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ABSTRACT. In this paper we establish several new inequalities similar to Hilbert-Pachpatte’s
inequality. Moreover, some new generalizations of Hilbert-Pachpatte’s inequality are presented.
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1. INTRODUCTION

The well known Hardy-Hilbert’s inequality is (see [1]):

Theorem 1.1.1f p> 1,p' =p/(p— 1) and>.>°_ a?, < A, S b < B, then
™ 1 1
(1.1) szw ——~(4)7(B)7,
n=1 m=1 S111 <%>

unless the sequenge,,,} or {b,,} is null.
The integral analogue can be stated as follows:
Theorem 1.2.1f p > 1,p' = p/(p — 1) andf0 fP(z)dx < F, [;° g” (y)dy < G, then

(1.2) / / F@)9) dy < — <%>F§Gé

unlessf =0or g = 0.

The following two theorems were studied by Pachpatte (See [2])

ISSN (electronic): 1443-5756

(© 2006 Victoria University. All rights reserved.

The work was partially supported by the Foundation of Sun Yat-sen University Advanced Research Centre.
124-06


http://jipam.vu.edu.au/
mailto:hzs314@163.com
mailto:stslyj@mail.sysu.edu.cn
http://www.ams.org/msc/

2 BING HE AND YONGJINLI

Theorem 1.3.Letp > 1, ¢ > 1 and f(o) > 0, g(7) > Ofora € (0 a:) € (0,y), where

x,y are positive real numbers and defifgs) = fs o)do, G(t fO 7)dr, fors € (0, z),
t € (0,y). Then

/0"” /oy %dsdt < D(p,q,z,y) {/:(x _ S>(F”‘1(s)f(s))2ds}é

>< { IS t)(Gq1<t>g<t>>2dt}; |

1
D(p,q,z,y) = SPaVTY.

Theorem 1.4.Let f, g, F,G be as in the above theorem leto) and ¢(7) be two positive
functions defined for € (0,2), 7 € (0,y) and defineP(s) = [ p(o)do, Q(t) fo

for s € (0,z),t € (0,y), wherez, y are positive real numbers Lezt and ) be real- valued
nonnegative, convex, and sub-multiplicative functions definétl,oa: [0, co). Then

i /ox /oy MF(SS))—KEG(U)dsdt < L(x,y) {/oz(x —s) [p(s)qb (%)] 2 als}é
{ [0 (2)] 2}

Lf [ cb(P(s))r O Te@e L\
L(z,y) == / l ds / dt ] .
=3 ( o | P , Lo
The inequalities in these theorems were studied extensively and numerous variants, general-
izations, and extensions have appeared in the literature (see [3] — [9]).

The main purpose of the present article is to establish some new inequalities similar to the
Hilbert-Pachpatte inequalities.

unlessf = 0 or g = 0, where

where

2. MAIN RESULTS

Lemma 2.1. Supposg > 1, + . = 1,7 > 1,7 + . = 1,A > 0, define the weight functions
a1(,uj7pa SC), &2<wap7 .CL’), w3(w7p7 Q?) as

N © 1 gena-d)
(2.1) w(w,p, ) == / e rme dy, z € (0,00),
Lr-1(1-2)
(2.2) Wo(w, p, / — {a:)‘,y’\} yl_% dy, z € (0,00),
(2.3) ws(w, p, ) = /OOO xlilf/;ﬁ : x(p;)(;_T)dy, x € (0,00).
Then
51 (w, p, 7) = T xp(lfi)*lj
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52(w7p7 I) _I,p T )

2
~ ™ Ay
w3(w’p7 x) = [m] I’p(l ) 1‘

Proof. For fixedz, letu = y*/2*, then[2.1) turns into

~ 1 © q
wl(@U;p, l’) = —.’L'p(l_%)_l / u—l-i-idu
0

A 1+u
1 A 11
— —p(1-2)-1 — =
A (w’ r)
_ T p=2)-1
Asin <£>
p
and similarly, we can prove the others. O

Theorem 2.2.Letm > 1,n > 1,p; > 1, -+ o = 1fori = 0,1,2,3, 4 Do _p,p3 = k,
p4 =7 g =¢ q3 =1,qo =wandf(o) >0, g(r) > 0. DefineF(s fo o)do and
= [, g(r)dr such that
0< / sp(l’%)’lF}“(s)ds < 00, 0< / $a(=2)- 'Gi(t)dt < oo
0 0

for o, T, Svt c (O, OO) Then
(5)G"(t)
2.4
4) / / lsk/Pl i kﬂ/m)(s ) dsdt

1
o Ay 5 oo A q
< Ey(m,n, k,r, )\){/0 sP(1=7) 1F}’(s)ds} {/0 =) ng(t)dt}

unlessf =0 or g = 0, whereE,(m,n, k,r,\) = —W;T(’jr/r)

Q
H‘H

Frt) ={ [ s@yranf” e

1

G0 = { [ ooy}

Proof. From the hypotheses, we can easily observe that

(2.5) F™(s) = m/ F™ o) f(o)do, s € (0, 00),
0
t
(2.6) G"(t) = n/ G"Yr1)g(7)dr, t € (0,00).
0
From (2.%) and[(216), applying Holder’s inequality, equality [2.1) and Young’s inequality:
p )
ab < @ + b—
p q’
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wherea >0, b >0, p > 1, - + ¢ = 1, we obtain

F™(s)G"(t)

= mn ( /0 () f(a)da> < /0 t G”l(T)g(T)dT)

< st { [ S(Fm*(a)f(a))mdo)};l { [ mumma}”

<o (S5 50 S<Fm1<a>f<a>>qlda>}qll { t<G"1<T>g<T>>Q2dT>}"; .

Note that

1 1

Fo ={ [ st 0-{ [ t(G”*(T)g(T))@dT}”.

Hence

(s)G™(?)
/ / lsk/pl + ktl/pg)(s)\ i t)‘) dsdt

(s 10) o)) { i w)gtryman)}
Sy { }

sA 4 tA
s(1=%)/q t(lfﬁ)/p
_ / / swﬁ )W] [Gg(t)m] dsdt
s(P—1)(1-2) t(q—l)(l—%) i
g oy o TR
1 oo
-m ! o >Fﬁ<s>ds}p{ It

_ ™mn O013(1—%)—1Fp d g /Ootql— 1G9 (H)dt ‘
Mkl sin(m/r) {/0 ° f(s) ° 0 G()

= Ei(m,n, k,m,\) {/ sp(l_i)_lF}”(s)ds}p {/ = 1Gq( )d }q
0 0

This completes the proof. O

dsdt

Theorem 2.3.Letm > 1,n > 1, p; > 1,}%+é = 1fori=0,1,234 pg—p,pgzk
p4—7“ qo—q,qg—lq4—wandf()>Og(r)>0 DefineF(s) = [; f(o)do and

fo 7)dr such that) < [° sP=3)= YFY(s)ds < 00,0 < ot 1_* 1Gg( )dt < o0
fora T,8,t € (O o0). Then

"(s)G"(t)
dsdt
/ / (Isk/pr + k‘tl/m) max{s*, t*} °

< Ey(m,n, k,r \) {/ sp(l_i)_lFf(s)ds}p {/ $a(1=3) 1Gq( )dt}q :
0 0
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unlessf = 0 or g = 0, whereEs(m, n, k,r,\) = 2 and

Fy(s) = {/()S(Fm_l(a)f(a))qlda}qll,

1

G0 ={ [ matrar}”

Proof. By (2.5) and [(2.), using Holder’s inequality, equalify {2.2) and Young’s inequality:
ab < %Jr%,whereazo, b>0,p>1,+ =1 Weobtain

F™(5)G™(t)

— ( /O " (o) f(a)da> < /O t G”_I(T)g(r)dr)

< st { / S(le(U)f(U))qldU)};l { / t<G“<T>9<T”q2dT)}Q

<o (2 IV [ iosionany { [6omemin}

Note

Hence

"(s)G" (1)
/ / (Isk/Pr + k:tl/p2) max{s?, tA}det

Jy (@) f (@) do) ko { (G (Da(r))mdr) )
=W / / { mai{sit/\} } dsdt
(1—*)/q 25(1—%)/1@
- / / maX{S/\ t*} [ (s )t(l—f /p] [Gg(t)m] dsdt
<

S-na-2 . Ha-1)(1- >d ] i
t t
/ / max{s/\ t)‘} +1=2) 5 / / max{s)‘ (200 SEEES) 5
mn <
-2 [ st | [ s e
R o
1 1
_ mnrw o P(1=2)=1 p (Vg P /Ootq (=21 (5 gt q
e [ | 1)
= Ey(m,n, k,r,\) {/ sp<1—¢>—1F;(s)ds}p {/ tqﬂ—m—ng(t)dt}q
0 0

This completes the proof. O

B =

S
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Theorem 2.4.Letm > 1,n > 1,p; > 1, —+— = 1forz_0,1,234 po—p,pg—k
p4 =rq=¢qqg=1,q =wandf(o ) > O g( ) > 0. DefineF(s) = [; f(o)do and
= [J g(r)dr such that
0< /0 sp(l_%)_lFf(s)ds < 00,
Ay
0</0 =G () dt < oo

foro,7,s,t € (0,00). Then

/ / In(s/t) F™(s)G"(t)dsdt < Es(m,n, k,r,\)

— 1) (Isk/P1 + ktl/p2)

X {/ﬂms PA=DLRP(5)ds }; {/Oootq e )dt};,

2

unlessf = 0 or g = 0, whereEs(m, n, k, 7, \) = ssgisirmye

Fy(s) = {/:(le(a)f(a))qlda}é,

1

Gt ={ [ matrar}”.

Proof. From (2.5) and (2]6), by Holder’s inequality, equallty {2.3) and Young's inequailtys
% + Y wherea >0, b>0, p>1, % + % = 1, and using a similar method of proof to that of

Theorenj 2.2, the result can be clearly seen. O

Theorem 2.5.Letm; > 1, p; > 1, > 1p =1, I}+ql = 1, and f;(o;) > 0for o; €
(0, z;), wherex; are positive real numbers and defifg(t;) = fot filoy)doy, for t; € (0, x;),

1=1,2,...,n. Then

en [ [ T

< ﬁD(mn%pi) {/Ox(xz — ) (ﬁz(tz‘)>% dtz}qi :

1

unlessf = 0 or g = 0, whereD(m;, z;, p;) = mixli E(ti) = F™i () filty).

7 )

Proof. From the hypotheses, we know that

(2.8) EM () = m, /ti Fi(mi_l)(ai)fi(az)dai, ti € (0, ).
0
Then
(2.9 IR0 Hmz [ Er i eito)do
=1
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Using Holder’s inequality, we have

(2.10) / " Er N oo < 47 { / ti(ﬂ”“*(ai)fi(oi))%dai}‘”

1

20 {/Ot (o))" dal-}% |

By (2.9) and|[(2.10) it follows that

n

m;
[T 7™
i=1

Applying Young'’s inequality

1

— {/t G do,}% |

st

n n
JEEDD ot
k=1

k=

wherel < p;, < 00, >, -- = 1, we observe that
1
H le f[ /( qi a
O'Z)) dO’Z‘ .
Z 1 pe

i=1 p;

Integrating ovet; from 0 to =; wherei runs from1 to n, and using the Hoélder’s inequality, we

get
/ / /nHl ) gy,
'L 1 p
n Ti ti qi i
H [ Y (Fi(o)
n 1 T tio, i q%'
< Hmzxf [/ (/ <Fi(gi)>q dai) dti]
i=1 0 0
" Ti ~ i a
= HD(mithpi) {/ (zi — ;) (Fz(tz)> dti}
i=1 0
This completes the proof. O
Remark 2.6. In the special case when = p, = - - - = p,, = n, the inequality[(2.J7) reduces to

the following inequality,

2.11) / / / [Ii 1an Wi B gy i,

l]jﬁ S {/Oxi(xi—ti) (E(ti)>mdti}n

3
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— 1
where D(m;, z;) = m;x. Moreover, (i) (2.1[L) reduces to Theor1.3 which belongs to
Pachpatte for, = 2; (i) whenm; = my = --- = m,, = 1, (2.11) turns into

2.12) / / "1 1F§ Dt dty - dt,

le

_%H i { [ = e}

n—1

n

Theorem 2.7. Let f;, F; be as in the above theorem > 1, pl + qi =1, letp;(o;) be positive

function defined for; € (0,x;), and defineP;(t;) = fot pi(o;)do; for t; € (0, x;),wherez;
are positive real numbers. Let be real-valued, nonnegative, convex, and sub-multiplicative

function defined o, = [0,0),i =1,2,...,n. Then
(2.13) / / / gpits lgbz i) gy st
z 1 pl

([ ofeon ()] o)

where

o= ([ (40T )’

Proof. Applying Jensen’s inequality and Hoélder’s inequality, it is clear to observe that

Pi(t;) fti pi(0i) f?(‘;?)dai
fo pi Ui dUi

<t {/J {w . (£z< iﬂ OR

Using Young’s inequality, we obtain that

[T, 6:(E() 15 du(P
ol § s
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Integrating both sides of the above inequality okefirom 0 to x; with ¢ running fromi to n,
and applying the Hoélder inequality we get

/ / /In L 1¢Z : )>dt1dt2 Ldt,

[ o (/0 {pi((’”@ (Zen]” dai);idti]

{ 0 { it ))} dti}m {/0 </0t {pi(ai)gbi (gg;)r d@) dti}qi
[1{ [ [ >>]’”dti}pf {[ @1 |ego (ggi)]dt}
e o (B

This completes the theorem. O

S

IN

. .. <. <.
I : S : S : 3 |l : 3
— — [ [
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