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Abstract

In this paper, by combining a new maximum principle of fourth-order equations
with the theory of eigenline problems, we develop a monotone method in the
presence of lower and upper solutions for some fourth-order ordinary differen-
tial equation boundary value problem. Our results indicate there is a relation
between the existence of solutions of nonlinear fourth-order equation and the
first eigenline of linear fourth-order equation.
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This paper consider solutions of the fourth-order boundary value problem

(1.1) ul(z) = fla,u(x),u"(x), 0<z<1,
(1.2) w(0) = u(1) = u"(0) =" (1) =0,
. . The Method of Lower and Upper

wheref : [0,1] x R x R — R is continuous. Solutions for Some

Many authors [] - [2], [10], [11], [13] = [17] have studied this problem. In Fourth-Order Equafions
[1,4, 6,8, 10, 1¢], Aftabizadehet al. showed the existence of positive solution Zhanbing Bai, Weigao Ge and Yifu
to (1.1) — (1.2) under some growth conditions gfand a non-resonance con- G
dition involving a two-parameter linear eigenvalue problem. These results are
based upon the Leray—Schauder continuation method and topological degree. Title Page
In[2,5, 7,11, 15], Agarwalet al. considered an equation of the form Fe—

u () = f(w,u(@)), «“« 3
with diverse kind of boundary conditions by using the lower and upper solution < >
method. ) Go Back

Recently, Bai f] and Maet al. [14] developed the monotone method for o
ose

the problem {.1) — (1.2) under some monotone conditionsfofMore recently,
with using Krasnosel'skii fixed point theorem, Lij] showed the existence Quit

results of positive solutions for the following problem Page 3 of 17

u® + pu” —ou = f(t,u), 0<t<1,
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w(0) = u(1) = u"(0) =u"(1) =0,

where f : [0,1] x R* — R* is continuous, 3 € R andg < 27%,a >
—B%/4, /7t + B/7* < 1.

In this paper, by the use of a new maximum principle of fourth-order equa-
tion and the theory of the eigenline problem, we intend to further relax the
monotone condition off and get the iteration solution. Our results indicate
there exists some relation between the existence of positive solutions of nonlin-
ear fourth-order equation and the first eigenline of linear fourth-order equation.

The Method of Lower and Upper
Solutions for Some
Fourth-Order Equations

Zhanbing Bai, Weigao Ge and Yifu
Wang

Title Page
Contents
44 44
| | 2
Go Back
Close
Quit
Page 4 of 17

J. Ineq. Pure and Appl. Math. 5(1) Art. 13, 2004
http://jipam.vu.edu.au


http://jipam.vu.edu.au/
mailto:baizhanbing@263.net
mailto:baizhanbing@263.net
http://jipam.vu.edu.au/

In this section, we prove a maximum principle for the operator
L:F—C[0,1]
defined byLu = v — au” + bu. Herea, b € R satisfy

b
(2.1) S 424150, @®—4b>0, a>-27%
T

72
u € F and
F={uecC0,1] |u(0) =0, u(l) =0, u"(0) <0, u"(1) <0}.
Lemma 2.1.[17] Let f(z) be continuous forn < = < b and letc < A\ =
72/(b — a)?. Letu satisfies
u"(z) + cu(z) = f(z), forz € (a,b),
u(a) = u(b) = 0.

Assume thati(x;) = u(zy) = 0 wherea < x; < 2o < bandu(z) # 0 for
r1 < o < x9. If either f(z) > 0 forall x € [z1,25] or f(x) < 0 for all

x € [z, x9) @and f(z) is not identically zero offry, x5, thenu(x) f (x) < 0 for
all x € [z, z5].

Lemma 2.2. If u(z) satisfies
' +cu(x) >0, forz € (a,b)
u(a) <0, u(b) <0,
wherec < A\; = 72/(b — a)?. Thenu(z) < 0,in [a, b].
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Proof. It follows by Lemma2. 1 O
Lemma 2.3. If u € F satisfiesLu > 0, thenu > 0in [0, 1].
Proof. SetAz = z”. Asa,b € R satisfy @.1), we have that

Lu = u® — au” + bu = (A —1y)(A —7)u >0,

wherer;; = (a + Va? —4b)/2 > —x% Infact,r; = (a + Va? —4b)/2 >
ry = (a — Va2 —4b)/2. By a/7? + b/7* + 1 > 0, we havear? + b + 7 > 0,
thusa? + 4an? + 47* > a® — 4b, because?® — 4b > 0, SO

(a+27%)% > (Va2 — 4b)°.
Combining this together with > —272, we can conclude

a+ 2% > Va2 — 4b.
Then,r; > ry = (a — Va2 — 4b)/2 > —72,

Lety = (A —r)u =u" — ryu, then
(A - Tg)y >0,

i.e.,
y” — 1oy > 0.

On the other hand, € F' yields that

(22)  y(0) = w'(0) — ru(0) <0, y(1) = u"(1) = ryu(1) < 0.
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Therefore, by the use of Lemn2a2, there exists
y(x) <0, ze€]l0,1],

ie.,

u'(z) — ru(z) = y(z) <O0.
This together with Lemma&.2 and the fact that(0) = 0, u(1) = 0 implies
thatu(z) > 0in [0, 1]. O

Remark 2.1. Observe that,, b € R satisfies 2.1) if and only if

b
(2.3) b<0, %+F+1>0’ a> —2r:
or
(2.4) b>0, a>0, a*—4b>0;
or

b
25)  b>0, 0>a>-21", —4+—+1>0, a>—4b>0.
s T

From (2.3) and 2.4), we can easily conclude

a+va?—4b

=Y

Therefore, 2.2) can be obtained under(0) > 0, u(1) > 0, «”(0) < 0,"(1) <
0, and F' can be defined as

F={uecC*0,1] | u(0) >0, u(l) >0, v'(0) <0, u"(1) <0},

r =

we refer the reader to, 1.
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Lemma 2.4.[7] Given (a,b) € R?, the following problem

(2.6) u® — au” + bu =0,
(2.7) u(0) = u(1) = u"(0) = u"(1) = 0,

has a non-trivial solution if and only if

for somek € N.
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In this section, we develop the monotone method for the fourth order two-point

boundary value probleni(1) — (1.2).
For givena, b € R satisfyinga /72 +b/7*+1 > 0, a®>—4b >0, a > —2r>
andf :[0,1] x Rx R — R, let
(3.2) filz,u,v) = f(z,u,v) + bu — av.
Then (L.1) is equal to
(3.2) Lu = fi(z,u,u").

Definition 3.1. Lettinga € C*[0, 1], we say that is an upper solution for the
problem (.1) — (1.2) if « satisfies

aW(z) > f(z,a(z),a"(x)), forz e (0,1),

Definition 3.2. Letting 3 € C*[0, 1], we say?3 is a lower solution for the prob-
lem (L.1) — (1.2) if 3 satisfies

forz € (0,1),
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Remark 3.1. If a, b satisfy ¢.3) or (2.4), the boundary values can be replaced

by
a(0) 20, (1) 20; B(0) <0, 5(1) <0.

It is clear that ifa, 5 are upper and lower solutions of the problem1) —
(1.2) respectively,a, 5 are upper and lower solutions of the probleg?) —
(1.2) respectively, too.

Theorem 3.1. If there existw and 3, upper and lower solutions, respectively,

for the problem {.1) — (1.2) which satisfy

(3.3) f<a and B +r(a—p)>a”,
andif f : [0,1] x R x R — Ris continuous and satisfies
(3.4) flx,ug,v) — f(z,u1,v) > —b(ug — uq),
for 8(z) <u; <wp < afx), veR,andx € [0, 1];

(3.9) [ u,v2) = f(z,u,v1) < a(ve — 1),

forve+r(a—p) > v, o —r(a—0) <wvy, va < F"+r(a—pF), ueR,and
z € [0,1], wherea, b € R satisfya/7? +b/7* +1 >0, a®> —4b > 0, a > —27>
andr = (a — va? — 4b)/2, then there exist two monotone sequenges}
and{/,}, non-increasing and non-decreasing, respectively, with= « and
Bo = B, which converge uniformly to the extremal solutiong /] of the
problem (L.1) — (1.2).
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Proof. Consider the problem
(36)  u®(z) — au(x) + bu(x) = file,n(@),n"(x), forze (0,1),

(3.7) w(0) = u(l) = u"(0) =u"(1) =0,
with n € C?[0, 1].

Sincea/7w? + b/m* + 1 > 0, with the use of Lemm&.4 and Fredholm
Alternative [J], the problem 8.6) — (3.7) has a unique solution. DefineT :
C?[0,1] — C*[0,1] by
(3.8) Tn = u.

Now, we divide the proof into three steps.
Step 1. We show
(3.9 TC C C.
Here,C = {n € C?[0,1] | 8 < n < a, o —rla—p) <" <
B" +r(a — 3)} is a nonempty bounded closed subsef'fio, 1].
In fact, for¢ € C, setw = T'(. By the definition ofx, 5 andC, combining
(3.0, (3.4, and @.5, we have that
(a—w)(z) —ala —w)"(z)
> filz, a(z), " (x)
= [z, a(z),a"(z)) — f(
—a(a = )'(x) + b(ar = ()(x)

) — f1(95

(3.10) >0,
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Step 2.

(3.11) (a —w)(0) =0, (a—w)(l)=0,

(3.12) (@ =w)"(0) <0, (a—w)’(1)<0.

With the use of Lemma.3, we obtain thatx > w. Analogously, there
holdsw > /.

By the proof of Lemm&.3, combining 8.10), (3.11), and 3.12), we have
that

(a —w)"(z) —r(a—w)(z) <0, ze€(0,1),

hence,

W) +r(a—B)(x) > " () + rle —w)(z) > o (z), forze(0,1),

ie.,

(z) > " (z) —r(a— B) (),
Analogously,

() < B"(x) +r(a— B)(x),
Thus, @¢.9) holds.

Let uy = Ty, ug = Tno, Wheren,, n, € C satisfyn, < n, andn; +
r(a— ) > ny. We show

(3.13)

forz € (0,1).

for z € (0,1).

uy < up, uf +rla—pF)>u.
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In fact, by @.4), (3.5), and the definition ofi;, u,,
L(uz = ur)(@) = fulw,m(z), ny(x)) — filz,m(z),n{(x)) = 0,

(u2 — u1)(0) = (ug —u)(1) = 0,
(ug — u1)"(0) = (ug —u1)"(1) = 0.

With the use of Lemma.3, we get thatu; < u,. Similar to Step 1, we

can easily prove)| + r(a — () > uj. Thus, 8.13 holds.

Step 3. The sequencegy,, } and{, } are obtained by recurrence:

= qQ, ﬁozﬁa an:Tan—h ﬁn:Tﬁn—la n:1727""

From the results of Step 1 and Step 2, we have that

o)

(3.14)

(3.15)

f=f<bi<-<f< <o <o <ar <ap=a,

/! /! " I
ﬁ - 0> « :a(]a

"
«

—r(a=p) <ay, B, < B'+r(a=p).

Moreover, from the definition of" (see 8.8)), we get

i.e.,

o

(3.16)

oy (2) = aay)(x) + ban(r) = fi(@, an-i(2), 0y (2)),

(2) = fiz, ana(2), 01 (2)) + ac(w) — ban(x)

S f1($7an—l(x)7

«
«

"
n—1

(2)) + al8” + r(a = B)l(x) — bB(x),
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(3.17) @, (0) = a,(1) = a22(0) = af(1) = 0.

n n

Analogously,

B0 (@) = fulw, Bur(), By (2)) + afy(x) — bBa(2)

(8.18) < filw,Pn-r(x), By (2)) + alB” + r(a = P)|(x) — b(x),
(3.19) B3a(0) = Bu(1) = 3,(0) = B,(1) = 0.

From (3.14), (3.19, (3.16, and the continuity off;, we have that there
existsM, s > 0 depending only o and3 (but not onn or x) such that

(3.20) laW(z)| < M, 5, forallz e [0,1].

Using the boundary conditiorB(17), we get that for each € N, there
existsg,, € (0,1) such that
(3.21) (&) = 0.

This together with3.20) yields

@22)  lal(e) = a6+ [ o ()ds| < May
én
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By combining @.15 and @.17), we can similarly get that there(s, 5 > 0
depending only ov and (but not onn or z) such that

(3.23) lal(z)] < Chp, forallze]|0,1],

(3.24) |0, (2)] < Cap,

Thus, from 8.14), (3.22), (3.23, and (3.24), we know thaf «,, } is bounded
in C3[0, 1]. Similarly, {3,} is bounded irC3[0, 1].

Now, by using the fact thaf,, } and{s,} are bounded if©*?[0, 1], we can
conclude thaf«,, }, {3, } converge uniformly to the extremal solutions|in1]
of the problem 8.2) — (1.2). Therefore{«a,},{3.} converge uniformly to the
extremal solutions iff0, 1] of the problem {.1) — (1.2), too. O

forall x € [0, 1].

Example 3.1. Consider the boundary value problem

(3.25) u (z) = s’ (x) — (u(z) +1)* + sin® 7z + 1,

(3.26) w(0) = u(1) = u"(0) =" (1) = 0.

It is clear that the results ofd, 7, 13, 14] can't apply to the example. On the
other hand, it is easy to check that= sinwz, [ = 0 are upper and lower
solutions of 8.25 — (3.26), respectively. Letting = —5, b = 4, then all
assumptions of Theore®nl are fulfilled. Hence the problen3(25 — (3.26) has
at least one solutiom, which satisfie® < u < sin 7.
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