy}dm

M et
- 00— / [/ (u— (tm+(1—t)y))dy] dx

u b
+ (1_;)\2[6 )/ /t X (t$+(1—t)y—u)dy]dx

1—t -t
i | e (v ) Ll
+211+_t2t) 2 1 ; tb B bu} d Liang-Cheng Wang
= t(b]\f a) [3(1t— P e+ a) % (b - gu) tal Tcl;ii:?:
1+ ¢ 1—t
2(1—1) utt b - bu} XX b
M {2t2—3t+3(m+<1_t>b)2 4 d
tb—a) | 6(1—1) Go Back
—t(t + 3)a6(—13_(t;— 3t+2)b (ta+ (1 1)b) p—
uit
+3(1t2_ ) a’® + %ab + %bﬂ = %t(l —t)(b—a). Pagi e
This completes the proof of Theorehil O 3.Ineq. Pure and Appl. Math. 6(2) Art. 37, 2005
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For the mapping3(t), we have the following theorem:

Theorem 2.2. Let f be defined as in Theoretnl. For anyt € (0,1), then

(2.5) B(t) — )| < (1~ 1)(b ),

and

(2.6) B() — f (ta+ (1 — 0)b)| < %t(l — (b —a).
Proof. From ;7455 = § + 115, we have

u b
2.7)  A(t) = (%*1;) (b_la)Q/ U f(tz+ (1 —y) dy| de.
Let F" be defined by

@—wx+@—uw_

Fly) =tz + (1 -1t)y — b —a)

Obviously, if F'(y) is the function of first degree fay, then F'(y) is monotone
with y on [u,b]. And for anyz € [a,u], F(u) = te + (1 —t)u —ax > 0,

Fb) =tex+ (1 —t)b—u > 0. Hence forz € [a,u] andy € [u, b], we get
F(y) >0,i.e.,

w—wx+w—um.

(2.8) tr+ (1 —t)y > b —a)
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Let G be defined by

u—z)u+(xr—a)y
(1—¢)(b—a)

G(z) = ( — (tr 4+ (1 —1t)y).

Using G(x) and the same method as in the proofa8j, we obtain

(u—2)u+ (x—a)y
(1—t)(b—a)

where,x € [a,u| andy € [u, b].
Using 2.7) — (2.9) and @.2), we obtain

|B(t) = A(t)|

< 0= >/V
ol |
< T=oe=ar . U

v | ] [T - v -]
R = U R = e LI
e [ (e -t a-on)

(2.9)

> tr+ (1—t)y,

t(b—a) )_f(ter(l—t)y)’dy} dx
f <(U ?ﬁii;&fﬁ ;)a)y> —fte+(1— t)y)‘ dy] dr

(b—y)z+ (y —uu
t(b—a)

f((b —y)z+ (y —uu

+

— (tz+(1— t)y)’ dy] dx

i@‘

+
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:t(l_t — ((b—a)(2t — 1) (tz + (1 —t)y)

= (1—15)]\(/1[)—@)2 /u{ (b—a)2t—1)(1—t) — (a+u)) (b+u)

+2zxy — (b+u)r — (a+u)y + 2u2)dy] dx
1
2

+(b—a)(2t — Dtz + 2u2} dx

- 0—a [(b—a)(2t —1)(1—t) = (a+u)) (b+u)
+(b—a)(2t — Dt(u+ a) + 4u?]
= T )b~ a).

This completes the proof of inequalitg 0.
From €.3) and;7; = ¢ + 15, we have

(2.10) f (ta+ (1 —t)b)

:(%+1it)<b_a /me+ (1= 1)) dy| da.

If z € [a,u] andy € [u, b], then we have

_ (b—yz+(y—uwu
(2.11) ta+(1—th=u> ) :
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(u—z)u+ (xr —a)y
10— a)
Using 2.10-(2.11) and @.2), we obtain

|B(t) — f (ta+ (1 —t)b)|
(b—y)z+(y —uu
( t<b—a> ) fw)

>ta+(1—-t)b=u

dy} dx

<<1 tib )/[
1 { ( xu+ ) ()

dul d New Inequalities of Hadamard'’s
Y & Type for Lipschitzian Mappings

M / { (b — ) ( ) } Liang-Cheng Wang
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Contents
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M (u—x)u+ ( vl d < d
- )(b g1 er Go Back
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_ b]‘fa —%(u—i— a)(b+u) + (b— a)(2t — ) + 202

- %t(l —)(b— a).

This completes the proof of inequalit®.©).
This completes the proof of Theorei ?). H

For the mapping”(¢), we have the following theorem:
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M e
(2.12) IC(t) — B(t)| < 7“1 —)(b—a), Liang-Cheng Wang
and Title Page
(2.13) |C(t) — (tf(a)+ (1 —=t)f(D)] < Mt(1—1t)(b— a). Contents
Proof. From the integral property an@.Q), we have « dd
4 >
2.14 Ydy| d
( ) C(t) = 1— 1) b—a / {/f y} x Go Back
Close
T —a2 b —a)? / {/ fy dy] Quit
If 2 € [a,u] andy € [u, b], then we have Page 11 of 18
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Using .14 — (2.15 and @.2), we obtain

C(t) - B

<aomimar | L () | ]

i | (e - ] e
S IA [/ P o
= [/ S L

B (En >/u u {éb((byifbﬂtzy)umx)dy] o
) U (y‘ . ?fzut;(b(:)a)y)dy} o

M

Tt t)(b—a)? /:Uub((b—a)((l—t)y—m)

—2zy+ (b+uwzx+ (a+u)y — 2u2)dy} dx

_ [ [5((19—@)(1—t)+(a+u))(b+u)

— (b—a)tr — 2u21 dx
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= b]\ja %(((b —a)(1—t)+ (a+u)(b+u)— (b—a)t(u+a)) - 2u2}

= %t(l —t)(b—a).

This completes the proof of inequalitg.(2).
From integral property and(2), we have

. b
(2.16) tf(a)+(1—-t)f(b) = 1—t /f d:zc+ ! t)/f(b)dy.
Using .16 and @.2), we obtain

1C(t) — (tf(a) + (1 — 1) (b))l

1—1¢

| [ it Idw+—/|f(y )]
M

< _ - _

<7 1—t/ |z a]d:v—l— /\y b\dy}

- : i (%;u? ) afu— a>) v ? (00w - 50 =)
= Mt(1 —1)(b—a).

—_

<

This completes the proof of inequalitg.(3).
This completes the proof of Theorent. H
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Corollary 2.4. Let f be defined as in Theoretnl. For anyt € (0,1), then

(2.17) |C(t) — f (ta+ (1 —t)b)| < Mt(1 —t)(b—a),
(2.18) |A(t) — C(t)] < Mt(1 —t)(b— a),

(2.19) |A() = (tf(a) + (1 =) f(b))] < 2Mi(1 —1)(b - a),

(220)  |B(t) = (tf(a) + (1 =1)f (b)) < %t(l —t)(b—a),

and
(221) |f (ta+ (1 —1)b) — (tf(a) + (1 — £)f(b))] < 2Mt(1 — £)(b— a).
Proof. Using (2.5 and €.12), we get inequality.18):

[A(t) = CO)| < |A®) = B[ + [B(t) — C()| < Mt(1 = t)(b— a).

Using the same method as the proof ®f1Q), from (2.6) and .12, (2.13 and
(2.19, (2.12 and .13, and .13 and .17, we get .17, (2.19), (2.20 and
(2.27), respectively.

This completes the proof of Corollag4. O
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Remark 1. If we lett = % then .13, (2.17) and .21 reduce to

(2.22) /f f()’_ - b—a),
(2.23) ‘ﬁ/ﬂbﬂx)dx—f(“;b)‘ <)
(2.24) ’f (‘“2”)> —f(“);f(b)' g%(b—a).

(2.22 is better than (2.2) in]. (2.23 and 2.24) are (2.1) and (2.4) in §],
respectively.

Corollary 2.5. Let f be a convex mapping dn, b], with f’ (a) and f’ (b) ex-
isting. For anyt € (0, 1), then we have

(2.25) 0 < A(t) — f (ta+ (1 —t)b)
< mllB@LLOD
(2.26) 0< B(t) — A(#)

- max{|f} (a)],|f(b)|}

< 5 t(1—t)(b—a),
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(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

0< B(t) — f(ta+ (1 —t)b)

o msllL@LIL Oy,

0<C(t)— B(t)

< max{|fﬁr(6;)|v | fL(0)[}

H1—1)(b—a),

0<tf(a)+ (1 —-1)f(b) - C(t)
< max{[f} (a)], [f2(0)[}t(1 = ) (b — a),

0<C(t) — flta+ (1— 1))
< max{|fL(a)],[fL(O)[}t(1 = )(b - a),

0<C(t) — A(t)
< max{[f} (a)[,[fL()[}t(1 = )(b— a),

0<tf(a)+ (1 —1)f(b) — A(t)
< 2max{|f\ (o), [f2(0) [}t (1 = £)(b — a),
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(2.33) 0<tf(a)+ (1—1t)f(b) — B(t)

max{|f} (a)], [/Z(0)[}t(1 = t)(b — a),

and

(2.34) 0<tf(la)+ (1—1t)f(b) — f (ta+ (1 —1t)b)
< 2max{|f} (a)], |f2(0)[}t(1 = ) (b — a).

Proof. For anyz,y € |a,b], from the properties of convex functions, we have
the followingmax{| f} (a)|, | . (b)| }-Lipschitzian inequality (see’]):

(2.35) |/ () = ()] < max{|f\ ()], [/2(0)[}a —yl.

Using (1.2), (2.39, Theorem2.1— 2.2 and Corollary2.4, we obtain .25 —

(2.39).
This completes the proof of Corollarf.©). O

Remark 2. The condition in Corollary2.5is better than that in Corollary 2.2,
Corollary 4.2 and Theorem 3.3 of]. Actually, it is that f is a differentiable

convex mapping ofu, b with M = sup |f'(¢)| < oco.
te(a,b]
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